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PREFACE 


The present volume completes the series of texts on algebra 
which the author began more than ten years ago. The account 
of field theory and Galois theory which we give here is based on 
the notions and results of general algebra which appear in our first 
volume and on the more elementary parts of the second volume, 
dealing with linear algebra. The level of the present work is 
roughly the same as that of Volume 11. 

In preparing this book we have had a number of objectives in 
mind. First and foremost has been that of presenting the basic 
field theory which is essential for an understanding of modern 
algebraic number theory, ring theory, and algebraic geometry. 
The parts of the book concerned with this aspect of the subject 
are Chapters I, IV, and V dealing respectively with finite dimen- 
sional field extensions and Galois theory, general structure theory 
of fields, and valuation theory. Also the results of Chapter III on 
abelian extensions, although of a somewhat specialized nature, 
are of interest in number theory. A second objective of our ac- 
count has been to indicate the links between the present theory of 
fields and the classical problems which led to its development. 
This purpose has been carried out in Chapter II, which gives 
Galois’ theory of solvability of equations by radicals, and in 
Chapter VI, which gives Artin’s application of the theory of real 
closed fields to the solution of Hilbert’s problem on positive defi- 
nite rational functions. Finally, we have wanted to present the 
parts of field theory which are of importance to analysis. Partic- 
ularly noteworthy here is the Tarski-Seidenberg decision method 
for polynomial equations and inequalities in real closed fields 
which we treat in Chapter VI, 

-As in the case of our other two volumes, the exercises form an 
important part of the text. Also we are willing to admit that 
quite a few of these are intentionally quite difficult. 
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Introduction 


In this book we shall assume that the reader is familiar with 
the general notions of algebra and the results on fields which 
appear in Vol. I> and with the more elementary parts of Vol. II. 
In particular, we presuppose a knowledge of the characteristic of 
a field, prime field, construction of the field of fractions of a com- 
mutative integral domain, construction of simple algebraic and 
transcendental extensions of a field. These ideas appear in 
Chaps. II and III of Vol. I. We shall need also the elementary 
factorization theory of Chap. IV. From Vol. II we require the 
basic notions of vector space over a field, dimensionality, linear 
transformation, linear function, compositions of linear trans- 
formations, bilinear form. On the other hand, the deeper results 
on canonical forms of linear transformations and bilinear forms 
will not be needed. 

In this Introduction we shall re-do some things we have done 
before. Our motivation for this is twofold. In the first place, 
it will be useful for the applications that we shall make to sharpen 
some of the earlier results. In the second place, it will be con- 
venient to list for easy reference some of the results that will be 
used frequently in the sequel. The topics that we shall treat 
here are: extension of homomorphisms (cf. Vol. I, Chap. Ill), 
algebras (Vol. II, Chap. VII), and tensor products * of vector 
spaces and algebras (Vol. II, Chap. VII). The notion of extension 
of homomorphism is one of the main tools in the theory of fields. 
The concept of an algebra arises naturally when one studies a 
field relative to a selected subfield as base field. The concept of 
tensor product is of lesser importance in field theory and it per- 

* In Vol. II this notion was called the Kronecker product. Current usage favors the 
term tensor product, so we shall adopt this in the present volume. Also we shall use the 
currentix standard notation 0 for the X of Vol. II. 
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haps could be avoided altogether. However, this notion has 
attained enormous importance throughout algebra and algebraic 
topology in recent years. For this broader reason it is a good 
idea for the student to become adept in handling tensor products, 
and we shall use these freely when it seems appropriate. 

1. Extension of homomorphisms. Throughout this book we 
shall adopt the convention that the rings we consider all have 
identity elements 1 0. The term subring will therefore mean 

subring in the old sense (as in Vol. I) containing 1, and by a 
homomorphism of a ring SI into a ring SB we shall understand a 
homomorphism in the old sense sending the 1 of 21 into the 1 of SB. 

Now let 0 be a subring of a field P and let ^ be the subfield of P 
generated by o. We recall that the elements of *I> can be ex- 
pressed as simple fractions of elements a, 0 e o ^ 0). 

Hence is the subring of P generated by o and the inverses of 
the elements of the set o* of non-zero elements of o. The set o* 
contains 1 and is closed under the multiplication of o. It is some- 
times useful to generalize this situation in the following way; We 
are given a subring o of P and a subset A/ of o* containing 1 and 
closed under multiplication. We shall refer to such a subset as a 
sub-semigroup of the multiplicative group of the field. We are 
interested in the subring o.v generated by o and the inverses of 
the elements of A/. For example, we could take P to be the field 
^0 of rational numbers and A/ = ( 2* [ X: = 0, 1 , 2, ■ • • | . Then 
o^f is the subring of rational numbers whose denominators are 
powers of 2. In the general case, 

o.v = {Qr^“^|Q:eo, /3eA/}; 

for, if we denote the set on the right-hand side of this equation by 
o', then clearly o' Q o.w and o' contains o = {a = ck 1~*}. Also 
o' contains every for 0 e M. One checks directly 

that o' is a subring of P. Then it follows that o' = o.i/. 

Now suppose P' is a second field and we have a homomorphism 
J of 0 into P' such that 0*^0 for every 0 e A/. Our first homo- 
morphism extension theorem concerns this situation. This is the 
following result. 

I. Lef 0 be a subrmg {with I) of afield P, M a subset of non-zero 
elements of o containing 1 and closed under multiplicationy o.v the 
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subring of P generated by o and the inverses of the elements of M. 
Let s be a homomorphism of o into a field P' such that 0 for 
every /3 e A/. Then s has a unique extension to a homomorphism 
S of Om into P'. MoreoveTy S is an isomorphism if and only if s 
is an isomorphism. 

Proof. Let = a202~^> «t f o, e M. Then ai02 = 

a20i and consequently a2’‘0f- This relation in P' gives 

= oc2‘{02")~'‘ Hence the mapping 

S:a0-^ aeo, 0eM 

which is defined on the whole of oj/ = {a/3“M is single-valued. 
One checks that is a homomorphism (Vol. I, p. 92). If a e o, 
then = (al = a"l" = a", so S is the same as s on o. Hence 

<9 is a homomorphism of o.\/ which extends the given homomor- 
phism of 0 . Now let S' be any such extension. Then the relation 
I3P~^ = 1 for 0 c M gives = 1, so = (0*^')“^ 

If aeo, then we have = 

Hence S' = S and S is unique. Clearly, if 6' is an iso- 
morphism, then its restriction j to o is an isomorphism. Now 
assume s is an isomorphism and let a/3“* be in the kernel of the 
homomorphism S: 0 = = a'f/S*)'*. Then a’ = 0, a = 0, 

and a0~' = 0. This shows that the kernel of S is 0; hence S is an 
isomorphism. 

^ We consider next an arbitrary commutative ring ?( and the 
polynomial ring 9l(x), a- an element which is transcendental rela- 
tive to 21 (Vol. I, p. 93). The elements of 2 I[a-] have the form 
Uq + a^x + a 2 X^ -I- ... 4 - a^x^ where the e 21 and ao + aix + 

• • -f- a„x^ = 0 only if all the a, = 0. We now have the follow- 
ing homomorphism theorem. 

11. Let % be a commutative ringy 2I[ArJ the polynomial ring over 21 
in a transcendental element x and let s be a homomorphism of 21 into 
a commutative ring If u is any element of © there exists a unique 
homomorphism S of 2I[x] into © such that: a^ = a*y a z 21, x^ — u. 

The reader is referred to Vol. I, p. 97, for the proof. This result 
has an immediate extension to a polynomial ring 2I(ri, X 2 y • ■ y Xr] 
where the Xi are algebraically independent elements. We recall 
that the algebraic independence of the x, means the following: 
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If (mi, m 2 , • • • , m^) is an r-tupie of non-negative integers m^, then 
a relation 22 *= 0, can hold 

mi 

only if every = 0. From now on we shall refer to ele- 

ments Xi which belong to a commutative ring and are algebraically 
independent relative to a subring 21 as indeterminates (relative to 
91). Then we have 

III. Let 9I[Ari, • • •, ;vrj be a commutative polynomial ring in Xi 
which are indeterminates (^relative to 91) and let s be a homomorphism 
of 91 into a commutative ring SB. If ui, U 2 , ' ’ Ur are arbitrary 
elements of SB, then there exists a unique homomorphism S of 

into SB such that 1) a^ = a e 91; 2) Xi^ = i = 1, 2, - • •, r. 

We now suppose we have a commutative ring (S, 9 a subring, 
s a homomorphism of 91 into another commutative ring ©. Let 
hy fly ' • yfr be elements of <5 and let 9I[/i, t^y * • *, ^r] be the sub- 
ring of Q generated by 91 and the Under what conditions can 
s be extended to a homomorphism S of 9 I(a] “ 9[/i, / 2 , 
into SB so that tf — 1 < i < r, where the Ui are prescribed 

elements of SB? The answer to this basic question is 

IV. Let SB and (S be commutative ringSy 91 a subring of <S.y s a 

homomorphism of 21 into SB. Let A, • ■ ■ , /r be elements o/‘(£, «i, • • •, 
Ur elements of SB. Then there exists a homomorphism S of 9l[ri, • • 
tr] into SB such that a^ = a'^ a e % and ti^ = * = 1, 2, • • •, r, if 

and only if for every polynomial f{xi^ 'yXr) e a[x.], indeter- 
minates, such that f(ti, - . A) = 0 we have f*{ui, • - «r) =0. 

Here f*{xiy • • ^Xr) is obtained by applying s to the coefficients of 
/(xi, • • Xr). If S exists, it is unique. 

Proof. The set ^ of polynomials fixi,‘--,Xr) such that 
f(fiy' • j a) = 0 is the kernel of the homomorphism A(api, • • •, Xr) 
hit,, ■,/,) of ^[x,] into 2I[/,]. Hence we have the isomor- 
phism Txhit,, • • •, A) hix,, •■ ■,Xr) + JE of 9I[A] onto the dif- 
ference ring 2l[^,l/^. Next we consider the homomorphism hixi, 

■ ■ Xr) > h’iui, ■ ■ Ur) of 2t[jfi] into SB (cf. III). Assume that 
f*i^\y ' ' •, Wr) = 0 for every f Then every f is mapped 
into 0 by the homomorphism hix,, • • - , x,.) -> A' (ai, • • - , a^) so 
IE is contained in the kernel of this homomorphism. It follows 
(Vol. I, p. 70) that we have the homomorphism hixi, • • Xr) H- 
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St —> «r) of into 58. Combining this with the 

isomorphism t we obtain the homomorphism 

(1) S:h{tu -ytr) •■■yUr) 

of Sl[r,] into 58. This is the required extension of s. If S' is any 
extension of / to a homomorphism of 2l(/,] into 58 such that a^’ = 
a‘ andtf’ = «t-, then ^(/i, • • - ,0^' = » «r); hence*?" = 

S and S is unique. Also, it is trivial that, if/(/i> • • -,0 = 
then 0 = fitly • ••ytr)^ = /•(«!, ■ ■ - , Ur) if •y is a homomorphism 
of 2l[/i, • • *, /r] satisfying our conditions. Hence it is clear that 
the condition stated in the theorem is necessary for the existence 
of the extension S. 

We have noted in the proof that the set ^ of polynomials 
fixiy • ■ yXr) such that /(/j, ■ ■ • , O = 0 is the kernel of a homo- 
morphism. Hence this is an ideal in the polynomial ring SI[xi, Xzy 
■ ■yXr]. Now let X = be a set of generators of A" 

and every element / has the form ^afxiy • • • , Xr)giixiy • • •, .Xr) 

where the (jc,, • ■ - , e ^ 2 , * * ', ^r] and the^,(xi, ■ -yXr) 

e X. It is clear that, if ^(«i, • • • , «r) = 0 holds for every ^ e A, 
then also «r) = 0 for every / e Hence we can obtain 
from IV the following result which is often easier to apply than 
IV itself: 

IV'. Let 58 af 7 iJ S be commutative ringSy 81 a subring of S, and s 
a homomorphism of SI into 58. Let X be a set of generators of the 
idealSt of polynomials f in SI[x,, X 2 y • • ■, Jfr], indeterminateSy such 
that fitly t 2 y ' ytr) ~ 0. Then there exists a homomorphism S of 
Wuhy ■,^] ® a e 81, and Z,*® = 

1 < i <ry if and only if ^(mi, • • - , «r) = 0/or every gcX. If S 
existSy then it is unique. 

We now consider the impyortant special case of IV' in which 
81 = ^ a field and r = 1. Then we know that <!>[>:] is a principal 
ideal domain (Vol. I, p. 100). Hence the ideal = (/(jf)), where 
ifix)) denotes the ideal of polynomial multiples of the poly- 
nomial fix) eSt. It is clear that (1) = since, otherwise, 
0 = 4>[x]/Il =4»[/] which contradicts 1 0. Since (a) 

= (1) if a is a non-zero clement of it is clear that the possibili- 
ties for^ are I? = (0) or^t = ifix)) where /(x) is a non-zero poly- 
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nomial in ^[x] of positive degree. In the first case we have ^[x] 
^ 4'[d and / is transcendental. Then II (or I\0 is applicable and 
shows that s can be extended to a homomorphism 6* sending t 
into any « e 93. Now suppose that /{x) ^ 0. In this case we 
call the element / e G algebraic over ^ since we have a non-zero 
polynomial /{x) such that /(/) = 0. The ideal ^ is, by definition, 
the set of polynomials g{x) such that g(t) — 0. The polynomial 
/{x) is a polynomial of least degree in ^ and every other poly- 
nomial contained in ^ = {/{x)) has the form gix)/{x). We can 
normalize /{x) by multiplying it by the inverse of its leading 
coefficient to obtain a polynomial with leading coefficient 1. If 
we let f(x) be this polynomial, then clearly/ can be characterized 
by the properties that it is the polynomial of least degree belong- 
ing to with leading coefficient 1 satisfying/(/) == 0. We shall 
call /{x) the minimum polynomial (over <**) of the algebraic element 
/ e G. We can now state the following result which is a special 
case of IV' . 

V. Lef 93 anti G be cornmutative rings, ‘f* a subfield of t an ele- 
ment of G vjhich is algebraic over^, and s an isomorphism of into 93.* 



m 2 


•V 4^ 
93 


s 


Then s can be extended to a homomorphism S of ^\t] into 93 so that 
t^ = u, if ajid only if f'(u) = 0 for the minimum polynomial f(x) 
of i over^. IFhen the extension exists it is unique. 

Remarks. The condition one has to put on u to insure the 
existence of can be stated also in the following way: u is alge- 
braic over the image 4>* of 4> and its minimum polynomial over 
<i»* is a factor of f*(x). The equation (1) giving the form of S 
now becomes 


(2) S:g(t) -> g>(u). 

It is immediate from this that S is an isomorphism if and only if 
f*(x) is the minimum polynomial of u. 
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2. Algebras. We recall the definition of an algebra 91 over a 
field <l> (Vol. II, p. 36 and p. 225): SI is a vector space over 4> in 
which a product xy e SI is defined for x^y in SI such that 

{xx + X2)y = xiy -h xzyy x(yi +>- 2 ) = xy\ + xy2 

( 3 ) 

We shall be interested only in algebras which have identifies 1 and 
which*are associative; hence in this volume “algebra” will always 
mean just this. 

We shall usually encounter algebras in the following way: We 
are given a ring SI and a subfield 4> of the center of SI. Then 
we can consider 31 as a vector space over 4> by taking ax, a r4>, 
X e SI, to be the ring product of a and x in SI. Clearly this makes 
SI a vector space over 4>. Also (3) is clear since a is in the center. 
Hence we have an algebra 91/*^ (91 over 4>).* This procedure for 
defining an algebra will be used in studying a field P relative to a 
subfield 4>. Then we obtain the algebra P 4>. 

Another algebra which is basic is the algebra 910 of linear 
transformations of a vector space over a field 4>. Here .-i + B, 
AB and aA for A, B z SEW) and a r <t> are defined by x{A + B) 
= xA + xB, x{AB) = {xA)B, x{aA) = a{xA) = {ax)A. The 
dimensionality (^♦(9W):4>) of 9)0 over 4> is finite if and only 
if I 2W:4>1 is finite. If [ = m, then (?♦( 9[)0:4>] = (\'ol. II, 

p. 41). 

Evidently an algebra is a ring relative to the + of the vector 
space and the multiplication ah. suhalgehra 5B of an algebra SI 
over 4> is. a subspace of SI which is also a subring. An ideal of 
9I/4> is a subspace which is an ideal of SI as a ring. A homomorphism 
s of the algebra 2I/4> into the algebra ©/4> is a mapping of SI into 
© which is <l>-linear and a ring homomorphism. Isomorphisms 
and automorphisms are defined in a similar fashion. If Al is an 
ideal in 91 /4>, then the factor space 9I/fi is an algebra over ‘I* rela- 
tive to its vector space compositions and the multiplication 
{a St')(h -f- .It) = ah We have the algebra homomorphism 

a —* a ^ of 91/^ onto 9IAt over 4». If / is a homomorphism of 
9I/4> into ©/4>, then the image 91* is a subalgebra of © and the 

• Wc shall use rhe notation 91/© also for the difference ring of 91 relative to the ideal ©• 
Which of these meanings is intended will always be clear from the context. 
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kernel ^ of j is an ideal in We have the isomorphism a ^ ^ 
a* of 21/^? onto 21*. The basic results on ring homomorphisms ex- 
tend to algebras and we shall use these without comment. 

We shall now record some elementary results on finite dimen- 
sional algebras which will be used frequently in the sequel. The 
first concerns a dimensionality relation for 21/# and 21/E, where 
E is a subfield of #. Evidently if E is a subfield of#, then we can 
restrict the multiplication olx^ a e #, x e 21 to a in E. This turns 
21 into an algebra 21 over E. Also since E is a subfield of # we 
can define the algebra #/E. We now have 

VI. Let 21 be an algebra overly B a subfield qf^. Suppose [21:#] < 
oo<jw<^[#:El < Then 

(4) [21: E] = [2t:#][#:E]. 

Proof. Let («,), 1 < / < w, be a basis for 21/#, (yy), 1 < / < 
a basis for #/E. Then (4) will follow if we can show that (y/M,) 

n 

is a basis for 21/ E. First let e 21. Then a = 2 

m * 

and cxi = ^ «»yyy where e,y e E. Then a =S6,yyy«,- is a linear 

y-i 

combination of the elements y,«,- with coefficients €,y in E. Now 
suppose Se./Yytt, = 0 where the €„• e E. Then we have 'ZcnUi = 0 
for oii = ^ «oyj in #. Since the «,• are #-independent, this gives 

7 

oci = 0, 1 < / < n. Then the formulas a,- = 2€,/Yy and the E- 
independence of the yy give e,y = 0 for all i,j. This proves that 
the elements yjUi are E-independent and so these form a basis 
for 21/ E. 

Vn. Let be a finite dimensional algebra over a field #. Then 21 
is a division ring if and only if 21 is an integral domain. 

Proof. We know that division rings are integral domains (Vol. 
I, p. 54). Now suppose 21 is an integral domain and let a be any 
non-zero element of 21. Consider the right multiplication ur'. 
X xa determined by a. This is a linear transformation in 21/# 
and, since ba = 0 in ^ implies b = 0, the null space of aR is 0. 
It follows that aR is surjective (that is, maps 21 onto 21). Hence 
there exists an element a' such that a'a = a'aR = 1. Thus a 
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has a left inverse. A similar argument using the left multiplica- 
tion ai, shows that a has a right inverse. Hence every non-zero 
element of 21 is a unit and 21 is a division ring. 

We consider next algebras 21 = which have a single genera- 
tor / (cf. § 1). We have the homomorphism g{x) — > g{t) of 
^[x]y X an indeterminate, onto 2J. If ^ is the kernel, then 21 ^ 
Also we have seen in § 1 that^ — (/(■*■)) where /(x) = 0 
or is a non-zero polynomial with leading coefficient 1. In the 
first case, / is transcendental and the homomorphism we indicated 
is an isomorphism. In the second case, t is algebraic and J{x) is 
its minimum polynomial. Then we have 

VIII. Let 21 = 4>[/] be an algebra over <t> generated by a single 
algebraic element t whose minimum polynomial is f{x). Then 

(5) [2l:<I*] = deg/(x), 

the degree of fix). 

Proof. Let n = deg/(x'). Then we assert that (1,/, • • •,/””*) 
is a basis for 21/^. Thus let a be any element of 21 = 4*[/]. This 
has the form ^(/), in 4>(jf]. By the division process in 4'[x-} 
we can write ^(x) = fix)qix) + r(x) where deg r(x) < deg fix). 
Then if we apply the homomorphism of 4>1 a-)/ 4> onto 4>(/]/4> send- 
ing X into /, we obtain a = git) = Oqit) + r(/). Since deg rix) < 
«, this shows that a = r(/) is a <I>-linear combination of 1, /, • • •, 
/'‘■"L Next we note that 1,/, • • •,/"”^ are linearly independent 
over 4* since otherwise we would have a polynomial gix) ^ 0 of 
degree < n such that git) = 0. This contradicts the hypothesis 
that fix) is the minimum polynomial. Hence (1, /, • • • , /’*”*) is a 
basis and (5) holds. 

We recall that 4>(/l = 4>(xj/{/(A-)),/(x) a polynomial of positive 
degree, is a field if and only if fix) is irreducible (Vol. I, p. 101). 
Otherwise, ‘l>(/] is not an integral domain. It is useful to have a 
more complete analysis of the structure of 4>{d in terms of the 
minimum polynomial fix). We shall indicate the results in the 
following exercises. 

EXERCISES 

1. An algebra 21 is a tiirfct sum of ideals 21, if 21 is a vector space direct sum of 
the subspaccs 21^. Let 21 = 4>1/J, / algebraic with minimum polynomial /(x). 
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Suppose /(x) =/i(*l/*(x) "'/fix) where (/{(at), /,(*)) = 1 if » ^ j. Set = 
Ji.x)/Ji{x), Show that there exist polynomials ai{x) such that 

= 1 . 

1 

Set = <a,(/)^<(/) and show that 

ri + rj + • • • + rr — 1 , e»" = e,, e.r,* = 0, / ^ J. 

Show that 2£ = Slri 0 Stra © — ©Sir, and that the ideal 9te.- = {aei\a e%) 
considered as an algebra with identity r,- has the form and is isomorphic to 

4>W/(/.(x)). 

2. Let Sf = 4>[/], t algebraic with minimum polynomial /(at). Let J{x) = 

p\{x)‘‘^pi{xY^ • • • />,(x)*', pi(x) irreducible, pi{x) ^ p,(x), i ^ j. Show that if z = 
P\{f)Piif) • • ■ then the ideal 91 = Slz in 21 is nilpotent in the sense that there 

^iscs an integer k such that every product of k elements of 9? is 0. Show that 

21 = 21/91 = 4»(7], 7 = / + 91, and 7 is algebraic with minimum polynomial 

f(^) = PiWpaW • ■ ■ pr(x). Show that 21 = 2Ii © 2 I 2 ©• • •© Wr where IT,- 
is an ideal which as an algebra is isomorphic to the field *^[x)/(p<(x)). 

3. Let 2l/4> be an algebraic algebra in the sense that every element of 21 is 
algebraic. Prove that, if 2( is an integral domain, then 21 is a division ring. 

3. Tensor products of vector spaces. Let 9)1, 91 and 93 be 
vector spaces over the same field «!>. Then a bilinear mapping of 
291, 91 into 9? is a mapping of the product set 9J1 X 91 into 93 such 
that, if AT X denotes the image of the pair x z 971, ^ e 91, 

then 

(^1 + ^2) 'K y = xi X V + X2 X 

( 6 ) X X (yi ys) = X X yi X X y 2 

oi{x X y) = ax X y = X X ay, a e 4». 

It is clear that the product xy in any algebra 21 is bilinear from 
21, 21 to 21. We shall say that a vector space 93 and a bilinear 
mapping ® of 991, 91 into 93 is a tensor product of 9J1 and 91 and 
we write 93 = 991 @ 91 if the pair is “universal’* for bi- 

linear mappings in the sense that the following condition is ful- 
filled: 

If 93* is any vector space and X* is a bilinear mapping of 971, 91 
into 93 , then there exists a unique linear mapping tt of 93 into 93^ 
such that (x ® ^)7r = x X' y. 

This notion is a special case of the general concept of the tensor 
product of a right module 971 over a ring 21 and a left module 
91 over 21. The special case we have defined for vector spaces is 
treated under slightly different but equivalent hypotheses in Vol. 
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II, Chap. VII. In particular, a proof of the existence of a tensor 
product of vector spaces and nearly all the basic properties we 
shall require were given in Vol. II. At this point we shall give 
another derivation of some of these basic results which is more in 
keeping with the spirit of the now standard treatment of the 
module case. 

We first give a construction of a tensor product. To do this one 
begins with a vector space 5 having as basis the product set 
SD? X of pairs (x', y)y x e 9)1, y e 91. Thus the elements of 5 are 

the expressions + $2(^2, ^2) + • • • + where 

^iC^y Xi t 9)1, c 91, and the pairs are distinct. If two 

elements are given we can introduce terms with 0 coefficients and 

m m 

thus suppose that the elements are 21 and 2Z 

1 I 

Then equality holds if and only if / = 1,2, • • •, m. Addi- 

m fn m 

tion is defined by 2^ ^iixiyyd + 22 •(■*■»»>'»•) = 12 (^. + 

1 1 1 

and multiplication by a in by aS^,(x,,_y,) = 2(a|,)(x',-, _y,). It 
is immediate that ^ is a vector space over 4>. Since 9)1 X 91 is 
usually infinite, 3 is usually an infinite dimensional space. Now 
let 9? be the subspace of g spanned by all the vectors of the follow- 
ing forms; 

(xi + X2yy) - (xiyy) - {X2yy) 

(x,jy, y2) - (xyyi) - (x,jy2) 

(ocxyy) — {Xy ay) 
ccixyy) — (ocx,y)y 

AT e 9)1, ^ e 91, a e Let 'D be the factor space 3/91 and set 
X ^y = (Xyy) + 91, the coset of (x,_y) in 3/91- Then we have: 

(xi X. 2 ) ® y — xi ® V — .)f2 y 

= (xi + X2yy) ~ {xiyy) — (x2yy) + 91 = 91 

•V ® (>’1 + ^2) — X ® yi — X (S) y2 

= (xyyi +^2) — (■*■>^1) — (-v, ^2) + 91 = 91 
a{x 0 y) — ax ® y = a{Xy y) — {aXy ^) -|- 91 = 91 
ax 0 y — X ® ay — («>:, y) — (x’, a^) + 91 = 91. 
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Hence x ® y is bilinear. Since the vectors {x, y) generate the 
cosets X 0 y generate ^ 

Now let X' be a bilinear mapping of 9??, 91 into the vector space 
93'. Since the vectors (at, y) form a basis for there exists a 
linear mapping tt' of 5 into 93' such that (x, _y)7r' = x 'K' y- Let 
^ be the kernel of tt'. Then ((xi + x^, y) — {xx,y) — = 

(xi + xz) X' ^ — xi X' ^ — X2 X' 3' = 0; so (xi -f X2, 

— — (^ 2 , jy) Similarly, {x,yi + y^) — (x,jyi) — {x^yz) 

e!^j (axyy) — a(x,jy) e^, and (ax,y) — (x, ay) e®. This implies 
that 5R C S and, consequently, we have the linear mapping tt 
of 93 = 5/91 into such that (x ® y)ir = ((x,>) + 3?)7r = x X.' y. 
Since the space 93 = 5/9? is generated by the elements x ® 
it is clear that tt is uniquely determined by the linearity property 
and (x ® y)7r = x X' y. We have therefore shown that (93, ®) is 
a tensor product of 9?? and 91 and accordingly we shall write “iP = 
93? ® 91 (or 93? gio 9?, if it is necessary to indicate the base field 
<f>). It is immediate from the definition that if (93i, ®i) and (932, 
0 2 ) are two tensor products, then we have a linear mapping of 
93i into 932 such that x y x 02 y and we have a linear map- 
ping of 932 into 93| such that x 02 y — ► x 0 1 y. Since the x 0,- y 
generate 93,, the products in both orders of the two linear mappings 
are identity mappings. It follows that both mappings are sur- 
jective (onto) linear isomorphisms. In this sense the tensor 
product is uniquely determined and so we may speak of the tensor 
product of 93? and 9?. 

Let {ea} and j/s} be sets of generators for 90? and 9? respec- 

m 

tively. Then any x e 93? has the form x = 23 where 

^ n 

is a finite subset of {^a} and any y e 9? has the form y = *?>/}, 

1 

\/j\ ^ Hence, by the bilinearity of 0 we have x 0y = 

® /y- Since the elements x 0y generate 93? 0 9?, we 
see that the products Ca ® generate 93? 0 9?. Now suppose 
that the and \/d\ are independent as well as generators, that 
is, these form bases for their respective spaces. We assert that 
the set of products {.r„ 0 /^} is a basis for 93? 0 9?. Since these 
are generators we jvist need to show that they are linearly in- 
dependent. For this purpose we form a vector space 93*^ with 
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basis gafi in 1-1 correspondence with the product set (a, 0) of the 
index sets of a and of If x = and y = then we 

define x X' y = It is easy to check that the product X' 

is bilinear, so we have the linear mapping tt of iUi 0 into 'll' 
sending X 0y x X' y. In particular, fa 0 /& —* X.' /q — 

gafi. Since the ga^ are linearly independent, the same holds for 
the Ca 0/^ and we have proved 

IX. Let \ea\ and \/ff\ be generators for 'JJ? over ^ and '1? over ^ 

respectively. Then the set {^a f»\ generates 9J? ® 9^?. More- 

over y ij the j ea I and \ | are bases y then the same holds for { t'a 0/s } . 

The second property actually characterizes the tensor product 
among the bilinear mappings of and 9?. More precisely, let 
X' be a bilinear mapping from "iOl and 9? to a space 'H' and suppose 
there exists a basis (ca) for 91? over 4> and a basis (/^) for '9? over 
*i> such that (ca X' /&) is a basis for 'll'. Then X') is a ten- 
sor product. Thus we have the linear mapping of 99? 0 '9? into 
sending ea 0 into ea X’ J$. Since the X'/^ generate 
the mapping is surjective and, since the ea X' Jq are linearly 
independent, the mapping is 1-1. Thus we have a linear iso- 
morphism of 99? 0 9? onto 'll', mapping x ® y into x X ’ y. This 
implies that ('ll", X") is a tensor product. 

In the case of finite dimensional spaces we have the following 
simple criterion. 

X. Let X' be a bilinear mapping of the finite dimensional spaces 
99? and 9? into ill' and suppose that ill' is generated by the products 
X X* y. Then the dimensionality [^' :^] < [ iO? : 4>] [ 9? : 4>] and equality 
holds if and only if (iP', X ') is a tensor product of 99? and 9?. 

Proof. Let (e, ),(/>) be bases for 99? and 9? respectively. Then 
every x X' y \s a linear combination of the elements <*, X' /, and 
so every element of iU' is a linear combination of these elements. 
This implies lill':4>I < (99?:^](9?;'^]. (ip', X') is the tensor product 
if and only if the set (d X' />) is a basis. This is the case if and 
only if the equality holds in the dimensionality relation. 

We recall that, if // is a linear mapping of 99? into 99?i and B 
is a linear mapping of 9? into 9?i, then there exists a uniquely de- 
termined linear mapping // 0 5 of 99? 0 9? into 99?i 0 9?i such 
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that {x ® y){y^ ® B) = xJ ® yB (Vol. II, p. 211). We recall 
also that, if P is an extension field of the field ^ so that P is a vector 
space over and SK is any vector space over «l>, then P 04- 21? 
can be considered as a vector space over P by means of the 
product p(2pi 0 xi) — 2pp,- 0 Xiy p, p,- e P, Xi e 2)2 (Vol. II, p. 
221). We denote this vector space as 2 )?p and we refer to it as 
the space obtained from 2)? by extending the base field to P. If 

is a linear transformation in 2)? over 4>, then \ ® A (defined by 
(Sp,- 0 Xi) (1 0 ^ = 2p,- 0 Xi^) is a linear transformation in 
2)?p over P which may be considered as the extension of to 2)?p. 
We shall use the same letter .4 to denote this extension. If («?„) 
is a basis for SR over <!•, then (1 0 ea) is a basis for 2 Rp over P, so SR 
over and 2Rp over P have the same dimensionality. If SCR is finite 
dimensional with basis (^.O, 1 < / < «, and is the linear trans- 
formation with matrix (a,>) relative to this basis, then ^,v7 = 
Zai^ej and (1 0 e,).<f = 2rt,>(l 0 ej). Hence the extension ^ has 
the same matrix relative to the basis (1 0 ^,). 

We recall also that the tensor product is commutative in the 
sense that there exists a 1-1 linear transformation such that x 0 
_v —^y® X of 2R 0 2? onto SR 0 2)?. Moreover, associativity 
holds in the sense that there is a linear isomorphism of (SO? 0 SR) 
0 3 onto SO? 0 CSR ® S) mapping (x- 0 y) 0 z into a: 0 (y 0 z). 
'fhese results have been established in Vol. II, pp. 209-210. We 
shall indicate alternative proofs in some of the following exercises. 

EXERCISES 

1. Show that, if l/fll is a set of generators for SR, then every element of SO? 0 2? 
has the form 2.V,- 0 I a finite subset of | /j | and x, r 2R. Show that, if the 
l/fll are linearly independent, then 2.v,- 0 /,• = 0 if and only if every x, = 0. 

2. Show that, if 2.Ri is a siibspacc of SD?, then the subspace 2J?i 0 2? generated 
by all vectors xj 0 y, xi v Sl()?i, .v e 2? is the tensor protluct of 2.Ri and 2? relative 
to the 0 defined in ®? 0 2?. 

3. l.et .U be a subspace of 2)?, ? a subspace of 2?. Show that (S!)?- .R) 0 (2?/ V) 

and (2.R 0 2?) (5t 0 SR -h 2.R 0 2) are isomorphic under a linear mapping such 
that (x -f- .rn 0 (y + .V 0 y 4- (.ft 0 SR + 2.R 0 

4. Let 2)?i, 22?;, • • •, SP?r and 'U be vector spaces over 4>. Define an r-linear 
mapping (xi, • • •, x,) — » xi X X 2 X • • • X x, e '1^, .Vi c 21i,. by the properties: 

X, X • • • X (x/ + x/') X • • • X X, = xi X • • • X x<' X • • • X Xr 

-f -vi X • • • X X." X • • • X x^ 
o:( vi X • • • X Xr) = Xi X • • • X axi X - • • X Xr. 
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Show that there exists a and an r-linear mapping of 9)^1, • • • , into ^ such 
that: if (xj, • ■ Xr) — * xi X' X 2 X'- • • X' x, is an r-linear mapping of 9}?i, • • 
9!J?r into then there exists a unique linear mapping tt of ^ into such that 
(xi ® ® Xr)ir = xi X' • • • X^ Xr. Dcnotc this together with its product as 

the. tensor product 9)^i 0 99^2 0 • • • 0 9!??r. 

5. Show that 90? 0 9? 0 is isomorphic to 0 (9? 0 9^) and (SO? 0 9?) 0 

by means of linear mappings such that x 0 _y 02 — *x0(^0 2 ) and 
(x 0 0 2 respectively. Generalize to r factors. 

6. Show that 90? 0 9? is isomorphic to 9? 0 9}? under a linear mapping send- 
ing X 0 ^ — ► y 0 X. (Hint: Given 9? 0 9J?, define x X'^ =* > 0 x, x e 90?, 
^e9)?. Show that this gives a bilinear mapping of 90?, 9? into 9? 0 90? and 
apply the defining property of 90? 0 90. Then reverse the roles of 90? and 9?.) 


4. Tensor product of algebras. We recall that, if 3li and Sl 2 
are algebras over 4>, then the vector space 21 = SIj 0 212 is an 
algebra relative to its vector space compositions and the multi- 
plication 




0 <J2t 


•)(? 





0 rZ2»^2>> 


<2ii> ^ 1 ; e 21i, a- 2 i, b^i e Slz (Vol. II, p. 225). The associativity of 
2Ii and 2 I 2 implies associativity of 21i 0 212 and 1| 0 I 2 is the 
identity 1 of 21 = 21i 0 24 if 1. is the identity of 21,. Also 21 is 
commutative if the 21,- are commutative. The basic property of 
the tensor product of algebras is the following homomorphism 
theorem. 


XI. Let 21,, i — \y1y be algebras over 4>, Si a homomorphism of 
21,- into an algebra il3 such that <Zi''<Z 2 ** = \ e 21i, ^2 e 212 - 

Then there exists a homomorphism j 0 / 21 = 21i 0 24 into IB such 
that 


(9) 0 ^ 2 .)* = 2<zi.*'<z2t**- 

Proof. The algebra product ax y.' a* = ai^'a^** e iB defines a 
bilinear mapping of 24, 24 into 93. This is clear from the linearity 
of the Si and the properties of the multiplication composition in 5B. 
Hence the definition implies that we have a linear mapping s of 
2 I 1 0 24 into 93 such that (ax 0 a-j)* = ax'‘a 2 *. Then s has the 
form (9). We have ((«, 0 a 2 )(bx 0 ^ 2 ))" = (^i^i 0 a^b^)* = 

{axbxY'fa^b^y* = = ((«i 0 <^ 2 )“ 

{bx 0 bY)*)> This implies that s is an algebra homomorphism. 
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Suppose now that the following condition holds in SB: 

(i) If (^ot) is a basis for Si over ^ and (//j) is a basis for S2 over 
<J>, then the set {^a**//j**} is linearly independent. 

An equivalent condition for this which we shall sometimes find 
more convenient is 

(iO If (/s) is a basis for 82 over then a relation + 

^2**/2** -h ■ • ■ + = 0 for e Si and e (/^) implies that 

every <2, = 0 (cf. ex. 1 of §3). 

Now we have seen that, if (i) or (i') holds, then the mapping 
s given by (9) is an isomorphism of S = Si ® S2 as vector space 
into ©. Since this is an algebra homomorphism, clearly it is an 
algebra isomorphism. We remark that (i) cannot hold unless Si 
and S2 are isomorphisms. 

The result we have obtained actually gives an internal charac- 
terization of Si ® S2. For this we note that ai — > = (3i ® I2 

and <*2 — > <*2** = li 0 ^2 are homomorphisms of Si and S2 re- 
spectively into Si 0 S2, since the linearity of the mappings we 
have indicated follows from the bilinearity of ai 0 and the 
homomorphism for multiplication is clear from (9). The com- 
mutativity condition: is clear, since = 

(rt, 0 l2)(li 0 ^2) = rti 0 fl2 = (li 0 a 2 )(ai 0 I2) = 

Finally, if (fj,) and (_/(s) are bases for Si and S2 respectively, then 
the set = {fa 0/^9} is linearly independent. It follows 

that (fa**) is a basis for Si'* = |^i 0 1 } and (/p**) is a basis for 
S2'V Also /i and S2 are isomorphisms and we can identify Si*‘ 
with Si, S2“* with S2. Our results evidently lead to the following 
internal characterization of the tensor product of algebras: 

XII. L,et S be an aigebra^ Si and S2 subalgebras such that 

(i) ^ 1^2 = ^2^t» <?»• e S,'. 

(ii) IJ (fa) is a basis for Si and {ff) is a basis for S2, then {fa/pl 
is a linearly independent set. 

(iii) S is generated by Si and S2. 

Then 2i2i, 0 a2i —* 1 .aiia 2 i is an isomorphism of 0 S2 onto S. 

Because of this result and the situation we noted in Si 0 S2 
itself, we shall say that S is the tensor product of its subalgebras Si 
and S2 if the above conditions (i)-(iii) are fulfilled. As we have 
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seen, the condition (ii) can be replaced by the equivalent condi- 
tion: 

(iiO If (/p) is a basis for 212, then a^Jx + 02/2 H h = 0 

for ai e 2(i, /, e (/^) implies every at = 0. 

Of course, the roles of 21i and 2(2 can be interchanged in this. 
We remark also that (ii) and (iii) can be combined in a single con- 
dition: If {ef) is a basis for 2Ii and {ff) is a basis for 2I2, then {e^^ff) 
is a basis for 21. For finite dimensional algebras this is equivalent 
to the dimensionality condition: (21 :4>] = [2ti:4>][2l2;'i>l (cf. X). 

EXERCISES 

1. Let 21 be an algebra over the held and let 2I[x] be the algebra of polynom- 
ials in an indeterminate x over 21. Show that 2I(x) is the tensor product of its 
subalgebra 21 (constants of 2I[xl) and its subalgebra ^(x] of polynomials in x with 
coefficients in 4>. Use this to prove that 4‘[x, _yl, x,y indeterminates, is the tensor 
product of its subalgebras 4>[x| and *l’(^l. 

2. Let be the field of rational expressions in the indeterminates 

that is, the field of fractions of Let 21 be the subset of fractions with 

denominators of the form J{x')g{y) ^J{x) e 4>(xJ, g(y) e Show that 21 is a sub- 

algebra of 4>(x,>') which contains the subalgebras 4>(x), 4>C)') where these are the 
fields of fractions of 't'fx] and respectively. Show that 21 is the tensor prod- 
uct of these subalgebras and that 21 is not a field. 
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If <E> is a subfield of a field P, then we have seen that we can 
consider P as an algebra over In this chapter we shall be con- 
cerned primarily with the situation in which P is finite dimen- 
sional over the subfield 4>. We shall be concerned particularly 
with the general results of Galois theory that are of importance 
throughout algebra and especially in the theory of algebraic num- 
bers. We shall consider the notions of normality, separability, 
and pure inseparability for extension fields, Galois cohomology, 
regular representations, traces, and norms. Also the basic results 
on finite fields will be derived and the notion of composites of two 
extension fields will be considered. 

In most of our considerations, and indeed throughout this book, 
we shall usually be given a field 4> and we shall be concerned with 
extension fields P, <!». The ways of obtaining such extensions have 
already been indicated in Vol. I, pp. 100-104. At the beginning 
of this chapter we adopt a different point of view. Here we are 
given the top field P and we look down at its various subfields; 
moreover, we do not insist that these contain any particular sub- 
field (except, of course, the prime field). The treatment here will 
be abstract in the sense that no knowledge of the structure of an 
extension is required. In spite of this we can give a survey of the 
subfields which are of finite co-dimension in the given field P and 
those which are Galois in P. These surveys are given in two general 
Galois correspondences.” After these rather abstract considera- 
tions we shall go down to<t> and we shall apply the general results 
to the extension P/4> in terms of polynomial equations with co- 
efficients in P. 
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1. Some vector spaces associated with mappings of fields. 
Let E and P be two fields, and let i'(E, P) denote the set of homo- 
morphisms of the additive group (E, +) of E into (P, +). The 
set C(E, P) is a group relative to the composition A B defined 
by t{A B) — tA + tB for t in E. One checks that A A B t 
C(E, P) and that the group conditions hold. The 0 of ['(E, P) is 
the mapping 0 such that eO = 0, the 0 of P, for all c in E, and ~A 
is given by t{ — A) = — «// (cf. Vol. I, § 2.13 and Vol. II, § 2.2). 
If A is a third field and .-/cVCE, P) and S r ^fP, A), then the 
resultant AB defined by i{AB) = {iA)B is an element of i.'(E, A). 
Both distributive laws hold for this composition. In combined 
form they say that, if Ax^ A^ c 9(E, P) and By-, B^ c ?(P, A), then 
i^Ax. -p A^{B\ + ^ 2 ) == A\B\ + AxB2 + A^Bx + A2B2> Fi- 
nally, we note that the associative law of multiplication holds: 
If r is another field and .yfi'(E,P), 5 r ?(P, A), CeP(A. P),' 
then {AB)C — A{BC) V All of these assertions are 
readily verified and they are very similar to facts about composi- 
tion of linear mappings which we have considered in Vol. II, 
§ 2.2. We leave it to the reader to carry out the verifications. 

The results we have indicated imply that ?fE, E) is a ring 
under the compositions of addition and multiplication. This is 
just the ring of endomorphisms of the additive group (E, +) 
which has been considered in the general case in Vol. I, §2.13. 

If p eP, then the mapping pffU — ^ ^p(= pf) in P belongs to !?(P, P). 
Since AB e y(E, P) for A in ?( E, P) and B in ?(P, P), we see that 
//pp e e(E, P). This observation permits us to convert ^(E,P) 
into a right vector space over the field P. For this purpose we 
define Ap = Apr for A e ?{E, P) and p e P. Then we have 

{A + B)p = {A + B)pr = Apr + BpR = Ap + Bp 
A{p + a) = A{p + o)r = A{pR -f <f}d 

= Apr + Aor = Ap -V Aa 
A{p<j) = A{p<t)r = AipRffR) = {Apr)cr = {Ap)<T 
A\ = A\r = A, 

which shows that ?( E, P) is a right vector space over P. 

We note next that if tR denotes the mapping in E, then 

tR e ?(E, E). Hence, \f A c 5?(E, P), then ^rA e ?(E, P). We can 
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now consider 8(E, P) also as a left vector space over E by defining 
= ^rA. It should be remarked that,' if we do this, then there 
is an ambiguity in writing eA which can mean either the image of 
€ under A or the endomorphism ^rA. For this reason we shall 
avoid considering 2(E, P) as a left vector space over E and use 
instead the product ^rA when this will be needed. 

All that we have just said applies also to fields over a given 
field Consider the fields E/# and P/^. In this connection it is 
natural to consider the subset P) of S?(E, P) of linear trans- 

formations of E as vector space over into P over If a 
and peP, then {ot^)pR = (a^)p = = orC^p^), which implies 

that pR e S?+(P, P). If ^ e C+(E, P), then Ap = Apr e C*(E, P); so 
it is clear that ?4.(E, P) is a subspace of the right vector space 
5(E, P) over P. If 81 is any right vector space over P, we denote its 
dimensionality over P as (8I:P]i?. Then we have the following im- 
portant result on [?*(E, P) :P]r. 

Theorem 1. Let E/4>, P/^ be fields over^ and let 2*(E, P) be the 
right vector space over P of linear mappings of E/4> into P/4>. Then 
is finite if and only if (2^(E, P):P]« is finite and when both 
are finite then 

(1) [E;^] = [S*(E,P):P]«. 

Proof. Let ?7i, * • *> »7n be elements of E which are linearly 

independent over 4>. Then we may imbed this set in a basis {77a} 
for E over (Vol. II, p. 239). If we choose a correspondent 
eP for each then there exists a unique element P) 

such that i]aA — for every »/«. This implies that for each i — 
1»2, • • •,», there exists a linear mapping Ei (not necessarily 
unique) such that = 1, VjEi = 0 ify ^ /. Then ifp, eP, 

S -E.pA = 23 (ny^.Opi = py. 

n 

Hence 2Z EliPi ~ 0 implies every p,- = 0, which shows that, if 

[E.4>] is infinite, then for every n there exist n right P-in- 
dependent elements of ?*(E, P). Then le*(E, P) :P]r > n for every 
w, so this dimensionality is infinite. Next suppose [El#] — n <. 
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w and that the rj's constitute a basis. Let ^ e ?♦(£, P) and set 
= Pi. Then tjj ^ ^ £,p,^ = py = tjjA. Thus ^ and 2£,p, 
have the same effect on the basis (t7i> 7?2, for E <l>. It 

n 

follows that A ^ EiPi and, since the £, are right independent 

1 

overP, these form a basis for P*(E, P) overP. Hence (?*(E, P);P]« 
= w — [E:^]. This completes the proof. 

We now drop ^ and consider again E and P arbitrary fields 
and ?(E, P) the group of homomorphisms of (E, -|-) into (P, +). 
We consider this as a right vector space over P as before. Let 
81 be a subspace of this space. Let € be a fixed element of E. 
Then € determines a mapping /, of SI into P by the rule that 
/t(A) = iA eP. We have /XA + 5) = ((A B) = tA + tB 
= /.(^ + /«(5) and, if p e P, then /,(Ap) = e(Ap) = UA)p = 
/XA)p. Thus we see that /. is a P-Iinear mapping of the right 
vector space 21 over P into the one dimensional space P over P, 
that is, /, e 21*, the conjugate space of SI. Of course, SI* is a left 
vector space over P. The process we have just indicated produces 
a collection {/, [ee Ej of linear functions. This collection is 
“total” in the sense that, if /,{A) — 0 for all <, then A = d. 
This is clear since the requirement is that «/^ = 0 for all e and this 
is just the definition o( A — 0. We can now prove the following 
useful 

Lemma. Let % be a subspace of ?( E, 1’) over P such that [21 iP]/^ = 
w < 00 . Then there exist elements €i, • • •> e E arul a right 
basis Ely E^y ■ ■ ■,£„ Jor 21 over 1* such that €,Ej = 5,y (5,y = 0 if 
* ^ ji 5it = 1 ) • 

Proof. We are given that [2I:P]/f = «<■». This implies that 
the conjugate space 21* is «-dimensional. Let 53* be the subspace 
of 21* spanned by the linear functions /,, « c E. Since /{A) = 0 
for all /e 53* implies that = 0, it follows that 53* = 21* (Vol. 

2, §2.10). Hence we can find n linear functions 
which form a basis for 21*. Since 21 can be considered as the con- 
jugate space of 21*, we can find a basis £i, £ 2 , • • •,£„ for 21 over 
P such that/..(£y) = S.y. Recalling the meaning of /, we see that 
we have «,£y = 5,y as required. 
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2. The Jacobson-Bourbaki correspondence. Let P be a field 
and let ?(P, P) be the ring of endomorphisms of the additive 
group (P, +). As before, we consider S(P, P) as a right vector 
space over P. If ^ is a subheld, then C^CP, P) the ring of linear 
transformations of P/<i> is a subring of S(P, P) and a subspace of 
?(P, P) over P. Moreover, we have seen (Th. 1) that, if ^ is of 
finite co-dimension in P in the sense that [P:^] = »<■», then 
[?*(P, P): P]« = n. These properties of 5*(P, P) in no way refer 
to the subfield <!». We shall now show that they are charac- 
teristic of the sets ?*(P, P). This is a consequence of the follow- 
ing 

Theorem 2 (Jacobson-Botirbaki). Let V be a field and SI a set 
of endomorphisms of (P, +) such that: 

(i) % is a subring of V) the ring of endomorphisms of 

{containing the identity mapping^ by our convention, Introd. 

p.2). 

(ii) SI is a subspace of ?(P, P) as right vector space over P. 

(iii) [SI: P]fi = K < oo. 

Let 4> be the subset of Y of elements a such that ccrA — Aolr for all 
A e 31. Then is a subfield of P, [P:^] == n and SI = ?*(P, P) the 
complete set of linear transformations of P/#. 

Proof (Hochschild). The verification that # is a subfield is 
immediate and will be omitted. Next we apply the lemma of § 1 
to obtain elements pi, P2> • Pn in P and a right basis (£i, £2, 

• £„) for SI over P such that piEs = 5,,. Since pr<tr — crpr 
for any p, <r in P, it is clear that ^ is the set of a e P satisfying 
oiREi = EiOCRy i = 1,2, • •*,«. Also it follows from p,£‘y = 6,7 

n 

that, if we express the element A of H sls A = EiOi, then 
^ (.PtEi)<Ti — <rj. Hence the representation of any A in 

i 

« n 

terms of the basis reads: A = E^ptA) or A = 'Z, Ei{piA)R, 

1 1 

We shall now use this formula to show that every Ei maps P into 
For this purpose let a be any element of P and consider the 
mapping Ej<TREk,j, k = 1,2, •••,«, which belongs to 81, since 81 is 
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a subring of the ring of endomorphisms. The formula we obtained 
can be applied for A ~ to give 

EianEk = 21 £i{f>iEj<TREk)R 

\ 

= Ei{\cnE,)n 
~ Ej{<TEk)R. 

This means that for arbitrary p in P we have 

pEjffnEk = pEj{aEk)R. 

In other words, ((p£:,»£t = (p£y)(<r£jt). Then 

{<x{pEj))Ek = {(jEk){pEj). 

If we think of <t as the argument, this gives the operator identity 

(p£,)r£* = Ek{pEj)fi, which implies that p£> e and this holds 

for all p e P. We can now show that the p, we started with form 

a basis for P/<I>. Let a e P and consider the element a' = — 

2 {<rEj)pj in P. Since <rEj e and «/?£* = EkCtR for a in 4> we 
i ^ 

have a'£* = aEk - Ek = aEk - P;(<r£y)je) £* 

= <r£* — Y {pjEk){<rEj)R = <r£* — (r£* = 0. Since 1 e SI. 1 = 

y * 

2£*Xjt for suitable \k e P. Then (r'Ek = 0 implies <r'\ = 0 so 
<r' = 0. We therefore see that a = 2(<r£y)p, is a ^-linear combina- 
tion of the p>. If 2of,p, = 0, a, e4>, then a> = (2a,p,)£y = 0. 
Hence (pi, p 2 , •■•ypn) is a basis for P over <i> and (P:$] = n. 
Since omA = Aolr for every ae^ and A every A is a 
linear transformation of P over 4>. Hence ?l C e^(P, p). Since 
[e*(P, P):P]r = n by Theorem 1, and [21:?]^ = «, we see that 

n = i?*(p, p). 

Theorem 2 permits us to establish our first and most general 
“Galois correspondence” for a field P. This concerns two collec- 
tions of objects: the collection ^ of subfields <l> which are of 
finite co-dimension in P and the collection ^ of sets of endomor- 
phisms of (P, -I-) having the properties (i), (ii), (iii) of the theo- 
rem. To each 4> e we associate £(4>) = ?♦(?, P). This is a 
subring of S(P, P), a subspace of e(P, P) over P and satisfies 
[^♦(P, P):P]« < CO. Hence R{^) = e^(p, p) e On the other 
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hand, if 3( e then we can associate the subheld = ^ = 

{a|a e P, o-rA = Aolr^ e 21}. This is of hnite co-dimension in 
P and so it belongs to By Theorem 2, we have i2(/^(2l)) = 21. 
If and 21 - ^(4>) = S?*(P, P), then (21: P^ = [P:^I by 

Theorem 1 and [21:P]ft = (P:/^(2I)] by Theorem 2. If we 

certainly have (xrA = A<xr for A e 21. Hence C F(%) by the 
dehnition of F. Since [P:4>] = [P:Ff2I)][F(2I);4>I (VI, Introd.) 
and [P:$] = [P: F(2l)i, we have [/^(20 :*!>] = 1 andso*!* = i^(2() = 
F{R{^)). The two relations 

R{F(n)) = 21, 21 c ^ 

F(R(^)) = <I>, ^ e ^ 

imply that the mappings R and F are inverses and are 1-1 of ^ 
onto ^ and ^ onto ^ respectively. It should be noted that the 
dehnitions of R and show that these mappings are order revers- 
ing for the inclusion relation; 4>, C <t >2 for subhelds implies 
^ ^( 4 * 2 ) and 2li C 2 I 2 for 21,- e ^ implies 2^(21]) ^ 2 ^( 212 ). 

In § 4 we shall establish a Galois correspondence between hnite 
groups of automorphisms of a held P and certain subhelds of 
hnite co-dimension in P. Later (§ 8, Chap. IV) we shall establish 
a similar correspondence between certain Lie algebras of deriva- 
tions in P and certain subhelds of P. Both of these correspond- 
ences will be derived from the general “Jacobson-Bourbaki cor- 
respondence which we have just given. In addition to this we 
shall need some information on special generators for some of the 
rings 21 r For the autoi.iorphism theory the generators are 
automorphisms of P. The results we require for these will be 
derived in the next section. 


EXERCISES 

)• ket 21 be a set of cndomorphisms of (P, -|~) satisfying conditions (i) and (ii) 
of Theorem 2. Show that 21 is an irreducible ring of endomorphisms (Vol. II, p. 
259). Apply the density theorem for such rings (Vol. II, p. 274) to show that, if 
Pi> P2. • • - . Pm arc 4>-mdependent elements (4» as in Th. 2) and a,, as, • • • , are 
arbitrary m P, then there exists an e 31 such that p.vf = < 7 ,-, / = 1,2, •• •,m. 
Use this result to give another proof of Theorem 2. 

2 . Let P be an arbitrary extension field of the field <*». Show that, if a e P satis- 
fies afly^ = .-/an for all e ^♦(P, P), then a € 

o ^ basis of P/ <I>, (y^i, ^ 2 , • • • , ^n) a right basis for 

^♦(i , P) over P. Show that the » X n matrix has an inverse in P„. 
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3. Dedekind independence theorem for isomorphisms of a held. 
Let s be an isomorphism of a held K into a held V. Then s is .in 
isomorphism of the additive group ( K, +) of E into ( P, -r- ) 
satisfying the multiplicative condition Ut/j* = e'tj’. We can 
write this in operator form as: 

( 2 ) 

where 77* is the multiplication by r) in E and is the multiplica- 
tion by 17^ in P. If both K and P are Helds over 't>, then an iso- 
morphism of 'F' into P 4> is an algebra isomorphism ol the hrst 
algebra into the second. Hence, in addition to the conditions: 
(« + v)* = e“ + 77% (ct;)' = e’l?", 1' = 1 , J is 1-1, we have (a<)' = 
«€* for a e4». The first and last of these are just the conditions 
that s e ?*(E, P). Hence if J is an isomorphism of E into P ‘f>, 
then a* = (al)* = a\* = a holds for every a r 4>. Conversely, 
this condition implies that (at)' = at*, t c E. Thus an isomor- 
phism of E/4> into P 4> is just an isomorphism of E into 1* which 
is the identity mapping on 

We shall now derive two basic results on linear relations con- 
necting isomorphisms of E into P {no4>). 

Theorem 3 (Dedekind). Let E anti P be fields and /r/ j,, , 

be distinct isomorphisms of E into P. Then the s, are right linearly 
independent over P: Xs^pi = 0, c P, implies every p, = 0. Here 

Sp = SpR. 

Proof. If the assertion is false, then we have a shortest relation, 
which by suitable ordering reads: 

(3) JjPl + ^2P2 + * ■ ■ + SrPr = 0, 

where every p, 5*^ 0. Suppose r > 1. Since Si 9^ S 2 there exists 
77 e E such that t 7*> 77**. Now multiply (3) on the left by 77^. 

If we take into account (2), this gives: Ji77*‘p, J2»7**P2 + • • • + 

Sr-n''pT — 0. Next we multiply (3) on the right by 77*' and obtain 
'^iPi’7*' + J2P2»7*‘ + • • • + JrPr»7" = 0. Subtraction of the two new 
relations gives 

-f2P2(»7** ~ + JsPaCn" ~ VO + • ■ ■ = 0. 

Since p2(V* “ ^7*0 5^ this is a non-trivial relation which is 
shorter than (3). Hence we are forced to conclude that r = 1, 
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that is, Jipi = 0. Since pue”' exists, this gives = 0 contrary 
to the assumption that Si is an isomorphism. 

We can combine Theorem 1 and Dedekind’s theorem to obtain 
the following 

Corollary. Let E and P be fields over^ such that [E :^] = n < «>. 
Then there exist at most n distinct isomorphisms of E/4> into P/^. 

Proof. Let Ji, J 2 > • ■ be distinct isomorphisms of E/^ into 
P/^. Then these are elements of e*(E, P) which are right P- 
independent. Since [e*(E, P):P]fl = w, we must have r < ». 

In the next section we shall be concerned with right P-vector 
spaces spanned by a finite number of automorphisms of a held. 
More generally, let Ji, J 2 » * be distinct isomorphisms of E 

into P and let 21 be the set of endomorphisms of the form 

(^) txPi -f S2P2 + ■ ■ * + Snpny Pi E P. 

Evidently, 21 is a subspace of the right P-vector space C(E, P). 
Moreover, if e e E, then enSi = by (2), so 

\ » n 

I2tiPi)= 12 tiCe'OjiPi = 

I t I J 

This shows that 31 is closed undei 'eft multiplication by arbitrary 
€fi, « € E. We shall require the following 


Theorem 4. Let E and P be fields^ Ji, s^, • • • , Jn isomorphisms of 
E t?jto P, and let 21 be the right V -subspace of e(E, P) of endomor- 
phisms ^SiPiy Pi c P. Let be a P-subspace of 21 which is invariant 
under left multiplication by elements e^, e e E. Then SB = Si^P + 

JiiP H j- Si, Pi}^ where ft 

{•Tl* ■*'2, • ■ J„}. 

r 

Proof. It is clear that ^ r.,p.,|po e P c S3. To prove the 

opposite inclusion it suffices to show that, if ^ s^Pi e SB, then the 

Si for which Pi yS 0 are contained in SB. Suppose this is not the 
case. Then we have an element rt.pt, + st,Pk, d (- J*,p», in 
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in which every pk, ^ 0 and Jfc, ^ S3. We can then argue as in 
the proof of Dedekind’s theorem. We assume s minimal. If 
j > 1 , we apply the process we used before to obtain a shorter 
element of the same type contained in S. Then e ® which 
implies that Sk, e ® contrary to assumption. 

EXERCISE 

1. Let E = 4>(^) where 6 is algebraic over <l> and {/(x)) is the kernel of the 
homomorphism ^(x) — + g(6) (Vol. 1, p. 103). Then [E:<I>J = deg/. Use the ex- 
tension theorem V of Introduction to show that the number of isomorphisms of 
E/4> into P/4> docs not exceed deg/. Extend this result to obtain an alternative 
proof of the Corollary to Theorem 3. 

4. Finite groups of automorphisms. Let G be a group of auto- 
morphisms of a field P and let 4> be the subset of P of elements a 
such that ot* = a for every j e G. We shall call ‘i) the set of G- 
invariants of P. Since the invariants (or fixed elements) of an 
automorphism form a subfield, <t> is a subfield of P. We denote 
^ = /(G) (or /p(G) if it is necessary to indicate P) and we call a 
subfield which has this form, that is, which is the subfield of in- 
variants of a group of automorphisms, Galois in P. We shall 
also say that P is Galois over^ or P/4> is Galois. 

The process we have just indicated associates with groups of 
automorphisms G, subfields /(G), and we have the mapping 
G —* /(G) of these groups into subfields of P. We now define 
a mapping in the opposite direction. If <i> is any subfield of P, 
then we associate with the set y/(4>) (or /'/p(4>)) consisting of the 
automorphisms of P/<I>, that is, the automorphisms j of P such 
that o* = O' for all a e 4>. Evidently, /f(4*) is a subgroup of the 
group of all the automorphisms of P. We call //('!>) Me Galois 
group of P/^. We have the subfield-group mapping ^^(4*)- 

The following properties of the mappings G — + /(G), //(4*) 

are clear from the definitions: 

(a) Gi 3 G 2 => /(Gi) C /(G 2 ) (=> denotes "implies"). 

(|3) 4*, 3 4>2 ^(* 1 ) C ^(4>2). 

( 7 ) I{Am) ^ 4>. 

(5) A{I{G)) 3 G. 
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These relations have the following consequences: 

(0 = /(G). 

(^) 


The proofs of these two are identical so we consider (0 only. 
Here we use (-y) for 4> = /(G) and obtain /(v^(/(G))) 3 /(G^. 
On the other hand, if we apply / to ./(/(G)) 3 G, we obtain /(G) 3 
/(//(/(G))). Hence (c) holds. A consequence of («) is that ^ is 
Galois in P if and only if <t' is the set of invariants of the Galois 
group of P/4*, that is, 4* = /(./(4>)). Clearly this condition is 
sufficient. On the other hand, if 4* = /(G) for some group of auto- 
morphisms G, then 4* = /(G) = /(./(/(G))) = /(//(4>)). 

We shall now study the Galois correspondences 4> ■/(4»), 

G — ♦ /(G) starting with finite groups of automorphisms. We 
denote the order of a group G by (G:l) and, more generally, the 
index of a subgroup // in G by {G'.H). We shall deduce all the 
results on the subfield-group correspondence from the Jacobson- 
Bourbaki theorem (Th. 2) via the following 


Lemma. Let G be a finite group of automorphisms in the field P 


and let 21 = 



s^Pi Si e G, Pi e P 


Then SI satisfies the hypoth- 


eses (i), (ii), (iii) of Theorem ?, [2I:P]« = (G:l), and the subfield 
4* given in Theorem 2 is the subfield of G-invariants. If ^ is a 
subring of 21 and a subspace of 21 over P, then 



where H = \tj\ is a subgroup of G. 

F^oof. If p e P and s is an automorphism, then (2) shows that 
pns = J(p")w. Hence (j.pd(i>P>) = J»(p.RJ>)p>fi = USj{p2%PjR = 
SiSjPi^^Pj e 2l since e G. This implies that 21 is a subring of the 
ring of endomorphisms ?(P, P). Since 1 eG and G C 21, 1 e 21. 
It is clear that 21 is a subspace of ^(Py P) as right vector space 
over P. Since the j, are independent over P by Dedekind's 
theorem, [2I;P]« = (G:l) < cc. The siibfield 4* of Theorem 2 is 
the set of a e P such that ocrA = //a« for all // e 21. Since ccrpr = 
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fiRctRy p e P, anyhow, the condition is equivalent to aRSi = s^aR, 
SicG. Since o/?j. = this is equivalent to 

Ji e G. Since Si~^ exists, this becomes (a'Ofi = <xr or a*‘ = a 
which shows that orA = ^aRy // c 51 is equivalent to: a is G- 
invariant. Now let 35 be a subring of SI which is a P-subspace. 
Then S3 3 IP = {pr\p e P} and consequently 33 is invariant 
under left multiplication by the pr. Hence, by Theorem 4, 
33 = /iP + / 2 P + -'-H-/rP where H = {/j j — G fl SB. Evidently 
// = G D SB is closed under multiplication so this is a finite sub- 
semigroup of G. Hence H is a subgroup of G. 

The main result on finite groups of automorphisms of a field is 

Theorem 5. Let V be a field and let s:^ be the collection of finite 
groups of automorphisms in P, the collection of subfields of P 
which are Galois and of finite co-dimension in V. If ^ e let 
be the Galois group of P/4> andy if G e .^/y let /(G) be the sub- 
field of V of G-invariants. Then: (i) // 4* c -^y e sdy and if 

G z /(G) e Moreover, 1{A{^)) = <t> and .'/(/(G)) = G 
(ii) If Gzs^y then (G:l) = [P:/(G)]. (iii) If ^ z J and E /V ^ 
subfield of P containing^, then E e A (iv) In this situation H — 
y/(E), which is a subgroup of G = ^(4>), is invariant in G if and 
only if E is Galois over 4>. Then the Galois group .^/e(<J>) of E/4> is 
isomorphic to G/H. 

Proof, (i)-(ii). If G e and SI = e G, p, e P|, then 

[P:/(G)J = [Sl:Plff = (G:l), by the lemma and Theorem 2. If 
we set 4> = /(G) and G’ = the Galois group of P/'J>, then 

the corollary to Dedekind’s theorem shows that (G': 1) < [P:4>] = 
(G:l). Since G C G' is evident, G' = G. Thus ^/(/(G)) = G. 
Next let <f> be Galois and of finite co-dimension in P. Then <I> = 
/(G) where G is the Galois group of PZ-t. This is finite by the 
corollary to Dedekind’s theorem. Hence A{^) e and /(//(<!>)) 
= <I>. This completes the proof of (i) and (ii). (iii) Let ^ z J 
and let 81 be the ring of endomorphisms defined by the Galois 
group G of P/^. By Theorem 2, SI = ? 4 .(P, P). Now let E be a 
subfield of P containing 4*. Then 33 = Se(P, P) is a subring of SI 
of the sort considered in the lemma. Hence iB = /iP + • • • + /^P 
where H = {/>) is a subgroup of G. Since E = = B^r, 

5 e 33}, it follows that E is the subfield of //-invariants. This 
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proves (iii). (iv) If j e G, E* the image of E under s is another 
subheld of P containing <I> and it follows directly from the defini- 
tion that ^(E*) = s~^Hs. Hence /f is invariant in G if and only 
if E* = E for every s e G. We proceed to show that this holds 
if and only if E is Galois over4> and then ^e(^) = G/H. Assume 
first that E* = E and let G' be the group of restrictions s' to E 
of the j e G. Then G' is a finite group of automorphisms in E 
and /(GO = Hence is Galois in E and G' = Ae{^) by (i) 
applied to E. The mapping s r' is a homomorphism of G onto 
G'. The kernel is the set of r e G such that j' = 1 on E. This 
is H. Hence G' ^ G/H. Next let E be Galois over Then we 
have [E:4>] distinct automorphisms of E over <i> and these can be 
considered as isomorphisms of E/4> into P/<t>. On the other hand, 
by the corollary to Dedekind’s theorem there are at most [E:<I>] 
isomorphisms of E/4> into P/$ so these must coincide with the 
automorphisms of £/<!>. If j e G, the restriction of r to E is an 
isomorphism of E/^ into P/^; hence this is an automorphism. 
This implies that E* = E for all s eG. 

Theorem 5 establishes, in particular, a bijection (1-1, onto 
mapping) between the collection of subfields E of P which con- 
tain a fixed subfield <!», which is Galois and of finite co-dimension 
in P, and the collection of subgroups H of the Galois group G of 
P/^. This correspondence satisfies the properties in (iii) and 
(iv). We remark also that [H\ is finite, which implies that the 
collection of fields beween P and is finite. At this point there 
is one serious gap in our theory: We have given no conditions 
that P be finite dimensional Galois over 4*. The next three sec- 
tions will be devoted to filling this gap and to forging the link 
between the present “abstract” Galois theory and the theory of 
equations. 

EXERCISES 

1. Let C be the field of complex numbers and let P = C({), a simple transcend- 

ental extension of C (\ol. I, p. 101). Let s be the automorphism of P/C such 
that p = where € is a primitive n-th root of I and let / be the automorphism of 
P/ C such that ^ Show that = 1 , = 1 , j/ = /j “* and that the group 

G of automorphisms generated by j, / is of order In. Show that the subfield of 
G-invariants is 0(7?), tj = 

2. Determine the Galois group of 4>(p) over 4 where 4> is the field of rational 
numbers and p* = 2. 
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3. Let P be finite dimensional Galois over 4> and suppose the Galois group G = 

Gi X Giy Gi subgroups of G. Show that, if is the subfield corresponding to 

Giy then P,7$ is Galois and P = Pi ® Pj (over <1>). 

4. Let 4* be a field of characteristic 2 and let P be an extension such that 
[P:4') = 2. Show that P =» 4>(d) where = a e 4>. Use this to prove that P is 
Galois over 

5. Show that, if 4>i and 4*2 are Galois in P, then D $2 is Galois in P. Let 4> 

be a field of characteristic 0, P = 4>(f), ( transcendental. Let 4>i = 4>(f2), 

^2 * ♦({({ + 1)). Show that lP:4>i) * 2 = (P:4>2) but (P:4>i D 4>2l is infinite. 

6. Show that, if Ro is the field of rational numbers, then Rd^yi) is not Galois 
over Rf). 

7. Let G be an 'arbitrary group of automorphisms In a field P and let ?( 
= {2r<p,( Ji e G, p<eP|. Show that 81 satisfies the hypotheses (i) and (ii) of 
Theorem 2. Show that 4> = \a\aR/1 = Aan, Ae^l is the subfield of G-in- 
variants. Use these results and ex. 1, § 2, to prove that, if E is a subfield of P 
containing 4> such that (E:4>) < «, then any isomorphism of E/4' into P/4' can 
be extended to an automorphism of P/4>. 

8. (Kapiansky). P, 4», E, and G as in ex. 7. Prove that E is Galois in P. (In 
other words, if 4> is Galois in P and E 3 4> satisfies (E :4>] < ««, then E is Galois 
in P.) (Hint: Set ^ = G 0 //(E). Let A be a finite dimensional subspace of 
P/4> containing E. Use ex. 1, § 2, to show that ^♦(A, P) has a right P-basis of 
the form (/i, /s, • • •, /„)> Ji the restriction to A of r, e G. Use Theorem 4 to show 
that Ce(A. P) has a P-basis (/i, 7j, • • • , 7,), /, e H. Use this and ex. 2, § 2. to 
prove that E »= 1(H).) 

5. Splitting field of a polynomial. Let 4> be a given field and 
/(x) a non-zero polynomial contained in the polynomial ring 
4>M, AT an indeterminate. We recall that an elemeat p of 4> is called 
a root of/{x) or of the equation /(x) = 0 if /(p) = 0. We know 
that this is the case if and only if /(x) = (x — p)g(x) in 4 >[a-] (Vol. 
I, P- 99); and if deg /(x) = w, then/(;c) has at most n roots in ^ 
(Vol. I, p. 104). If pi,P 2 , • -jpr are distinct roots, then 

/(^) = (x — Pi)(x — P 2 ) • • ■ (x ~ Pr)gix). 

In Vol. I, pp. 101-102, we have given a construction for an ex- 
tension P/4> in which a given irreducible polynomial /(x),e 4»(x] has 
a root. If we apply this to an irreducible factor of any non-zero 
/(x) t 4»[jf], we obtain an extension P/<t containing a root of/(;e). 
We shall now establish the existence of a minimal field extension P 
in which a given polynomial /(jf), deg/(Ar) > 0, decomposes as a 
product of linear factors. Unless otherwise indicated we shall 
assume our polynomials have leading coefficients 1. Then we re- 
quire an extension P/4> such that 

(5) /(x) = {x - pi)(x - P 2 ) - • ■ (x- — p„) 
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in p 2 y • * ■> pn) denotes the subfield of P/<J> generated 

by the p,, then evidently the factorization (5) is valid also in 
^{pi>P2, ■ '>Pn)M. Hence, if P, ^ is to be minimal, then we 

must have P = ‘i>(pi, Ps, • -jpn). We recall also that the fac- 
torization (5) is unique in P[Ar] apart from factors in (Vol. I, 
p. 100, p. 123). From this it follows that the set jp,] is the com- 
plete set of roots of f{x) in P and that, if S/4> is a subfield of 4>(pi, 

• • yPn)/^ such that /(x) is a product of linear factors in 
then 2 = 4>(pi,p2, • • ■,Pn). This leads us to give the following 

Definition 1. Let ^ be a field and f{x) a polynomial of positive 
degree with coefficients in '!> {leading coefficient 1). Then an extension 
field P,'4> is called a splitting field off{x) if a factorization (5) holds 
in P[Ar] and P = <J>Cpi, pg, • - - , p„). 

We shall now state two immediate results which will be used 
frequently. 

Lemma 1. (1) 7/ P '<J> is a splitting field of f{x) e and '2,/^ 

is a subfield of P/<I>, then P 2 is a splitting field off{x). (2) If P/2 
is a splitting field for fix) e<I>[.v] and 2 = , o-r) where fia,) 

= 0, then P, <f> is a splitting field of f{x). 

Proof. (1) This is an immediate consequence of the definition. 
(2) By assumption we have P = 2(p,, - • • , p„) where f5) holds 
in Fix]. Also 2 = • • - jO-r) and /to-j) = 0. It follows that 

every a, is one of the p.; hence P = 4>(pj, p^, ■ • ■ , p„). 

\\ e can now prove the following existence theorem. 

Theorem 6. Any polynomial f{x) e 4>[x] of positive degree has a 
splitting field P /<h. 

Proof. Let /(x) = f \{x)f -fx) ' • ■ fh{x) be the factorization of 
/(x) into irreducible factors (with leading coefficients 1). Evi- 
dently k < 7j = deg/(x). We use induction on 77 — If « — X: 
= 0, the /^,(x) are all of degree I and this means that itself is a 
splitting field. Now assume n — X' > 0 so that some y,, say ffx), 
is of degree > 1. Then there exists an extension field E/'h such 
that E = ^{p) and ffp) = 0. Then ffx) = (x - p)/,*(x) in 
E[x] and soy(x) is a product o{ I '> k irreducible factors in E[x]. 
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Then n ~ I < n ■— k and the induction hypothesis permits us to 
conclude that there exists a splitting field P E for /(x). Since E 
= ^(p), the lemma shows that P ‘l> is a splitting field for fix). 

We consider some examples of splitting fields. 

(1) /(x) — ax + 0. If / is reducible in then ^ is a splitting field. 
Otherwise, we let P = 4>(x)/(/(ArP, which is a field since / is irreducible. If we set 
pi = jf -f i/ix)) where, as usual, i/{x)) denotes the principal ideal generated by 
this polynomial, then = 0 in P so/(jr) = (x — pi)(.r — psi in l’(xj. Thus 
P = 4*(pi) = 4»(pi) is a splitting field. Since Jix) is the minimum polynomial 
of pi, (P:4») = 2, by VIII of the Introduction. 

(2) Let p be a prime and let /(x) = a'* — 1 = fx — + a'’”* + • • • -f 1), 

4> = ^0 the field of rational numbers. Then P is .a splitting field of /(x) if and 
only if it is a splitting field of g(x) = x*’’"* 4- x**"* + • • • + 1 . It is known that 
g{x) is irreducible (Voi. I, cx. 2, p. 127), so P = /^o(x) (jf(x)) is a field over A'n and 
P s /?o|p) = ^oip^, p = A' + (jrix)). We have p** = 1 and p 1 , which implies 
that p is of order p in the multiplicative group P* of P. Hence, 1 , p. p’, • • • , p^“' 
arc distinct and all of these are roots of x'’ —1=0. It follows that x^ — 1 = 

p—i 

n (x — p') and so P = Aolp) is a splitting field. 

(3) /(x) = (x‘ — 2>(x* — 3), ^ = Ro- We first form E = Ro(p) where p" = 2. 
We know that x* — 2 is irreducible in Ao(a) (Euclid). In E we have x* — 2 = 
(x — p)(x + p). However, x* — 3 is irreducible in E|x]. Otherwise, there exists 
77 G E such that 77 * = 3. But 77 = « + /3p, a, 0 rational and 77 = = (a* -f* 20') -f 
2a0p-, so, if this = 3, then a0 ®= 0 and a* + 20^ = 3. If/i = 0, we must have 

= 3 and, if or = 0, we have 0' = 3 2. Both of these are impossible for ra- 
tional numbers. We now form P = EIt?) where 77 * = 3. We have P = An(p, »?) 
and in P(x), (x* — 2 )(x* — 3) = (x — p){x + p){x — 77 )(x + 77 ), so P Ro is a 
splitting field. Using V! and \’II 1 of the Introduction, one sees that 1P:4>1 = 4. 

Before continuing with our discussion of splitting fields it will 
be well to fix some notations on field extensions and algebra exten- 
sions of a field which to some extent have already been used. 
If 6 " is a subset of a field P/'t, then we let 4>(<9] and respec- 
tively denote the subalgebra and the subfield over generated by 
S. By definition, the first of these is the intersection of all sub- 
algebras of P/4> containing S and the second is the intersection 
of all subfields of P/4> containing S. It is clear that ‘tf.S’l is the 
subspace of P over 4> spanned by 1 and all monomials <r,<T 2 ■ • ■ <Tm» 
fficSy and that is the set of elements <Xy 0 in 

0^0. It follows directly from the definition that, if .S’, and S 2 
are subsets of P, then (<l>(^,))(^ 2 ) = 4>(^, U 6 * 2 ) where the first 
of these is, of course, the subfield of P/4>(6’i) generated by S 2 . 

If p is an algebraic element of P/<i>, then we know that (‘l>(p):4>] 
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= deg /{x) where /{x) is the minimum polynomial of p over $ 
(Introd. VIII). In fact, we have seen that, if deg f{x) = n, then 
(1, p, p^, • • •, p"“^) is a basis for P/^. Since the dimensionality 
[^>[p]:4>] is finite, we know that 4>[p] is a field (Introd. VII). 
Hence it is clear that4>(p) = <>[p]. We shall now generalize these 
results in proving the following key lemma on successive algebraic 
extensions. 

Lemma 2. Lef P = ^(pi, P 2 > * • • > Pm) assume that p,- is alge- 
braic over p 2 i • ••,p,_i), i = 1,2, •••,?». Then [P:^j < » 
and P = ^[pi, P 2 , • • - , Pm]- 

(We shall see later (p. 254) that, conversely, if P — ^[pi, P 2 > 

• • •, p„] is a field then the p,- are algebraic over^.) 

Proof. We have seen that this holds for m = 1. Suppose m 
> 1 and assume the result holds for r < m. Then ^(pi, • • •, pr) 
= ^>[pi, • ■ Pr] and this is finite dimensional over #. Since pr+i 
is algebraic over ^(pi, ■••,pr), we have 4>(pi, ■ • pr)(pr+i) = 
‘^(pi> • • •>Pr)[Pr+i] and the dimensionality of this extension over 
^(pij • • • > Pr) is finite. It follows that 

(6) [^(pi, * ■ -iPr+i):*!*] - [^(pi, • • Pr)(pr+i):'**] 

= ['*’(pl, * • J Pr)(Pr+l):*(pl, ■ • Pr)]l*(pl, •••,pr):^] 

is finite. Also ^{pu •••,Pr+i) = 'I»(pi, • • Pr)[pr+i] and ^>(pi, 

• ••jpr) = ^[pi, •• •,Pr] imply that every element of ^(pi, •••, 

Pr+i) is a polynomial in the p„ for 1 < / < r + 1. Hence 

^(pi> ' • ' y pr+\) = 4>[pi, • •,pr+i]. The lemma now follows by 

induction. 

This result is applicable in particular if the p.- are all algebraic 
over 4>. Since the roots p, of /{x) are algebraic over it is af>- 
parent that if P/4> is a splitting field of/(;tf) e^[x], then [P:^] < co. 

We shall now show that any two splitting fields of a polynomial 
are isomorphic over 4>. In order to carry out an inductive argu- 
ment (and for other reasons, too) it is useful to generalize the 
result as follows. Let ^ and $ be fields which are isomorphic and 
let a ^ a be an isomorphism of 4* onto We know that this 
can be extended to a unique isomorphism /{x) /{x) of $[jc] 
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onto so that x x (Introd. II). We wish to consider a 
splitting field over of a polynomial /(x) and a splitting field over 
^ of the corresponding polynomial /(x) in $(Ar]. The following 
theorem will imply uniqueness of the splitting field and gives an 
important result on the number of isomorphisms of a splitting 
field. 

Theorem 7. Le/ ot ol be an isomorphism of a field onto 
the field $ and let J{x') be a polynomial of positive degree with leading 
coefficient 1 , f{x) in and let /(.v) be the corresponding polynomial 

in ^[x]. Let P and P be splitting fields over and $ of f{x) and f{x') 
respectively. Then there exists an isomorphism of P onto P which 
coincides with the given isomorphism on 4>. Moreover^ if f{x) is a 
product of distinct linear factors in Pfjr], then the number of extensions 
of the given isomorphism on 4> to an isomorphism of P into P is 
[P:4>]. 

Proof. Both assertions will be proved by induction on [P:4>]. 
If [P:^I = 1, P = ^ and fix') = n(x — p.) in_4)[jc]. Applying 
the isomorphism hix) — » hix) of‘I>(Arj we obtain fix) — n(;c — p,) 
and the p,' e$. It follows that these are the roots of fix) = 0 in 
P so P = ^ and both results hold in this case. Now assume 
lP:«I>j > 1. Then fix) is not a product of linear factors in <*>[;<] 
and so it has an irreducible factor gix) of degree r > 1 . Then 

^ r 

is a factor of /(x). Also we may assume that^(y) — Tl(x — 

1 

^ n n 

fW = n where/(x-) = H (^ - P.) and/W = 11 (-v - a.). 

1,1 1 

Since ^(jf) is irreducible, this is the minimum polynomial over 

4> of Ply and E = 4>(pi) is r-dimensional over (r = deg ^ > 1). 
The extension theorem V of the Introduction implies that the 
isomorphism a —* a can be extended to a unique isomorphism 
of E = 4>[p,] = 4>(pi) into P so that p, — * i = 1, ■ •,r. 

We observe next that the indicated isomorphisms of E into P 
are the only extensions of a — ► «. Again by the extension 
theorem V, in any isomorphism of E extending the given iso- 
morphism, Pi is mapped into an element a such that gio) = 0. 

r 

Since gix) = 11 (^ — ^*)» it follows that = ff,- for 

1 


some I, 
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i < i < r. Then the isomorphism coincides with one of those 
we indicated. Thus we see that a a can be extended to an 
isomorphism of E = ^(pi) into P and the number of such exten- 
sions is the number of distinct elements in •••,•7^}. In 
particular, if J(x) is a product of distinct linear factors, then this 
is true also for j'(.v) and the number is then r = deg = [E:‘i>]. 
We now replace the base field # by E and let E be its image under 
one of the chosen extensions of the isomorphism on ^ to an iso- 
morphism of E into P. We denote this extension by e — > «. Then 
P/E is a splitting field of /(jf) and P/E is a splitting field of 
/(x). Moreover, [P; E] < [P:4>] since [E:^] — r > 1. Hence the 
induction hypothesis shows that € i can be extended to an 
isomorphism of P onto P and the number of such extensions is 
[P: E] if /(x) is a product of distinct linear factors in PM. If we 
take into account the first result on the extension of a — ^ d to 
€ — > 6, we see that there exists an extension of the isomorphism 
a — > d to an isomorphism of P onto P and, if /(x) splits into 
distinct linear factors, then we obtain [P:E](E:4>1 = [P:^] dis- 
tinct isomorphisms since we have [E:<J>] extensions to E and each 
of these has [P:E] extensions to P. Thus we obtain [P:4>] = 
[P: E][E:<I>] distinct extensions. It is clear that we have accounted 
for every extension in our enumeration (cf. also Cor. to Th. 3) 
and so the proof is complete. 

We now specialize the result we have just proved by taking 
$ = <l> and the identity mapping a ain4». Then the conclusion 
is that, if P/$ and P/4> are two splitting fields of the same poly- 
nomial /{x)j then P/*!* and P/^ are isomorphic. Moreover, the 
second part of the result is that, if /(x) has distinct roots, then 
the number of automorphisms of P/^ is [P:4»J. In other words, 
(G:l) — [P:<>] for G the Galois group of P/^. 

EXERCISES 

1 . Construct a splitting field over the rationals for — 2. Find the dimen- 
sionality. 

2 . Let P/4> be a splitting field of /(x) 7 ^ 0 in 4>(x) and let E be a subfield of 
P/4». Show that any isomorphism of E/^ into P/^ can be extended to an 
automorphism of P. 

3. Show that the dimensionality of a splitting field P/4» of a polynomial 
of degree n cannot exceed «!. 


FINITE DIMENSIONAL EXTENSION FIELDS 


37 


6. Multiple roots. Separable polynomials. Let /(x) be a poly- 
nomial of positive degree in and let P/*#* be a splitting field. 
We now write 


(7) f(x) = (x — - P 2 )*’ ■ • - (at — pr)\ 

Pi e P, Pi 7 ^ Pi if i 7 ^ jy and we say that p, is a root of multiplicity 
ki of fix) = 0. If ki — 1, then p,- is called a simple root; otherwise 
Pi is a multiple root. If we have a second splitting field P over <!►, 

r 

then fix) = n (^ — in P where p,- p,- in an isomorphism 

1 

of P/<f> onto P/4>. It is clear that the existence of multiple roots 
for f is independent of the particular choice of a splitting field. 
We shall now carry over a classical criterion for multiple roots 
which can be tested in itself. For this we need the standard 
formal derivative (or derivation) in ^[x). Thus we define a linear 
mapping / — ♦ /"in by specifying that (at*)' = i = 0, 

1, 2, • • •, = 1. Since (1, Xy x^y • • •) is a basis for over 

this defines a unique linear mapping / — > /'in over We 
call f the (formal) derivative of / and we note the basic rule: 

( 8 ) UgY = fz + 


Because of the linearity of the derivative, it suffices to check 
this for f = x'y g = x^ in the basis (x') for 4>[x]. Then fg = 
so that {fgY = (/ +y)x*+^'”*, fg = /x*+'-S fg' = jx^+j~\ so 
(8) is valid. We can now prove 


Theorem 8. If /(x) e #[x] and deg / > 0, then all the roots of f 
{yn its splitting field) are simple if and only if {f, /') = 1 {that is, 
1 is the highest common factor of f and /'). 

Proof, Let d{x) be the highest common factor (/, /') of /and 
/' in 4>[x] (cf. Vol. I, p. 100, p. 122). Suppose /(x) has a multiple 
root in P[x], so /(x) = (x — pYg{x)y 4r > 1. If we take deriva- 
tives in P[xJ, this gives /' = (x — p)V + ^(jf — p)*“*^ which 
is divisible by x — p since ^ — I > 1 . Thus (x — p) | / (i.e. x — p 
is a factor of f) and (x — p) |/', so (x — p) Hence d{x) 7 ^ 1. 
Next, suppose all the roots of / are simple. Then we have /(x) = 

n 

n “ Prf)> P< ^ P/j * ^ j‘ The usual extension of (8) to several 
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factors gives 


/'W = 23 - Pi) ■ • • - Py-i)(^ - Py+i) • • • - P«) 


y-*i 


It is clear from this that (at — p*-) and this implies that 

(/,/0 = 1 . 

If / is irreducible in then (/, /') 1 implies that 

By degree considerations this can happen only if /' = 0. If the 
characteristic is 0, this evidently implies that / is an element of 
If the characteristic is p 5 *^ 0 and f{x) ~ + aiAf””* -+• 

ot 2 X^~^ + • • -h o-n, then f'{x) = naQx''~^ 4- (w — + 

{n — 2 )of 2 ^"~^ + ■ ■ ■, so f'{x) — 0 implies that {n — i)a,- = 0. 
This implies that a, = 0 if the integer « — / is not divisible hy p. 
Hence we see that f{x) = 0qx”^^ -f- + • • • + iSm = 

where g{x) = 0ox"* + + • • ■ + /3m- This condition is also 

clearly sufficient that /' = 0 since (at*^)' = kpx^^~^ = 0. In the 
characteristic p 0 case we shall see that the conditions: f ir- 
reducible of positive degree, /' = 0, can be fulfilled. This is a 
basic difference between fields of characteristic 0 and those of 
characteristic p 0 and this is the root of a host of complications 
in the latter case. 

Let us now look more closely at fields of characteristic p ^ 0, 
We recall that, if4> is of this type, then we have 


(9) 


(a + 0y = a** + 0^, {a0y = o^0^ 


in (Vol. I, ex. 3, p. 120). The second of these is clear and the 
first is a consequence of the binomial theorem and the fact that 


the binomial coefficient 



p\/i\{p — 01 is divisible by p for 


1 < * < ^ 1 since this is an integer and p occurs in the nu- 
merator of the fraction but not in the denominator. We note 
also that, if ~ 0^, then {a — 0y — 0^ = 0 so a = 0. 

Thus we see from this and (9) that the mapping a — > is an 
isomorphism of ^ into itself. The image ^ = {c^|Q:e4>} is a 
subfield, the subfield of p-th powers. We can iterate the mapping 
a and obtain the isomorphism a a'**, ^ = 1, 2, • • • of 

<i> onto the subfield of p*-th powers. 
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We prove next the following general result which will be useful 
later on. 


Lemma. If ^ is a field of characteristic p ^ 0^ then — 
irreducible in 4>M unless a == in which case x^ - 


Proof. Let P be a splitting field for x^ — a. If /3 is a root of 
;fp — o£ = 0, then a = 0^. Hence x^ — a = x^ — 0^ = (x ~ 0y 
in P[x]. Now' suppose - « = g(x)h{x) in ^x] where deg^ = 
k and 1 < k < p — 1. Then in P[;if] we must have g = (x -- 0)‘‘ 
= — k0x’‘~^ This implies that k0e^; hence 0e^. 

Then — a = (a- — 0y holds in 4 >[a-]. 

We now consider the following example. We let Ip = I/{p) 
the field of residues modulo />, and we let 4> = /p(^), ^ transcen- 
dental. Then we claim that Now, if ye 4), we can write 

y = where a(0 and 0(^) are polynomials. Then y^ = 

*, since a(f) = ap + + ■ ■ ■ implies a(f)'’ = + 

ajPfp _j = ao + otifP H (by Fermat’s theorem). Hence 

y^ = $ implies that a(^P) = 0a^)$ and this is impossible since 1, 

■ are /^-independent. Thus we see that ^ and hence, by 
the lemma, x^ — ^ is irreducible in 4 >[a:J. On the other hand, we 
have seen that x^ — ^ has p equal roots in its splitting field. We 
note also that {x^ — = 0. 

We shall now call a polynomial / (of positive degree) separable 
if it is a product of irreducible polynomials in ^[x] all of which 
have only simple roots in a splitting field. Our discussion shows 
that, if<I> is of characteristic Q, then every f(x) e 4 >(a:] is separable, 
whereas for characteristic p 9 ^ 0 there exist inseparable poly- 
nomials. 


EXERCISES 

1 . Prove the following extension of the lemma: — a is irreducible unless 

a e 

2. Ut ^0 be a finite field of 9 elements and let P = 4>o((), f transcendental over 

^> 0 . Let G be the finite group of the automorphisms of P over such that 
f t + a, a e 4>o. Show that «f» = I{G) — f). 

3. Ut ^ be a field of characteristic p 0 and let $ 1 , fj, • • •, be indeter- 

minates over 4>, P — i, fj, • • • , the field of fractions of 1 . ... t \ 

Show that (P:*(fl^ fp*. • • •,{«*’)) = p". Show also that the Galois group of P 
over • • •, (n**) is the identify. 
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4. Let P = ^{$ 1 , , ^n) of characteristic p 0 and suppose that e 

for I = 1,2, •••,«, Si a positive integer. Show ^at the Galois group of P over # 
is the identity. 

5. Let be a field of characteristic p 0. A polynomial withjcoefficients in ^ 
is called a p-polynomial if it has the form + aix**" + ojAf**" H — • + ttmJf. 
Show that a polynomial (with leading coefficient 1) is a p-polynomial if and only 
if its roots form a subgroup of the additive group of the splitting field and all the 
roots have the same multiplicity p*. Show that the roots of the displayed p- 
polynomial are all simple if and only if am ^ 0. 

6. Let/(x) be irreducible in <l>[x],4» of characteristic p 9^0. Show that/(x) can 
be written in the form g{x^) where ^(x) is irreducible and has distinct roots. Use 
this to show that every root of /(x) has the same multiplicity p* (in a splitting 
field). 

7. Let ‘J> be a field of characteristic 0, /(x) a polynomial of positive degree con- 
tained in 4>[x]. Show that if d{x) is the highest common factor of/(x) and/'(x), 
then y(x) = /(x)tf(x)"^ has simple roots which are the distinct roots of/(x). 

7. The “fundamental theorem” of Galois theory. We now take 
up again the abstract Galois theory of § 4 and we shall answer 
first the question which we raised at the end of § 4: that of charac- 
terizing finite dimensional Galois extensions. The result is the 
following 

Theorem 9, A field P/$ is finite dimensional Galois ooer^ if and 
only P is a splitting field over ^ of a separable polynomial f{x) c 

Proof. Let f{x) be separable and let fix) — • ‘/iC-v)** 

where the fiix) are irreducible in and /,• ^ fj if i 7^ j. Then 
fiix) has only simple roots. Moreover, since /»• and fj for i ^ j 
are distinct irreducible polynomials, their highest common factor 
is 1. Hence 1 = aix)fiix) + b{x)fjix) for aix)y bix) in and 
this implies that /, and fj have no common roots in any extension 
field. It follows that ^(a-) = /i (■**) / 2 (-sf) ' * • fii^) has no multiple 
roots, and it is clear that, if P/4> is a splitting field of /, then it 
is a splitting field also for g. Now we know that any splitting 
field is finite dimensional and Theorem 6 implies that, ifiG is the 
Galois group of P/4>, then (G:l) = [P:4>]. Let = /(G) the 
set of G-invariants. Then, by Theorem 5 (ii), (G:l) = [P:<f']. 
Since 4»' 3 4> we have <I> = 4>', which shows that ^ is Galois in P 
or P is Galois over4>. This proves the sufficiency of the condition. 
Next assume P is finite dimensional Galois over and let G be 
the Galois group. We know that G is finite and we indicate it as 
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^ = l-fi. S 2 y • • Jn}. If p e P, we shall call the images p'* under 
Si e G the conjugates of p in P/^>. We may assume that p'>, ■ • - , 
P*' are distinct and that this set includes all the conjugates. Then 

f 

we assert that h(x) =!!(•»:- p'/) c<I>W. To see this let r e G 
and let s be its extension to P[x] such that a-* = Then we have 

r 

= JJ (a; — p'y*). Since the elements p*‘% ■ ■ p*^ are dis- 

tinct conjugates, this set is the complete set of conjugates and so 
^"(x) = Hx)y seG. Hence /j(x) e <t>[x]. This shows that the 
minimum polynomial over 4* of any p e P (this is actually /i(x)) is 
separable and splits as a product of linear factors in P[x]. Now 
let (pi, p 2 , ■ - ■ , p J be a basis for P/«i> and let /i(x) be the minimum 
polynomial of p.- over 4>. Then /(a:) = UMx) is separable and 
clearly P is a splitting field over 4> of /. 

The main Galois correspondence (Th. 5) can now be applied to 
state the following result that is known classically as the 

Fundamental Theorem of Galois Theory. Let V be a splitting 
field over ^ of a separable polynomial a?id let G be the Galois group of 
P/4*. fVith each subgroup H of G we associate the subfield E o/ P 
over 4* of H-invariants and with each subfield E over 4* we associate 
the subgroup H of G of elements t such that e* = « for all « in E. 
Then these two correspondences are inverses and are bijections of the 
set of subgroups of G and the set of subfields of P over 4>, The corre- 
spondences are order inverting relative to inclusion and 

(10) (//;!) = jp-E], (G:/f) = [E:4>]. 

Moreover, H is invariant in G if and only if the corresponding field 
E is Galois over 4> and in this case the Galois group of E/4> is iso- 
morphic to the factor group G/H. 

All of this can be read off directly from Theorem 5 and the 
remarks which follow it. The only part which has not been made 
explicit before is (10). Now it is clear from the definition that H 
IS the Galois group of P/E. Hence (//:1) = [P: E). Also (G: 1) 

= IP:4>1, so (G://) = (G: !)/(//: 1) = [P:4>]/[P;E] = [E:4>I. We 
note also that (G://) = [E:4>] is the number of distinct isomor- 
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phisms ofE,/^ into P/#. To see this we consider the restrictions 
J to £ of the elements s zG. If J = ? for j, / c G, then st~^ = I 
which means that st~^zH. Then the cosets Hs and Ht are 
identical. The converse follows by retracing the steps. Hence 
we see the collection (f|jeG} contains (G://) distinct isomor- 
phisms of E/^i* into P/4>. We know also that there are no more 
than [E:4>] = {G‘.H) isomorphisms of £/<!> into P/^ (Cor. to 
Th. 3). Hence we have caught them all. Incidentally, we have 
shown also that every isomorphism of E/^ into P/<J> is a restric- 
tion of an automorphism of P/#. In other words, any such iso- 
morphism can be extended to an automorphism (cf. ex. 7, §4). 

8. Normal extensions. Normal closures. At the beginning of 
the last section we gave an abstract characterization of splitting 
fields of separable polynomials: these are just the finite dimen- 
sional Galois extensions. We shall now give two abstract charac- 
terizations of arbitrary splitting fields. 

Theorem 10. The following three conditions on a finite dimen- 
sional extension P/*!* are equivalejit: 

(1) P/<I> is a splitting field of a polynomial fix') 

(2) Any isomorphism s of P/<i* into an extension field A/^ is an 
automorphism, 

(3) Every irreducible polynomial g{x) e which has a root in 
P is a product of linear factors in PM. 

Proof. (1) ^ (2) means “implies’*): Let P = 4»(pi,p2> 

• ■ •>Pn) where fix) = nCjc — p^) in PM and fix) e^M* Sup- 
pose A ^ P 3 and let s be an isomorphism of P/<i> into A/4». 
Since /(p.) = 0, we have /(p,*) = 0 and, since {p,} is the com- 
plete set of roots of f{x) in A, p,* is one of the pj. Hence s maps 
every generator p, of P = ^(pi, pz, • ■ •, p„) into P. Hence P* C 
P. Since s is 1-1 ‘I>-linear and [P:*!*) < co, we have P* = P and 
s is an automorphism. (2) (3): Assume every isomorphism 

of P/4» into any extension field A/<I> is an automorphism. Let 
g{x) be irreducible in ^M and have a root <t in P. Write P = 
^(pij P2> • • •>Pm) and let ffx) be the minimum polynomial of 

Pi over 'J>. Set f{x) — 11 and let A/P be a splitting 
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field over P oif{x). Since p, e P and /{x) e ^x], A is also a split- 
ting field over ^ of /(x) and it contains a splitting field over<I> of 
g(x). Hence it will follow that g{x) is a product of linear factors 
in P[jfj if we can show that every root <r' of contained in A 
is contained in P. To prove this we note that, since ^(;r) is ir- 
reducible in and ^(<r) = 0 = there exists an isomorphism 
s of ^(<r)/$ into such that v* = <r'. We now observe that 

we can consider A as a splitting field over ^(cr) and over of 
/W = /*(<*■)• Hence the main isomorphism theorem for split- 
ting fields (Th. 6) shows that s can be extended to an automor- 
phism s of A. Since a* = a, a e j is a «i>-automorphi 9 m of A. 
Its restriction to P is an isomorphism of P/4> into A/4». Hence, 
by hypothesis, this restriction is an automorphism of P/4*. 
Since a e P, it follows that tr* = a' e P. This proves (3). (3) => 
(1). Write P = 4 >(pi,P 2, ■ and let/,(j:) be the minimum 

polynomial of p, over <I>. If we assume (3), then /i(x) is a product 
of linear factors in P[jf]. Hence P/4> is a splitting field of /(x) = 
Ili/»(^)' This completes the proof. 

A finite dimensional extension P/4> satisfying any one (hence 
all) of the conditions of Theorem 10 is called sl norma/ ex/ension. It 
is clear from the condition (1) that, if P is normal over 4* and E is 
a subfield of P/4>, then P is normal over E. On the other hand, 
if P 2 E 3 4>, then it may well happen that P/E and E/4> are 
normal and P/4> is not (ex. 1 below). Let P — ^(vi, • c^) be 

an arbitrary finite dimensional extension of 4> and let /(x) = 
n/t(^) where /i(x) is the minimum polynomial of v, over 4>. Let 
A/P be a splitting field of /(x) e4>[Ar]. Then A/4 is a splitting 
field of /{x); hence A/4 is normal. Now let AV4 be any normal 
extension of P/4. Since A' contains a, and /i(x} is irreducible in 
4, condition (2) of Theorem S shows that A74* contains a splitting 
field of /(x). Hence we have an isomorphism of A/4 into AV4. 
This implies that no proper subfield of A containing P is normal 
over 4. We now define a normal closure of P/4 as a normal 
extension of 4 containing P and having the property that no 
proper subfield containing P is normal over 4. Then we can say 
that A/4 is a normal closure of P/4 and the remark about A and 
A' shows that such an extension is determined up to 4-isomor- 
phism by P/4. 
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EXERCISE 

1. Let P = Ro the rationals, and let E = Ro{-\/2) C P. Show that 

P/E and E/i?o ate normal but P/^ is not normal. 

9. Structure of algebraic extensions. Separability. The struc- 
ture theory of fields will be taken up in detail in Chapter IV. 
However, at this point it is convenient to derive the basic theo- 
rems on algebraic extensions and more generally on the set of 
algebraic elements of any field P/<^. We have shown in Vol. I 
(p. 183) that, if P is a field over4>, then the subset A of elements 
of P which are algebraic over ^ form a subfield over 4* and every 
element of P which is algebraic over A is contained in A. The 
subfield A/4> is called the algebraic closure of 4* in P and is called 
algebraically closed in P if <i> = A, The field P/^ is algebraic if 
P = A, that is, every element of p is algebraic over Thus the 
second part of the result we have quoted above is that, if A is the 
algebraic closure of in P, then A is algebraically closed in P, We 
shall now indicate another proof of these results which is based 
on the Lemma 2 of § 5: If p,- is algebraic over 4>(pi, • • • , p,_i) then 
^(pi>P2j • • *3 Pn)/ 4 > is finite dimensional. Now let A be the set 
of elements of P which are algebraic over*^ and let p, <r e A. Then 
4>(p, cr) is finite dimensional. Since 4 >(t)/ 4> is infinite dimensional 
for transcendental t, it follows that every element of 4>(p, a) is 
algebraic over 4>. In particular, p a, p<t, and p~' are algebraic 
if p ^ 0. Since p and <s are arbitrary in P, this implies that A is 
a subfield of P. Also it is clear that A 3 Now let p be an 
element of P which is algebraic over A and let fix) = x** -\- 
+ • • + ttn be its minimum polynomial over A. Then the 
a, e A and so are algebraic over Moreover, it is clear that p 

is algebraic over 4>(ai, a 23 •••,««)• It now follows that 4>(ai, •••, 

cunt p) is finite dimensional over 4>. Hence p is algebraic over 
and consequently A is algebraically closed in the field P. The 
result we proved on the algebraic closure of A in P implies the 
following transitivity property: if B/A is algebraic and A/4> is 
algebraic^ then B/4> is algebraic. To see this let r/4> be the sub- 
field of B/4> of elements which are algebraic over 4*. Clearly P 3 
A and we have seen that, if /3 e B is algebraic over P, then it belongs 
to P. On the other hand, if /3 is any element of B, then /S is alge- 
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braic over A, hence over F, so ^ e F. This shows that B = F is 
algebraic over 4>. 

There are several other useful remarks on algebraic elements 
which are worth recording here for future reference. The first of 
these, which is implicit in what we have proved before, is that, 
if SI/4> is a subalgebra of a field P/4>, then every element of 21 is 
algebraic over ^ if and only if every finite subset A" of 21 is con- 
tained in a finite dimensional subalgebra This implies that 

every ^ e 21 is algebraic over 4> since it implies that 4>[^] is 
finite dimensional. On the other hand, if every element of 21 is 
algebraic and X = $ 2 > then the lemma we quoted 

shows that • • •, fr)/4» is finite dimensional. We recall also 
that ^[^ 1 , ■ ■ ^r] = ■ ■ ■. fr), which implies that, if every 

element of 21 is algebraic, then 21 is a subfield of P/4>. We note 
also that, if E/<J> is an algebraic subfield of P/4> and A/<J> is an 
arbitrary subfield, then the subalgebra EA/^ generated by E and 
A is a subfield which is algebraic over A. To see this we observe 
that EA is the set of elements of the form 2€,5„ e, e E, 5, e A. 
Hence, if A' is a finite subset of EA, then there exists a finite sub- 
set {«,-} such that every element of A' is a A-linear combination of 
the Since £/<!> is algebraic, we may imbed the set {<,} in a 
finite dimensional subalgebra. If we express the t, in terms of a 
basis {»?>} for this subalgebra, then we see that every element of X 
has the form 5/ e Since = ^yjkiniy Jiki e 4>, it is clear 

that the set SAtj, of A-linear combinations of the r}j is a subalgebra 
of P/A. We have therefore proved that every finite subset of 
EA is contained in a finite dimensional subalgebra over A. Hence 
every element of EA is algebraic over A and EA is a subfield. 

An algebraic element p e P/4> is called separable {algebraic) over 

if its minimum polynomial over <I> is separable. It is clear that 
p is separable over 4> if and only if there exists a polynomial /{x) 
e4>[x'l with distinct roots such that /(p) = 0. Also p is separable 
if and only if there exists a polynomial /{x) e ‘i>[Ar] with (/, /') = 

1 such that /(p) = 0. If 4>' is an extension field of 4>, we shall 
again have (/,/') = 1 in 4>'l;fl (since (/,/) = a/ -\- bj\ ex. 3, p. 
122 of Vol. 1). It follows that, if 4*V4> is a subfield of and 
p e P is separable over <J>, then p is separable over <!>'. We have 
seen (§6) that every polynomial with coefficients in a field of 
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characteristic 0 is separable. Consequently, the results we shall 
now consider become trivial in the characteristic 0 case. 

An extension P/4> will be called separable {algebraic) if every 
element p e P is separable over 4>. Let A/# be algebraic and let 
S be the subset of A of elements which are separable over 0. We 
wish to show that 2 is a subheld containing $ and that every ele- 
ment of A which is separable over 2 is contained in 2. For this 
we shall need the following 


Lemma 1. L^t P 3 E 3 where E and ^ are subfields of P and 
E/4> is finite dimensional Galois. Then any element 5 e P which 
is separable algebraic over E is separable algebraic over 0, 


Proof. Let be the minimum polynomial of e over E. If 
s eG the Galois group of E/4>, then s has a unique extension to 
E[x] satisfying x' - a;. Let g^'{x), g^^x), • ^ , g‘'{x) be the 


distinct images of g{x) under seG and let /(x) = 11 

Then /"(^) = /(x) for all j e G, which implies that /(x) e$[Ar]. 
Since is irreducible in E[x] and (g^g') = 1, the same is true 
for every g‘'. Hence every has distinct roots. We note also 

that, if i ^ Jy then g‘' and g’‘ are relatively prime, since other- 
wise (^'*,^*0 = because these are irreducible in 

E[x]. This contradicts g’* for / 9 ^ J. Thus 1 = 

and consequently these have no common roots in a splitting field 
for/(x). It is now clear that/(A') has distinct roots. Since /($) = 
0 and f e we see that B is separable over 

Clearly if p e E, then p is separable algebraic over E (with 
minimum ;.oIynomiaI x - p). Hence Lemma 1 shows that p is 
separable o’ jr «!>. In other words, we have the 


Corollary. Any finite dimensional Galois extension is separable. 

We can now prove the main result on separability. 

Theorem 11. If A/0 is algebraic^ then the set 2 of elements of A 
which are separable over 0 is a subfield containing 0 . Moreover, 2 
contains every element of A which is separable algebraic over 2. 

Proof. Let p,<reX and let and h{x) be the minimum poly- 
nomials over 0 of p and a respectively. Then f{x) = g{x)h(x) is 
separable. If A is a splitting field over 4>(p, a) of f(x), then A is 
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also a splitting field over4>of /(x) (the normal closure of 4>(p, <r)/4>). 
Hence A/4> is Galois, so by the corollary above, every element of 
A is separable over 4>. In particular, p =k (r^ p<r^ p~^ (if p 9 ^ 0) and 
every element of 4> are separable over This proves that S is a 
subfield containing Now let 6 be an element of A which is 
separable algebraic over 2 and let x^ + Pix"*"^ + • • • + pn> P, e 2, 
be its minimum polynomial over 2. The subfield ‘l^(pi, P 2 , • • •, 
Pn; 0) is finite dimensional over <!». Let A/<J> be its normal closure. 
Let /i{x) be the minimum polynomial of p, over 4>. Then A con- 

n 

tains a splitting field E/4> of /(x) = 11 /M and this is Galois 

1 

over 4> since /(x) is separable. Evidently E 3 #(pi, P 2 , • • •, p„). 
Also $ is separable over 4>(pi, P 2 , • • •, p„) since x^ -f pix'*"^ -f 
• • • + Pn is its minimum polynomial. Hence 6 is separable alge- 
braic over E. Then 0 is separable algebraic over «!> by Lemma 1. 
This proves the second statement. 

If the only elements of an algebraic extension A/«i> which are 
separable are the elements of 4>, then we say that A/4> is purely 
inseparable. Similarly, an algebraic element p is purely insepa^ 
rable over <J> if 4>(p)/4> is purely inseparable. It is clear from the 
definitions that, if p is at the same time separable and purely in- 
separable over 4>, then p e<I>. Also, it should be remarked that 
an element can be inseparable (= not separable) without being 
purely inseparable (cf. ex. 3 below). If is algebraic and 2/4» 
is the maximal separable subfield of A/4> (that is, the subfield of 
all the separable elements), then the second half of Theorem 11 
states that A/2 is purely inseparable. This shows that every 
algebraic extension A/4» can be built up in two “pure” stages: 
first, a separable extension 2/<t> and next a purely inseparable 
extension A/2. The second part of Theorem 11 and the argu- 
ment we used before for algebraic extensions (p. 44) implies the 
transitivity: If A/4> is separable algebraic and B/A is separable 
algebraic, then B/4> is separable algebraic. We are going to prove 
a similar transitivity for purely inseparable extensions. Since 
everything is trivial for characteristic 0, we shall assume in the 
rest of this section that the characteristic is p 0. We shall 
need the following important criterion for separable and purely 
inseparable elements. 
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Lemma 2. Let ^ be of characteristic p 9 ^ 0. (i) Then an alge- 

braic element p of an extension field is separable over^ if and only if 
= ^(pp) = = - • • . (ii) If p is purely inseparable, then 

its minimum polynomial has the form x^* — ot, a. On the other 
hand, if p satisfies an equation of the form x^* = olz^, ^ > 0, 
then p is purely inseparable over 

Proof. Let be the minimum polynomial of* p over 4>. (i) 

Suppose first that p is not separable. Then g{x) = h{x^) and p" 
is a root of h{x). Hence [4>(p^):«l>] ^ degA(x) < deg g(x) = 
[^(p) :<!>]. Consequently, $(pP) c: ^(p). Next suppose p is sepa- 
rable so that g{x) has distinct roots. Let h{x) be the minimum 
polynomial of p over 4>(p*>). Then h{x) \g(x), so hix) has distinct 
roots. Also p is a root of the polynomial x^ — p^ e^(p^)[x], so 
h(x)\x^ — pP = (a* — p)p. Since h{x) has distinct roots, this im- 
plies that h{x) — X p. Hence p e4>(pP) = 'I>[p**] and p is a poly- 
nomial in p^ with coefficients in Taking p-th powers shows 
that^pP is a polynomial in p^’ with coefficients in <1*. Hence pe 
•^(pO. a repetition of the argument shows that <i'(p) = 4>(pP) = 
4 >(pp ) = . . This proves (i). (ii) Let p be purely inseparable 
over and write gix) = h{x^') where e is maximal for this. Then 
h'(x) 5*^ 0 since, otherwise, h{x) = kix’^) and g(x) = con- 

trary to the choice of e. We have h{p^*) = 0, so pP‘ is a root of a 
separable polynomial. Since p was assumed purely inseparable, 
this implies that pP = a e •i* and p is a root of x^* — a. Since g(x) 

= h{x^*) is the minimum polynomial of p over it is clear that 
s(^) — a. Next assume that pp* = a e ^ for some non- 
negative integer Let cr e4.(p) - 4»[p] so that ^ + ^iP + 

h ormp"*, E <l>. Then o-p' = ao^* ajp V' H h am^'(p*’')”’ 

If a is separable, then 4>((r) == 4>(aP'), by (i). Hence ^(<t) - 
$ and <T e <i>. Thus p is purely inseparable. 

The second part of this lemma shows that A/<& is purely insepa- 
rable if and only if every element of A satisfies an equation of the 
form .vP* == a 0 «J>. Since (ap')p" = a:p'^^, this implies that if B/A 
IS purely inseparable and .A/4* is purely inseparable, then B/4* 

IS purely inseparable. Also it is clear from the second part of the 
lemma that if A is purely inseparable over 4>, then it is purely 
inseparable over any subfield E of P/4>. 
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EXERCISES 

1. Let A/<^ be algebraic. Verify that the set of elements 7 e A which are 
purely inseparable over form a subfield containing 4‘. 

2. Let /p be the field //(p) and let P = /p(^, n) where 7} arc indeterminates 

(cf. ex. 3, § 6). Let — »? — ?)• Show that (P:4»l = p* and deter- 

mine the maximal separable subfield of P/4>. 

3. Let P be as in ex. 2 and let E be the subfield /p{p’ — ^,7}^ — {). Show that 
[P:El = that P/E is not separable, and that P/E contains no purely in- 
separable element over E except those contained in E. 

4. Let P/$-be algebraic and let P(^i, {s, • • •, fr) be the field of fractions of 
P[|ij f»> • • • , fr], indeterminates. Let A be the set of elements in P({i) having 
the form Fg~^, where F e P({i, • • • > frj, g e 4>({i, • • • , fr}. Prove that A is a sub- 
field of P({j, • • •, fr)/4>(^i, • • •, fr) which is algebraic. Prove that A = 
P(?i> • • •, ^r). Hence prove that every non-zero polynomial with coefficients in 
P has a non-zero multiple with coefficients in <f>. 

10. Degrees of separability and inseparability. Structure of 
normal extensions. We assume throughout this section that the 
characteristic is /> 0 and we consider finite dimensional exten- 

sions. For such an extension P/<t> with maximal separable sub- 
field S/<J> we consider the dimensionalities and [P:2], which 

we call the separability degree and inseparability degree respectively 
of P/^. We write [S:$] = [P:<I>J,, [P:2J = [P:4»].. Then we have 

(11) [P:4*] = [P:^].[P:^J.. 

We shall now show that [P:*!*!, = which amounts to saying 
that the dimensionality of a purely inseparable extension is a 
power of the characteristic. IfP = <f>, this is clear since [P: «!>] = 

1 = p®. Otherwise, let p e P, ^ Then Lemma 2 of § 9 shows 
that the minimum polynomial of p over ^ has degree ^ > 0. 
Then [4*(p):4»] = p* and [P:4>(p)] < [P:4>]. Since P is purely in- 
separable over 4>(p), we may assume (using induction on the 
dimensionality) that [P;^(p)] = />*. Then [P:4»] = p*p* = p*'^*. 

We now consider successive finite dimensional extensions: A/P 
is finite dimensional and P/4> is finite dimensional; hence A/4» is 
finite dimensional. We have seen that, if P/4> and A/P are sepa- 
rable (purely inseparable), then A/4> is separable (purely insepa- 
rable). If P/4* is separable and A/P is purely inseparable, then 
one sees easily that P/4> is the maximal separable subfield of A/4>. 
Then [A:4*], = [P:<J>] and [A:4>], = [A: P]. We now consider the 
interesting combination: P/4* purely inseparable and A/P sepa- 
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rable. We shall show that the maximal separable subfield of the 
result A/<P will have the same dimensionality as A/P. A con- 
siderably sharper statement is the following 

Lemma. Le/ A/P be separabUy P/^ purely inseparable. Then 
A/<I> = P S where 2/<^ is the maximal separable subfield of 
A/^. Moreover, [A:P] = [2;4>]. 

Proof. It follows easily from XII, Introduction that the state- 
ment A = P 0 -t. 2 is equivalent to: there exists a <I>-basis for 
2 which is at the same time a P-basis for A. This implies that 
[2:<t*J = [A:P]. We proceed to determine the required type of 
basis. First, let (5i, 52 » be a basis for A/P and write 

^ Pijk^ki Pijk e P. If 5 is any element of A and g{x) — 

k 

h{x^") is its minimum polynomial over such that h{x) is separ- 
able, then pp' is separable over 4>. Hence also = {p^‘Y^ is 
separable. It follows that we can choose e so that every 6 ,*’* and 
every p,,*p' is separable over Since P /0 is purely inseparable, 
this implies that = Puk^* e <t'- We have 5 , = 2p,y*P'5*'''; 
hence, if we put 5,^* = tr,, then we have tr, e 2 and o-.o-,- = Sa.jjfctr*, 
dijk E 0. We claim that (< 7 - 1 , 0 - 2 , • • •, <Tn) is a basis for A/P and 
for 2/0. We note first that the multiplication table for the <t,* 
shows that ^ 0ff, is a 0-subalgebra of 2/0 and ^ Po-.- is a P- 

‘ i 

subalgebra of A/P. Also the number of tr,- is n; so to show that 
(o'!) 0 - 2 , • ■ *, o-n) is a P-basis for A it is enough to prove that every 
5 e A is a P-linear combination of the tr,. To prove that (ffi, < 7 - 2 , 

' ■ ’j <J'n) is a 0 -basis for 2 it will be enough to show that every 
<7 e 2 is a 0-linear combination of the <r, since, if these are P- 
linearly independent, then they are certainly 0 -linearly independ- 
ent. Now let 6 E A. Then 5 is separable over P so 5 e P[ 6 '’*]. We 
have 5 — 2p,5,', p,- c P, since (Sj, • • •, 5„) is a P-basis. Then 5**' = 
2p/’ 5,-p = 2p,^ tr,- E ^ Po-,-. Since 5e PIS**'], this implies*^ that 

i 

^ ^ ^ Next let o- e 2. Then, as we have just shown, tr — 

2p,(r„ p, E P. If / is large enough, then pp’'e0 and = 

E 23 ^•7*- Since a is separable over 0, <7 e 0[ff^^] C 0 ( 7 ,-. 

This completes the proof. 
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We can now prove 

Theorem 12. If and P/<1> are finite dimensional^ then 
(12) [A;4*], = [A: Pl,[P:<i>I., [A:<J>J, = [A: PJ.[P:4'J,. 

Proof. It is enough to prove the first of these equations since 
the second will follow from it and (II). Assume first that A/P is 
purely inseparable. Then any element of A ^ which is separable 
over 4> is separable over P and so belongs to P. Hence the maxi- 
mal separable subfield of A/4» is contained in P and so this is 
the maximal separable subfield of P/'<I>. Hence (A:4>], = (P:4>],. 
On the other hand, since A/P is purely inseparable, (A:P], = 1. 
Hence (12) holds in this case. Next assume A/P is separable. 
Considering the maximal separable subfield 2 <f> of P/^ as base 
field, we apply the lemma to the separable extension A/P and 
the purely inseparable extension P/2. This gives (A: P] = [2':2J 
where 2V2 is the maximal separable subfield of A/2. Since 
separability is transitive, it is clear that 2'/<l> is the maximal sep- 
arable siibfield of A/<f>. Hence, by definition, [A:4>), = (2': <J>I 
and 

[A:<J>]. = [2-4*] = 12':2][2:<J>] 

= [A; PI[2:4>]. 

Clearly, [2:4>] = [P:4*]. and, since A/P is separable, (A:P] = 
(A: PI,. Substituting in the above equation gives (12) in this case. 
Finally, let A/P be arbitrary. Let E/ P be the maximal separable 
subfield of A/P, so A/E is purely inseparable. Then, on consider- 
ing E Q P ^ where E/P is separable, we see that [E:^], = 
[E: P],[P:^),. Since A/E is purely inseparable, the first case ap- 
plied to A O E 2 ^ gives [A:4>1. = [A: E],[E:‘^],. Similarly, con- 
sidering A 2 E 2 P, we obtain [A:P], = [A; El,(E: Pi,. Com- 
bining, we obtain 

IA:<J>J. = [AiEj.lE:^], 

= IA:E].[E:P],IP;4>]. 

= IA:P].[P:4>J„ 

which is (12) in the general case. 


% 
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We have seen that, if P/<l> is Galois, then P/# is separable (Cor. 
to Lemma 1, § 9). Also, since P/# is a splitting field, this exten- 
sion is normal. Conversely, if P/^ is normal and separable, then 
P/^ is a splitting field of a polynomial which is separable. Hence 
P/<I> is Galois. Thus the condition: P/^ Galois is equivalent to 
P/<[> is separable and normal. We claim also that any purely in- 
separable extension P/4> is normal. To see this let g(x) e^[x] 
be irreducible and suppose ^(< 7 ) = 0 for o- e P. Then g(x) is the 
minimum polynomial of <r over4>, so g(x) = x^* — a. Since = 
a, we have the factorization g{x) = x^* — a = x^* — <r^* = 
{x — < 7 )'’*, so ^(x) is a product of linear factors in P[x]. Hence 
P/4> is normal. The following theorem gives a rather precise 
description of the structure of normal extensions. 

Theorem 13. is finite dimensional normal^ then P — S 0* 

r where 2/^ is Galois and r/$ is purely inseparable. Converselyy 
if r/4» is a finite dimensional purely inseparable extension and 2/^ 
is finite dimensional separable extension^ then the algebra P/<i» = 
r 0<t- 2 is a field and this is normal if'L/^ is Galois. 

Proof. Assume P/<I> finite dimensional normal. Let T be the 
set of purely inseparable elements over so P is a subfield over 
^ (ex. 1, § 9). Let p e P and let^(x) be the minimum polynomial 
of p over <t» and write ^(x) = A(xO where h(x) is separable. Since 
^(x) is irreducible in 4>[xJ, it is clear that h{x) is irreducible in 
4>[x]. Since h{p^*) = 0, the normality of P/$ implies that h(x) = 

ri (x — di) in P[x]. Also ^(x) = h(x^‘) = JJ ” ^i) 's a 
I 1 

product of linear factors in P[x]. Hence x**' — /3,- has a root pi 
in P and consequently x**' — = x^* — pf‘ = (x ~ p, Then 

six) = A(xP') = n ix^* ~ ^i) = II ix - Now set Hx) = 

r » 1 

n (^ “ Pi)* Since the 0i = py* are distinct, the p,- are dis- 
tinct. We have k{x)^‘ = U{x^* - pi^*) = n(x^' - 0i) = gix). If 
= x"* -f- ffix"*"* + ■ • • -i- <7„, then the <Tj Z P and ^(x)*** = 
x”^ + + ■ • ■ + = ^(x) which shows that vf* e 

hence the cTj e P. Hence ^(x) e P[x]. Since p is a root of i(x) 
and ^(x) has distinct roots, p is separable over P. Since p was any 
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element of P, this proves that P/P is separable. The factoriza- 
tion P = r where Z is the maximal separable subfield of 

P/<1> therefore follows from the lemma at the beginning of this 
section. If<yc 2 and /(x; is its minimum polynomial over4>, then 
/(x) = n(A- — (Tk) i»i Pf -1 FviJently the <Tk are separable over^ 
so they are contained in 2. Hence the factorization /(x) = 
— (Tk) holds in Z[x]. This proves that 2/<l> is normal as well as 
separable. Hence it is Galois over <i>. This proves the first state- 
ment. Now let r/<i> be finite dimensional purely inseparable, 
2/^ finite dimensional separable. We shall show first that, if 
(<^i> <^ 2 > * ' •> (Tm) is a basis for 2 /<l>, then the same is true for 

• • *, e > 1. Clearly it suffices to show that every ele- 
ment O' e 2 is a 4*-linear combination of the Now for anv 

j ^ 0, <T^ is a linear combination of the <t,. Taking p^'-th powers 
shows that is a 4>-linear combination of the <t,^' for j = 

0, 1, 2, • • • . Since <r is separable, we know that <r e 4>[<r^*J (Lemma 

2 of § 9). Hence a e and ■ ■ •, is a basis 

% 

for 2/4>. Now consider P = P 2. This is a commutative al- 
gebra and any element of this algebra can be written in the form 
® <T,-, TicP, and (<ti, the basis for 2/4>. Now if 

P — 27 , ® (Ti 0, then one of the 7 ,, say, 71 ^ 0. Since P/4> is 
purely inseparable, we can choose ^ > 0 so that 7 ,*'* = a, e 4 >, 

1 ^ ^ OT. Then p^* = 2a,- ® = I ( 2 ) 2a,£r,'^*. Since 

is a basis for 2 /<l> and ai 0 , 2 a, is a non- 
zero element of 2. Since this has an inverse in 2, p has an in- 
verse in P. Thus P is a field. Now assume 2/ 4> is Galois. Then 
2/4> is a splitting field of a polynomial e 4>ljrl and P/4> is a 
splitting field of h{x') e ^[-vl. Since P is generated by subfields 
isomorphic to P and 2, it follows that P/‘l> is a splitting field of 

Hence P/4> is normal. 

EXERCISES 

1. Let E/^ be finite dimensional, P/4> an arbitrary field extension. Show that 
the number of distinct isomorphisms of E''4> into P/4> does not exceed (E :<!>),. 
Show that this number is attained if P/<t> is the normal closure of E,‘l>. 

2. Let P/4> be finite dimensional normal, 2I/4> the maximal separable siibficld 
O the Galois group of P/^. Show that (7 maps 2 into itself and that the mapping 
^ J the restriction of a 0 C to 2 is an isomorphism of G onto the Galois group 

of 2/^. Show that/(C) -» P/*, the maximal purely inseparable subfield of P/^. 
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11. Primitive elements. In this section and the next we shall 
obtain some special generations of finite dimensional extensions 
P/^. The results are valid for arbitrary 4>. However, the proofs 
in these two sections will require 4> to be infinite; the validity of 
the results for finite will be established in § 13. 

If P = that is, P is generated over <I> by then we have 
called P a simple extension of 4> (Vol. I, p. 101). We shall now 
say also that 0 is a primitive element of P/4>. We shall prove two 
results on existence of primitive elements. 

Theorem 14. Let be an infinite field and let P = 4»(f, ??) be a 
field generated over ^ by a separable algebraic element ^ and an alge- 
braic demerit ij. Then P/^ has a primitive element. 

Proof. Let J{x) and g{x) be the minimum polynomial over 
of I and 7} respectively and let A/P be a splitting field of /{x)g{x). 
Then A/4> is a splitting field of f{x)g{x') containing P. Let = 

^2, • • be the distinct roots of /{x), t;i, T^a, • • »7r those of 

^(.v). 1 hen the are all the roots of /{x) and we may assume m > 

1 since, otherwise, f e<i> and P = Consider one of the 

linear equations x^i + = x^i -h vs, i = 2, • • - , = 1, • ■ r. 

This has at most one solution in <!>. Hence, since is infinite, we 
can avoid the finite set of solutions of these equations and choose 
^ = 7 c4> so that 7^1 T7, 5*^ y^i Tjy, / = 2 , ■ • ot;/ = 1, ■ - •, 

r. We assert that 9 — 7^, + T7i is a primitive element of P. Thus 
consider the polynomial g(6 — yx) which evidently belongs to 
W'e have^(^ — 7^i) = g{rji) = 0 and, since 0 — y^i 7 ^ tjj 
for / = 2, ■ • 77; and/ = 1,2, • ■ - , ryg{d — 7$,) 9^ 0. Hence the 

m 

highest common factor of g(0 — yx) and /{x) = U (^ — ^^) is 

1 

^ ^ = X- — Hence there exist d(x)y B(x) e‘I>(0)[x-] so that 

~ = d(x)/(x) + B{x)g{0 — yx)y which implies that^ 

Then rj = 6 — y^ €^{6) and 0 is a primitive element. 

The result just proved has an immediate extension, by induc- 
tion on k to show that, if P = 4*(^i, • • •, ft, t?) where the f, are 
separable algebraic and ij is algebraic, then P has a primitive ele- 
ment. In particular, we see that any finite dimensional separable 
extension has a primitive element. We note that the number of 
intermediate fields of such an extension is finite. This is clear 
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since P can be Imbedded in an extension which is finite di- 
mensional Galois, and the set of intermediate fields between A 
and ^ are in 1-1 correspondence with the set of subgroups of a 
finite group — the Galois group of A/^, The theorem on primitive 
elements for finite dimensional separable extensions is therefore 
also a consequence of the following 

Theorem 15 (Artin). Let <I> be an infinite field and P a finite di- 
mensional extension field of 4>. Then is a simple extension if 
and only if there are only a finite number of intermediate fields be- 
tween P and^. 

Proof. Suppose first that P = <l>(d) and let E be an inter- 
mediate field. Let be the minimum polynomial of 9 over E 
and let E'/^* be the field generated by the coefficients of 
Then E' C E, but g(x) is also the minimum polynomial over E' 
of 0. Hence [P:£'] = degg(x) = {P:E]. Hence E = E' is 
generated by the coefficients of g{x). Now g(x) is a factor of the 
minimum polynomial f(x) of 6 over ^ and both g{x), f(x) e P[.r]. 
Since f(x) has only a finite number of distinct factors in P[a'] 
with leading coefficients 1, the number of E is finite. Next assume 
that there are only a finite number of intermediate fields between 
P and f*. It suffices to show that, if e P, then 4>(f, tj) is simple. 
Now let ae<t and consider the subfield P^ = + a??). We 

have an infinite number of a and a finite number of P^. Hence 
there exist or, ^ in 4», a 5*^ such that P* = P^. Then rj = (a — 
OCT} ~ ^ ~ 0T}) E and hence ^ ^ ai} ~ ar} e P^. 

Thus Pft = 4>(^, Tj) and this is generated by ^ -h aij. 

EXERCISES 

1. Let 4>o be of characteristic p ^ 0 and let P = v) the field of fr.ictions 
of *?I, f, V indeterminates. Let 4» «= ’^o(P*’) the subfield over generated by 
all the/»-th powers. Show that (P;4>J = />* and that P does not have a primitive 
element over <1^. 

2. I.et P be the splitting field over the rationals of (x* — 3)(x* — 2). Find a 
primitive element for P. 

3. Do the same for x* — 2. 

12. Normal bases. If P is finite dimensional Galois over 
with Galois group G = { J’i> ■J' 2 > ■ ■ ■ » Jn i > then p e P has a minimum 
polynomial of degree « over 4> if and only if the elements p*‘, i ~ 
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1, are distinct. This is clear since, if p*‘, • • •, p*' are the 

r 

distinct conjugates, then /(x) = II (a- — p*/) is the minimum 

j=i 

polynomial ofp over<^. It is clear also that p is a primitive element 
of P/«i> if and only if the degree of its minimum polynomial is 
« = (C?‘l). Hence p is a primitive element if and only if the 
p*S i = 1> • • •> are distinct. A stronger condition than this is 
evidently that these elements are linearly independent. Then we 
have the basis (p*‘, p*% • • p***) of P over Such a basis, con- 

sisting of the conjugates of a single element, is called a normal 
basis for the Galois extension. We shall now show that such 
bases always exist if ^ is infinite. Our proof of this fact will be 
based on the notion of algebraic independence of isomorphisms 
which is of considerable interest on its own. We define this as 
follows: 

Definition 2. het 'E^ be a field over # and Cl an extension field of 
E. Let sxy - ySyn be isomorphisms of E/^ into Then we shall 

call the Si algebraically independent over Q if the following is true: 
The only polynomial f{xxy • * •, e • • •, Xi indetermi- 

natesy such that /(t?*', , t;'-) = 0 for all-^zE is / = 0. 

We require the following 

Lemma. Let Q be an extension field of an infinite field ^ and let 

Ax\y ■ 'yXr,^ t, * * ' , .V J sutisfy /($ 1 , ■ ■ - , = 0 for all 

E <I>. Then / ~ 0. 

Proof. Let (wq) be a basis for 12 over 'J>. Then we can write 

T 

f{^\y = 'll ff^iy ‘■■yXrn)wj wherc | wy } is a finite sub- 

1 

set of iota) and the/,- e 4 >[a-i, • • , x„]. Then 0 = /(^„ • • •, = 

2/>(^i> • • • j lm)w; for all e <I>. Since the u>j are 4»-independent and 
the /,{$!, ■ ■ ■ , E this implies that every />($,, ■ - ■ > ^m) =0. 
Hence, by a result proved in Vol. I, p. 112, /,(*■!, • • ■ , ^ 0 for 

ally and so/U-,, • • O = 0 . 

We can now prove the following theorem on algebraic independ- 
ence of isomorphisms. 

Theorem 16. Let P be finite dimensional Galois over an infinite 
field E « subfield (/ P <1>, and 12 an arbitrary extension field of 
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P. Let Ji, J 2 > • ■ • y be the differefjt isomorphisms oj E over 4> into 
P over^. Then the j,- are algebraically independent over n 


Proof. We recall that the number m of isomorphisms is fE:*!*) 
(§ 7). We note next that, if (ci, < 2 » ■ ■ «m) is a basis for E 

then the determinant det (f,*') of the matrix whose {/,» entry 
IS is not 0. Otherwise, the rows of this matrix are P-dependent, 
so there exist pj not all 0 in such that 2:p>e,*' = 0, / = 1, 2, ■ 
m. If € is any element in E, we can write « = d, e 4>, and 

we obtain ^ = 0. Since = )3,, we have ^ pyt’j = 0. 


This states that the operator SjjPyft = 0 contrary to Dedekind’s 
independence theorem for isomorphisms. We have therefore 
established that det {<,*') ^ 0. Now suppose /r ^ 2 , • ■ ■ , a-„] 
and /(€"S «'«, ■ . - , e-") = 0 for all « e E. Then /(Sd.*.-'*, 

• • •, 2^, •€,•*") = 0 for all /3, in the infinite field <1*. Now let g{xiy 

- • - , /m) = Zx.VS ■ • e n[x^, ■ • - , x^l This 

vanishes for all x^ = /3, c<I», so by the lemma, g(xi, • •, x„) = 0. 
Now det (€,*') 0, so the matrix (€,*') has an inverse (p,/)* Then 

/(■*■!, ■ • ‘yXm) = g(Xxipny 2jr,p,2> ' ' '> = 0. This proves 

that j,, ’ ■ - y s„ are algebraically independent over Q. 

We can use the result just proved to establish 


Theorem 17. Let P be finite dimensional Galois over an infinite 
Then P/4> has a normal basis. 


Proof. Let G = fj|, be the Galois group of P/4>. We 

have just seen that, if (p,, • ■ ^pn) is a basis of P over <I>, then 
det (p,'») ^ 0. Conversely, this condition is sufficient for a basis; 
for, if Z/3,p, = 0 where the /3, e 4>, then 2^,p,'^ = 0.^ = 1, ■ ■ m. 
This implies that the columns of (p,*0 are 4>-dependent unless 
every /3, = 0. Our criterion shows that, for a particular p, (p*», 
p'% • • ■yp*’') is a normal basis if and only if det {p**'0 0. We 

now write and we know that (1„ 2„ ■ ■ ■,«,) is a permuta- 

tion of (I, 2, •••,«). Consider the matrix whose {iyj) entry is the 
indeterminate jf., (/y = 1, 2, • ■ - , n) in x„]. We assert 

that the polynomial Ar„) = det (jf,,) 0. To see this 

we specialize Jf, = 1, ;f 2 =••=*'«= 0. Since each row and 
column of (x-,,) contains exactly one x,, it follows that det (x*,;) = 
±I if the jf, are specialized as indicated. Therefore, d(xi, • • •, ;c„) 
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7*^ 0, and so by the algebraic independence of the Xi we can 
find a p e P such that det (p"*"') = det (p%) 9^ 0. Then p de- 
termines a normal basis. 

There is another, more sophisticated, formulation of the normal 
basis theorem which we shall now indicate. For this we introduce 
the group algebra ^(G) of the group G: ^(G) has the basis G = 
{•Tij Jnl and multiplication is defined by (2a,r,)(S;3yjy) = 
XaiffjSiSj = (cf. Vol. I, ex. 2, p. 95). We consider two 

right modules for #(G): The first of these is ^(G) itself considered 
in the usual way: xa, xe^(G)j a €«J>(G) is the algebra product. 
Next we consider P as 4>(G)-module by defining pa = Sa^p** for 
^ = 2a, j,- in 4>(G). It is immediate that the module axioms hold 
for this multiplication. The normal basis theorem is just the 
statement that these two modules are isomorphic. Thus, let 
(p*0 be a normal basis and consider the linear mapping of ^(G) 
over 4* into P over 4> sending r, into p"‘. This is a 4>-linear iso- 
morphism and, if X- = then xs^ = = 

S = (Z^,p*')jy. Hence, if we denote the image of x by 

I 

x'y then x'sj = {xsj)'. This implies that x'a = (xaY for all « e 
^(G) so we have a 'I>(G)-isomorphism. It is easy to check that, 
conversely, if ^ x' is a 4*(G)-isomorphism of ^(G) onto P, then 
the image of (ji = 1, j 2 > • • •, Sn) is a normal basis for P/$. 


EXERCISE 


Xl 

X, 

'Ir 


1. Prove the following generalization of Theorem 16: Let 

» ' • I 1 • • • » -^r • • • • , ) be a non-zero polynomial in in determinates 

1 hen there exi^r tj,, • • , 77 , e E such that Xvi*\ • • » 7 i* • *, VS * * *» 

^ 0 


13. Finite tields. 1 he mam results on finite fields are readily 

obtained ts applications of Galois theory. We proceed to derive 

these. .\t r .e same time we shall establish the validity of the 

theoiem on primitive elements and normal basis for finite base 
fields. 

We remark first that any finite field P is of characteristic 0, 
since otherwise P contains a subfield isomorphic to the field of 
rational numbers. Hence the prime field 4>o of P is isomorphic to 
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= U{p)> If is any subfield, of course, fP:4>] = n < oo. If 
(pi> • • •> Pn) is a basis for P over every element p e P can be 

n 

written in one and only one way as ^ a,p„ a,- e <I>. If the cardinal 

I 

number |^| = 9, then it is clear from this that |P|= y". In 
particular, if [P:4>o] = A^, ^0 the prime field, then |P| = . 

This shows that the number of elements in any finite field is a 
power of its characteristic. 

We show next that for any prime power there exists one 
and, in the sense of isomorphism, only one field with p^ elements. 
We consider the uniqueness first. Let P be a field with | P| = p^. 
Then it is clear that the prime field ^0 of P is isomorphic to Ip. 
Ifp is a non-zero element of P, then ^ = I since the order of 
the multiplicative group P* of non-zero elements of P is p^ — 1. 
We have also that — p, an equation which is valid for every 
p e P. Thus every element of P is a root of — x ~ 0 and 
— Af c 4 >oM> ^0 the prime field. Then 

(13) - ;c = li (X - p,) 

1 

where the pi are the elements of P. This shows that P/<l>o is a 
splitting field of the polynomial x^^ — x. Now suppose P' is a 
second field such that | P'| = p^\ then P'^ has characteristic p so 
its prime field <I>o' =<i>o- Also P'/^o is a splitting field of x^^^ — x. 
Hence P' ^ P by the uniqueness theorem on splitting fields. 

The method just used also gives the existence of a field P with 
1 1* I “ y P a prime. For this we begin with ^0 = Ip which has 
p elements and we let P be a splitting field over 4»o of x^** — x. 
Let 2 be the set of roots of — at = 0 contained in P. Since 
the derivative {x'^^ — x)' = —1, x^** — at = 0 has distinct roots 
so |S| = p^ . We note next that 2 is a subfield, since, if 170 
2, then ^ r, so (f - tj)^^ = p'' ~ ^ 

= ^Tf and (v~^y^ = if V ^ 0. It 

now follows that 2 3 ‘I>o and, since P is a splitting field of — 
jp, P = *o(2) = 2. Thus we have | p| = |2| = p^. 

We prove next the theorem on primitive elements: If $ is a 
finite field and P is a finite dimensional extension of then P = 
^{0). Clearly, under the given conditions P is finite. We now 



show that the multiplicative group P* is cyclic. This is a con- 
sequence of the following useful general result. 


Lemma 1. Any finite subgroup 
a field is cyclic. 


A oj the multiplicative group of 


Proof. Let m be the order of A and let m' be the highest order 
for the elements of It is known that, if a and b are two ele- 
ments of a finite commutative group, then there exists a r in the 
group whose order is the least common multiple of the orders of a 
and b (Vol. II, ex. 1, p. 69). It follows that, if m* is the highest 
order, then b"^’ - 1 for every b. On the other hand, we know 
that the equation x"*' — 1=0 has at most m* roots in a field. 
Since m'\my we have m' — m. Moreover, if a is an element of 
order then the order of the cyclic group [a] generated by a is m. 
Hence A = [a]. 

Now if P is a finite field and <I> is a subfield, then surely P = 
if 6 is chosen to be a generator of the cyclic group P*. 

We consider next the automorphisms of a finite field P. If the 
characteristic is p, then we know that the mapping 7r:| —> I** is 
an isomorphism of P into P. Since P is finite, this is an auto- 
morphism. If I P I = then = p for every p c P. Evidently 

is the automorphism f so we have = 1. On the 

other hand, if ^ is a generator of the group P*, then ^ 6 if 
m < N. This implies that tt”* 1. Hence the cyclic group G = 
[tt] has the order N. Let be the set of G-invariants of P. Then 
we know that 4> is a subfield and [P:^] = N. On the other hand, 
we know that [P:4>o) = p^ if 4>o is the prime field. Hence $ = 
4>o. We now see that the field P is Galois over its prime field 
and the Galois group is G = [x]. The Galois correspondence now 
gives a correspondence between the collection of subfields of P 
and the collection of subgroups of G. Since G is cyclic of order W, 
for each divisor n of N there exists one and only one subgroup H 
of index n. We have H = [r] where r — x”. The correspond- 
ing field of //-invariants (or of r-invariants) has dimension- 
ality n over 4>o. Hence |^| = p” and we have shown that the 
subfields 4> of P have order p" where n \ N and for each such order 
there is precisely one subfield of P of this order. The Galois 
group of P over4> is the cyclic group H = [t] as before. In general. 
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we shall call an extension field P 4> cyclic^ abelian^ or solvable if P 4> 
is finite dimensional Galois and its Galois group is respectively 
cyclic, commutative, or solvable. Hence we can say that anv 
finite field is a cyclic extension of any of its subfields. We shall 
therefore have the normal basis theorem also for finite base 
fields by proving 

Lemma 2. Any cyclic extension P <f> has a normal basis over <J». 

Proof. Let j be a generator of the Galois G group of P 4>. 
We consider j as a linear transformation in P over4> and let m( v; c 
be its minimum polynomial. Now Dedekind’s independence 
theorem implies that the automorphisms l,j, • • are P- 

independent if (G:I) = It follows that these are also 4>-in- 
dependent and consequently deg On the other hand, 

[P:^] = « so the degree of mC-*") cannot exceed n (Vol. II, p. 69). 
Hence deg = n. Since j” = 1, we see that ^ix) x"' — 1. 
Now we know that there exists a p f P whose order polynomial 
relative to the linear transformation s is the minimum polynomial 
(Vol. II, p. 67). Then p, p% • sp"" ' <I>-independent and so 
these elements form a normal basis for P.4>. 

EXERCISES 

Note; A set of exercises on finite fields is given in N’ol. I, pp. 112-113. 

1. Let <l> be a finite field of order of ^( = p^'^. Show that an irreducible pol y- 
nomial /(x) e is a factor of x** — x if and '^nly if deg /(x) \ n. (Hint: consider 
the field ‘I‘(xj/(/(x)).) Show that x*" — x = II /,(x) where /,{x) runs over the ir- 
reducible polynomials with leading coefficients 1 of degrees divisors of n. Let 

r) denote the number of these polynomials of degree r. Derive the formula 

M?, «) = - Zip (-) 

where p is the Mobius function (cf. Vol. I, ex. 5, p. 120). 

2. Let be an w dimensional vector space over a finite field of odd order q 

(characteristic 5 ^ 2 ) and let;p(x, be a non-degenerate symmetric bilme.ir form 
on SW over Show that if w > 2, then there exists .a vector u in iUl such that 
g(.UfU) 1. Apply this and the reduction theory of \'ol. II. pp. 152-154, to 
prove that SD 2 has an orthogonal basis (ui.us, • • ,«„) such that «i) = 

= I if/> 1 . Use this to prove that any two non-singular sym- 
metric n "K n matrices with entries in are cogredient if and only if their 
determinants differ by a multiplicative factor which is a square (6 = 6'p-) in 4 >. 
Hence show that there are just two cogredience classes of non-singular sym- 
metric matrices. 
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3. Let 4', 2K, g be as in ex. 2. If (^i, <j, is a basis, then 5 - 

del is called a discriminant of For ^ C 4* let N{g, b) be the number 

of vectors « e 2)t satisfying g{,u^ u) = h. Show that 


N{g, 0 ) = 


if n = 2v and 
( — 1)'3 is not a square 

if n = 2>' and 
(— 1)'5 is a square 
if « = 2 j» + 1 


NU. = 


4- if ^ 3 ^ 0, » =* 2v, and 
is not a square 

— 5 '“^, if ^ 0, » = 2i', and 

(— 1)'6 is a square 
j*' — if ^ ^ 0, n = 2y 4- 1, and 
( — 1)'5^ is not a square 

4- T', if ^ 7^ 0, w = 2^ 4- 1. and 
(— is a square 


4. Let 0{n,g) denote the orthogonal group determined by f‘0(w, is the 
group of linear transformations A o( M such that g{xA., yA) “ g{x,y) for all 
Xyy e M. If M is a non-isotropic vector, let Ou be the subgroup of 0{rt,g) leaving u 
fixed. Show that Ou is isomorphic to 0(n — 1, 1’O where g' is the restriction of ^ 
to Use Witt’s theorem to show that the number of cosets O^A of Om in 

0(”» f) is the number of vectors o satisfying ^(y, v) — giu, u). Use this result and 
ex. 3 to establish the following formulas for the order (0(n,^)’l)* 




JJ (^** — 1), if n is odd 

• -1 


— €) n ( 9 ®‘ — 1), if ” is even 

i««l 


Here < = 1 if ( — 1)' 5 is a square; otherwise e = — 1. 


14. Regular representation, trace and norm. In this section 
we consider a finite dimensional extension field P/4> and we shall 
define certain mappings of P into4> called the trace and the norm. 
These functions can be defined just as easily for arbitrary finite 
dimensional algebras and are of importance for these also. We 
shall therefore begin by considering a finite dimensional algebra 
Sl/4> with basis («i, ■•■»««) over 4>. We define a {Jinite di- 

mensional) representation of $l/<> to be a homomorphism of 2I/4» 
into the algebra of linear transformations of a finite di- 
mensional vector space If 6" is such a representation: a — > 
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then the defining conditions are 

(a + -h 

(14) 

{abY = 


{ctaY = o.ci 
1* = 1, 


iz, ^ E 21, Of e <J>. If (xi, X 2 , • • - , xs) is a basis for over 4>, then 
we can determine the matrix relative to this basis in the usual 
manner: We write 

N 


(15) 


Xia^ = oiiM 


jy 


= 1 , 2 , 


This gives the matrix oL{d) — (a, 7 (<z)) and the mapping a — > a{a) 
of 2I/4> into the algebra of X yV matrices with entries in 

4>. Since the mapping y/ (a) of the linear transformation // 

into its matrix (a) relative to (xj, X 2 , • • •> x^) is an isomorphism, 
the mapping a —* ci{a) is a homomorphism of into 
Such a homomorphism is called a matrix representation. We recall 
that, if we change the basis (xi, • • •, xn) to another basis (v,, • • , 
yn) where _y, = S^„xy, then the matrix representation defined by 
S and this basis is > (ti)a(a)(n)-^ where (^t) = (/i,y) (cf. Vol. 
II, p. 42). 

The most important representation of 2l/4> is the so-called 
regular representation R. Here a^ — an the right multiplication 
X — ► x^ defined by a. One checks directly that or is a linear 
transformation in 21 over <t» and that a — » is an algebra homo- 
morphism (cf. Vol. I, p. 82). Since 21 has an identity, a an 
is 1-1 and so is an isomorphism of 2l/4> into ^♦(2I). Since xur =. 
xa, we obtain the matrix representation associated with the basis 
("i, « 2 , • • Un) of 2(/4> by writing the products as <J>-linear 
combinations of the «,•: 

(16) Uia = Sp,-,(a)Ky, j = 1,2, •••,«. 

We write f>{a) = {fiaia)) and we have the matrix representation 
a p{a) which is l-l. Also since !« = 1, p(l) = the identity 
matrix. As in the general case, a change to the basis {yi, V 2 y • • •, 
t»n), where y, = '^tSijUjy gives the new matrix representation a — > 
cy(^^), where 

(17) 


<r{a) = (M)p(a)(M) \ (p) = (m„). 
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As an example of this we consider an algebra 91 = with a 
single generator. Since [21 :4>] < oc, ^[a] ^ ^x]/(J{x)) where/{x) is 
a non-zero polynomial with leading coefficient 1. We have /{a) = 
0 and /{x) is the non-zero polynomial of least degree (leading 
coefficient 1) having as a root. Thus the polynomial /{x) is the 
minimum polynomial of a (Introduction, p. 6). Also ^[a] has 
the basis (i,<7, where « = = deg/(;f). Suppose 

(18) /{x) = x’^ — H 1- (— a.- 6$. 

Then we have the relations 



la = aa = a^y • • , a'* ~a = a” ' 
a''~^a = — 02 '*””^ 4 - ■ • ■ + ( — 


These show that, if p{a) denotes the matrix of aR relative to 
(1, <7, • • •, then we have 




0 1 
0 0 


U-1) 


n — 1 


a 


n 


0 • • • ' 

1 • 

* • • • 

» • • • 

• • • 1 

• — 0C2 OCi . 


which is called the companion matrix of the polynomial /(x). In 
theory, once we know this matrix, we know p{i>) for any element ^ 
in 4*[a] since ^ is a polynomial in a. 

We now consider the general case again and we define the charac- 
teristic polynomial of the element e 91 to be the characteristic 
polynomial 

(21) Jnix) = det (.vl — p{a)) 

of the linear transformation ur in 91 or of the corresponding matrix 
p{a'). Hy (17) we have 

xl — (T{a) = (/i)(xl — p{a)){p)~^ 

w'hich shows tliat 


det (.vl - <T{a)) = det (m)(^1 - /)(«)) (a^) ' 

= det (ax) det (.vl — p{a)) det (ax)*"* 
= det (x-1 — p{a)). 
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Thus we see that /a(x) is independent of the choice of the basis 
for We can write the characteristic polynomial as 

(22) /^(x) - jf" - T(a)x--^ + • ■ • + 

n 

We have T(a) = trace p(«) = N(a) = det (p(a)) and we 

1 

call these respectively the /race and norm of p in 21 over 0. We 
shall find it necessary at times to specify the base field of the alge- 
bra and also the algebra itself. In these cases we shall write 
Tnuia) for T(a)^ A^ai*(^?) for IV{a). Since the trace is a linear 
function of matrices and since a — » p(p) is linear, it is clear that 
^ 7a)4.(^) is a linear mapping of 21 into <I>. Also since p(l) — 

1, we have Tai-tCl) = nl and 7'iii<t,(Q:a) — cie7'fii^(a). Thus we 
have the following relations: 

4- ^) = Ttii^(a) 4- Tai^C^) 

(23) 7'ai*(a^7) = a7'a!*(rt), a e 4> 

r(i) = «i. 

Since a —* p(a) is multiplicative and det yif is a multiplica- 

tive mapping of the set of matrices, we have Nz\^{ab) = 
Nz\*{a)Nz\*{i>)- Also, it is clear that Nz\<b{ota) = a^Nz\-^{a) 
and A^al«>(l) = 1* Thus we have: 

A^ai*(<3^) = A^ai*(<3)A^ai4-(^), 

(24) Nz\<»{cxa) = oi^N%\4^{a)y ae*!*, 

A^(l) == 1. 

We recall that according to the Hamilton-Cayley theorem p{a) 
is a root of/a(jf) = 0. If we apply the isomorphism p(^) — > we 
see that /«(<?) — 0. Thus we have 

(25) - T{a)a^~' + • •• + {~iyN{a)\ = 0. 

Let ma{x) be the minimum polynomial of p{a) (or of an). Since 
b p{b) is an isomorphism, it is clear that m^ix) is the minimum 
polynomial of a. We recall that the minimum polynomial of a 
matrix is a factor of its characteristic polynomial and these two 
have the same irreducible factors in 'I>[;eJ, differing only in the 
multiplicities of these factors (Vol. II, p. 99, or p. 102). 
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The trace function can be used to define an important bilinear 
form on the algebra $1/^. This is the regular trace form 


( 26 ) 


(tf, b) s T%\^{ab). 


Evidently, we have the following rules governing this function 
whose values are in 


( 27 ) 


{a, bi 4 - ^ 2 ) = (a, bi) + {a, bf) 

(ui + a 2 t b) = {aiy b) + (^ 73 , 

a{ay b) = {ouZy b) = (a, ab) 


(abyc) = (ay be) (= n\*(abc)). 

Also we recall that, if M and N are matrices, then the tr AfA^ = 
tr NM (Vol. II, p. 104). This implies that 

(28) (ay b) = (by a)y 

so (a, b) is a symmetric bilinear form. We shall define also the 
discriminant of 31 over '!> relative to the basis (mj, « 2 , • * •, «„) to 
be 

(29) 5 («,.) ^ det ((«,-, «,)) = det (7ai»(«, ■«,)). 

It is immediate that, if we replace («i, ■■•,«„) by the basis 
(t'lj • * *) ^n), Vi = ’Z^iijUjy then the matrix ((«,-, Uj)) is replaced by 
((y.-, ^i)) - M((Uiy Uy))M'y M = (Ai.y) (Vol. II, p. 149). Hence the 
discriminant relative to (t-,) is 5 («i)M^ M = det M, 

We now suppose that E is a subfield of 4> of finite co-dimension 
in $. Then 31 3 <i> ^ E and [31: EJ = [31:<tj[4>: E] is finite so, if we 
consider 31 as a vector space over E, this is finite dimensional. 
Hence SI is a finite dimensional algebra over E. We can therefore 
carry out all of the above considerations for the algebra SI/E. We 
can also consider as an algebra over E and we can define 7aiE> 
7 *ie, A^aiEj A^4 *ie as well as Tai#, A^ai*. We shall now proceed 
to develop the following fundamental transitivity relations con- 
necting these functions: If ^ ^ E, 


( 30 ) 

( 31 ) 


TaiE(<?) = TtiE(Tai*((a)) 

vVaiE(fl) = W*iE(Arai*(«)) 
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As before, we let («i, • «n) be a basis for 31/<J> and we suppose 

(Tij T 2 , • * • , yk) IS a basis for ^/E. Then 

(32) • • •, Ti«2> • • •, yhUz; ■ ■ yhUn) 

is a basis for If p e4>, we write 

(33) ygP = 2:\t(p)yit qyt = • yh 

so we have the isomorphism p — ♦ (X(p)) where X(p) is the matrix 
(Xfli(p)) with entries in E. Then T^\e(p) = 2Xg^(p) and A^*ie(p) 
= det (xrp)). We now combine the relations (33) and (16) to 
write 

(34) {yQUi)a = ZygPij(a)Uj == 'S\t{pij(a))ytUj, 

iyj = 1, •• •,«, / = 1, •• *,/%. This shows that if the basis 

(y<jUi) is ordered as in (32), then the matrix of an in 21/E is 

l) X(pj2) • • X(pi„) 

X(p2l) X(P22) X(p2n) 

# 

X(pfi2y 

where \(pi/) is an A X A matrix with entries in E and we have ab- 
breviated pij — pij(a). It is clear from the form of (35) that 

TaiE(«) == trA(tf) (tr = trace) 

= tr X(pii) + tr X(p22) + • ■ • + tr X(p„„) 

= tr X(pii P 22 + • ■ ■ + Pnn) 

= tr X(TWi*(rf)) 

= T*ie(Thi#(<2)). 

This establishes (30). 

For the proof of (31) we require a general transitivity property 
of determinants (Vol. II, ex. 2, p. 135) which we proceed to derive. 
We suppose we have an nh X nh matrix with entries in a field E 
and we assume that, if we partition this as an w X w matrix A = 
(X,y) where each X,/ is an A X A matrix, then the X,, all commute. 
This is equivalent to assuming that the X,y all belong to a com- 
mutative subalgebra © of the matrix algebra <!>*. This is precisely 
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the situation for the matrix A(^) and the blocks \ipij) of (35). 
Since the X,-,- e 23 and 23 is commutative, the usual definition and 
properties of determinants hold and we can consider 

(36) detn (a) — ^pXi ,'jX2»,. ■ ■ Xni^, 

p 

where the summation is over the permutations (/ 1 X 2 ■ ■ • fn) 

(12 • ••?/) and €p = 1,-1 according as P is even or odd. Now 
det„ (A) as defined above is an element of Hence we can take 
the usual determinant of this. We shall now establish the follow- 
ing formula: 

(37) det(det„ (A)) - detA 


where det A is the usual determinant of the nh X nh matrix. 

To prove this result we extend the base field E to a splitting 
field over E of the product of the characteristic polynomials of all 
the matrices X„. It suffices to prove the result in this field. Hence 
without loss of generality we may assume that E contains the 
characteristic roots of all the Xs>. The theory of sets of commuting 
linear transformations (V^ol. II, pp. 133-134) shows that there 
exists a matrix p c. such that every is triangular: 


(38) 


M *X,7ju = ijij — 


Pijl 


Pi}2 


Hence if we set 


lo 


PijhJ 



then 









Vii 

»7l2 

• • • *7ln 

(40) 

A/-‘A.V/ = 

V21 

*722 

*72rt 

• • • « 



•^nl 

Vn2 

Vnn- 
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We have det A = det and, since ? 7 ,y =* 

det„ M~^KM = M“*(det,. A)^. 

Hence det (detn A/“^AAf) = det (detn A); so it suffices to verify 

that 


(41) det (detn Af *AA/) = det Af~^AA/. 

Now it follows directly from the definition of det„ and from the 
way triangular matrices are multiplied and added that 


(42) 


detn M = 


det Pi 

det P 2 


where 



det paJ 




Pllk 

P\2k 

Pink 

(43) 

Pk = 

P2lk 

« 

P22k 

# 

P2nk 

» • • • 



-Pnl* 

Pn2k 

Pnnk- 


Hence 


(44) det (detn M ^AA/) = det pi det pa • • det pa. 


We need to calculate next det For this we make the 

following permutations of rows and columns: 


column (/ — l)h -{- J —* column (J — l)n -h i 
row (/ — \)h J —*■ row (J — \)n -f- i 
2, ■ ' w and J = 1,2, ■ ■ A. This gives the matrix 



( 45 ) 
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where p* is as in (43). Hence, by Laplace*s expansion, det 
= det p, det p 2 ■ • det pa = det (det„ This proves (37), 

as required. 

We now apply this to norms. Here we have iVa}*(< 2 ) = 
det (p, >•(«)) and 

= det (X(detp,v)). 

Since p — > X(p) is an isomorphism, we have 

(X(det po)) = det„ (X(p.-,-)) 
so 

det X(det p,-j) = det det„ (X(p,j)) — detA(i 2 ), 

by (37). SincedetA(«) = AglE(^) we have the norm formula (31). 
We shall now specialize all of this to the case: SI == P a field.* 
We know that the minimum polynomial m^ix) of any <7 e P is ir- 
reducible. Hence the characteristic polynomial Jo{x) = mo(x)^ 
We have [P:<i>l = n = deg/o(Ar) and [4>(<7):4>] = deg w7o(x'); there- 
fore r = deg/a(:tf)/deg ff;o(A-) - [P:'i>]/[4>(<3) I't*] = [P:4>(f7)]. Hence 
we have 

(46) /„(;:) - 

We shall now obtain some important formulas for the norm 
and trace of a field and we look first at the separable case. Thus 
let P 4> be finite dimensional separable, the normal closure of 
P/^*. Then U is Galois and == (G: 1) for the Galois group 
G of Q'4>. Let H be the subgroup of G corresponding to P/$ (the 
Galois group of fi/P). Since [P:<I>1 = w, the index {G:H) = n 
and we have ti distinct cosets Hs\, Hs 2 \ • ■ Hsn. If j,- denotes 
the restriction of j/ to P, then jj, S 2 y • • •, -tn are distinct isomor- 
phisms of P/4> into n/4> and these are all the isomorphisms of P/<^ 
into Q/4» (§ 7). Next let p c P and let K be the subgroup of G 
corresponding to <I>(p). Then G 3 AT 3 //. Let //, be a 

complete set of representatives of the cosets Kt' in G and let 
Uxy ''-yUr be a complete set of representatives of the cosets 
Hu' in K. Then we have G = U/l//, K = UHuk so G = 

• A simplified version of the proof of the transitivity formula for norms in this case will 
be indicated in ex. 2 below. 
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UHuk'i/ and the mr elements Uk'i/ form a complete set of rep- 
resentatives of the cosets of H in G. We may assume that these 
are the j,- which we indicated before. The restrictions of the 
to ^(p) give all the isomorphisms of ^(p)/4> into 9./^ and these 
are distinct. Since p generates <J>(p), it follows that the elements 
P*‘ , , p'"' are distinct and these include all the conjugates 

p' , j' e G. Hence the minimum polynomial of p over<J> is m (a-) = 

n (^ — pV). Also we have p“»'V = pV for all k and j. Hence 

^ r m 

IK* - P*‘) = n n (* - p”*'''') = m,(xY. On the other hand 

*■ — 1 ifc — 1 >-l * 

r = [P:<I>(p)], so by (46) (for a = p), we see that the charac- 
teristic polynomial 

Mx) = n (a; - p-*) 

1 

where Ji,J 2 > • are the different isomorphisms of P/^ into 

its normal closure n/4>. Comparison of this formula with (22) 

gives the following formulas for the trace and norm in the sepa- 
rable case: 

(48) TpuCp) = A^pi^Cp) = flp.,. 

J 1 

Next let P/4> be purely inseparable of characteristic p 9 ^ 0. 
Then [P:4>J = pf . If p e P, the minimum polynomial m^{x) has 
the form - ot = {x - pY. Since P/4>(p) is purely insepa- 
^ble, [P:4>(p)] = />* and Y = [P:*^] = [P:4>(p)][<I>(p) :<^] = 

Hence f = g e. By (46), the characteristic polynomial is 

(49) J.ix) = (x*" - ctY = {x - p)p'. 

This shows that 

(50) rpi*(p) = [P:4>]p, A^pi*(p) = piP^*i. 

Now let P/4> be arbitrary, 2/« the maximal separable sub- 
field, fi/4> the normal closure of P/^*. Then 12/4> contains the 
normal closure A/4> of 2/*. Again we assume the characteristic 
IS p 9^0. Then [P:Z] = />^ / > 0, and this is the degree of in- 
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separability [P:4»],- (§ 10). If p e P we have^ by (50) and (47), 

A^Pl*(p) = N^\*(Np\M) = 

= (pP*=*io»>(p''*=*JO'‘ ■ • • (pf*’'*^0’" 

where ‘ y^n are the different isomorphisms of S/4> into 

A/^, Now it is easily seen that every r, is the restriction of an 
isomorphism of P/<J> into n/4> and distinct isomorphisms of P/«f 
in Q/4> have distinct restrictions to 2/4> and map this field into 
A/4> (ex. 1, § 10). It follows that the foregoing formula can be re- 
written as 

(51) A^Pl.(p) = p-)S’^»l‘ 

where Si, S 2 y • • are now considered as the different isomor- 
phisms of P/4> into f2/4». In exactly the same way we obtain 

(52) Tp\M = [P:^].(P’‘ + P'* + ■ ■ • + p*-). 

If P is not separable over <i>, then / > 0 and [P'4*],- = is 
divisible by p. Hence we see that 7p|^(p) = 0 for inseparable 
P/4>. 

We obtain next some formulas for the discriminant of P/4» 
relative to a basis (pi, P 2 , • • *, Pn)« This is 

(53) 5 = det (7'p|*(p,pj)). 

If P/4> is inseparable, 7pi* = 0 so 5 = 0. Now assume P/^ sepa- 
rable and, as before, let Ji, J 2 , ■ • - , Sn be the isomorphisms of P/^ 
into n/<^. Consider the matrix 

(54) ^=(PiU 1,2, •••,«. 

We have shown in the proof of Theorem 16 that det A ^ We 
consider now the matrix A A', A' the transpose of A, whose (/, j)~ 
entry is 

(55) Pi’'Pj''* + + ■ ■ * + pi^Pi*" = 7pi*(p,p,-)* 

Hence 5 = det AA' and we have 

(56) 5-(det.<0^ ^=(p/0. 

Since det A ^ Oy this shows that 6 0. We recall that this im- 

plies that the trace bilinear form (p, <r) = Tp\^{p<t) is non-de- 
generate (Vol. II, p. 140). We therefore have the following 
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Theorem 18. If P/<I> is finite dimensional separable^ then the 
trace form (p, <t) — 7pi^(p<y) is non-degenerate and the discriminants 
h of P/^» are ^ 0. 

Let ^ be a primitive element of the finite dimensional separable 
extension. Then it is clear from (46) that the characteristic poly- 
nomial f{x) of B is the same as the minimum polynomial. In n(x-] 
we have f{x) = (jc — di)(x — ^ 2 ) ■ - • (x ~ = B, and the 

Bi are distinct. If /'(■*■) is the derivative of /(x), then 

(57) fi(B) ^ (6 - 62) (B -B,) (B ~ &f) 

and this element is contained in P = 4>(0) since f'{x) e4>[x]. The 
element f\B) is called the different of B. We shall show that the 
discriminant b determined by the basis (1, B^ B^y • • •, 6"“’) is 

(58) b = (_i)'^Arp,*(/'(0)). 

We have b = det Tp|«(0*~*^“*)« Now it is clear that we have an 
isomorphism of ‘I>(0)/<I* into n/4> sending B into 0,, 1 < / < n. 
Hence the Bi are the conjugates of B and (5*)*' = Bf. The 
matrix /I of (54) for the basis (1,0,^*, • ■,^"”*) now becomes 

... 1 

• • • Bn 


It is well known that det Ay a so-called Vandermonde determinant, 
has the value n {di — $i). Consequently (56) gives the formula 

(59) s=^(«<-ey)^ «•,>= 1,2, 

i<) 

for the discriminant. On the other hand, f'{B) = 11 (0i — Bi). 

Applying /y which sends into we obtain f'{B)’i = J1 (0, — Bi). 
It follows that 

(60) Nv\*{f'{B)) = (-D^^^n {Oi - B,Y. 

i<i 

Comparison of (59) and (60) proves (58). 
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EXERCISES 

1. Let 2t be the algebra ^>[;f]/(ar" — 1), so that 21 has the basis (1,0, • • - ,0"”') 

where 0 is the coset a* + (a" — I). Show that, if a = a© + ai0 H h 

an-i0'*“Sor, E^>, then the matrix of aR relative to the basis (1,0, -••,0"“*) is 
the circulant matrix 


a© 

oci 

• • 


CCn~l 

oco 

ai • 

• 

3 

1 

• 


# 

9 

• 


% 


• 

■ect 

• 

OC2 

0-3 • 

• # 

• a© 


Show that, if 4> contains n distinct w-th roots i'i of 1, then 

N{a) = det yf = n o;,iy*y 

2. Let P 2 3 E be finite dimensional extension fields of the field E. Let 

C P and let .v” — aiAr""* +•■•+(— l}"a„ be the minimum polynomial of a 
over 'f’ so that (20) defines a matrix representation of 4>(<j)/4». Show that one ob- 
tains a matrix representation of 4>(d), E by replacing the entries 0, 1 which 
appear by the h X h 2 ero and identity matrices respectively and the a,- by the 
representing matrices X(atj) for a matrix representation of 4/E. Use Laplace’s 
expansion to verify that the determinant of the resulting matrix is 

= detX(a„). 

Since «„ = A’ 4 .(a)/ 4 ,(<?), this gives 

Next show that Apie(u) = A^(a)/E(<*)^, t = (P:4>(a)]. Use these results to prove 
(31) for 21 = P. 

514* be an algebra with the basis (iri, uj, • • •, m„) and let X = 
sCi • • •. the field of rational expressions in indeterminates f,'. Consider 
the algebra (21 ®.j. J) over X which has the basis (wi, « 2 , • • •, ir«) over X. Show 

f| 

that, ir A' — YL then the characteristic polynomial Jx{x) of A' is a homogene- 

ous polynomial ot degree n in 4*l.r, {i, • • •, x, indeterminates. Use this 
and tire arithmetic theory of polynomial rings of Vol. I, pp. 124-127, to show that 

ti;e rnirumum polynomial >i.y(x) of >V has the form a" — /($i, • • •, H 

+ (~l)”‘«(ii, where the coefficient of is a homogeneous poly- 
nomial of degree / in the fs. If <; = e 21, set Ma(.*’) = - /(ai, •••, 

On)A-”'~‘ -r • • • 4- (— D^yifufi, • • • , Un). Prove that Ha{a) =0. 

4. Let the notations be as in 3 and assume 21 = P is a field. Show thatMx(^) 
is irreducible (Hint: Use ex. 4, § 9); hence show that Jx{x) is a power of yii(Ar). 
Show that «(^i, •••,{„) is irreducible and that the norm Jorm 

h\X) = ±n(ii, 
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15. Oalois cohomology. One is often interested in studying 
mappings of the Galois group G of a finite dimensional Galois 
extension P/4> into P or into the multiplicative group P* of non- 
zero elements of P. More generally, one encounters mappings of 
the product sets G X G, G X G X G, • • • (functions of several 
variables in G) into P or P*. A particularly important type of 
mapping of G into P*, s e P*, is one which satisfies Emmy 

Noether's equations 

If the M. then m** = and this reads: which is just 

a character or multiplicative mapping of G into <l>. If G is cyclic 
with generator^: G = { 1 , = 1, then any element 

M e P such that iV(^) = ' = 1 defines a mapping s — » 

M* satisfying ( 61 ) if we define 

( 62 ) ^1 = 1 , ng = fi, fig, = fifi‘^ . . - , fign^, = ... 

Then figt+i = fift* - . . = (mm' • ■ ■ m = holds for 

/ = 1, — 2, Also (61) is clear for / = 1 since mi = 1 and 

1 = Mi" = = m' • ■ • m*" V = N{ft)^ Hence (61) holds 

for all J = g* and t = g. It is easy to check by induction that it is 
valid for all s and all / = 

In the general case, if y is any element of P*, we can set m. = 
7 ( 7 *)“^ and we have 

M.V. - (7(7')-*)V(70“' 

= 7(7*0-^ 

= Mir- 

Thus M. “ 7 ( 7 *)“^ satisfies Noether’s equations for any non-zero 
7 in P. We proceed to show that this “trivial” solution of Noe- 
ther’s equations is the only possible one, for we have 

Theorem 19. Let s fi, he a mapping of G into P* such that 

Mil = s,t zG. Then there exists a non-zero element y in P 

such that fi, = 7(7*)“*. 

Proof. Since the m. are 0 and the automorphisms are right 
linearly independent over P, we see that the operator Sjm, ( = 
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is 7 *^ 0. Thus we can find a ^ e P such that y « = 

7 ^ 0, We now calculate 

7‘ = ( E /SV.) = E /S"/*.' 

\«0 / • 



since st ranges over G if j ranges over G, Hence we have 7 * = 
and fxt = tCtO”* ^s required. 

W^e have seen that, if G is cyclic with generator g and m is an 
element of norm one in P = 1), then Noether’s equations 

hold for y.gi = 1 </<«*“!, Mi = 1- The theorem 

now states that there exists a 7 e P* such that m — — 7 ( 7 *) 

This gives the following corollary which is referred to in the 
literature as “Hilbert’s Satz 90”: 

Corollary. Lft P/<I> l>e a finite dimensional cyclic extension field 
and let g be a generator of the Galois group of P over <I>. Then any 
element e P such that A^pi*(m) = 1 has the form m = 7 ( 7 *)”^/*^ 
a suitable 7 e P. 

The two results which we have just obtained have analogues 
for the additive group of the Galois extension P/*!*. We consider 
a mapping j — > 5, of G into P. The additive analogue of Noe- 
ther’s equation is: 

(63) 5,, = hf + 5„ r E G. 

If 7 e P and we set 5* = 7 — 7 % then = 7 — 7 '* and hf + 
= 7 * — 7 *‘ -h 7 — 7 ‘ = 5,<;so(63) holds. The direct analogue 
of Theorem 19 is valid: 

Theorem 20. Let 6 *, j e G, be elements of P satisfying (63). 
Then there exists a y zV such that 5, = 7 — 7 *. 
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Proof. We choose an element p e P such that Tpi^Cp) = 2p' 

0 . This can be done since 22 ^ 5 *^ 0 by the Dedekind inde- 

pendence theorem. Set 7 = 7'(p)“M,p*. Then 

«C7 

y-y* = rW ( E («.P' - «.'P'‘)) 

= r(p) ( E («..p'‘ - «.'p*')) 

= rCp) -‘ ( E «-P'‘) 

= a,7’(p)-(i:p") 

- S, Tip)-' Tip) = 5„ 

which is what we want. 

In the cyclic case, G generated by the analogue of the condi- 
tion AVi^(m) = 1 is 7pu(p) =0. If p is such an element, then 
we set 5i = 0, 3,* = p -f- p* 4- • ■ • * and it is easy to check 

that (63) holds. We therefore have the following additive analogue 
of Hilbert’s Satz 90: 

Corollary. Let P/4> be finite dimensional cyclicy g a generating 
automorphism of the Galois group of P/$. Then any element p e P 
such that 7p|#(p) = 0 has the form y — y* for a suitable 7 e P. 

We recall that, if P/4> is finite dimensional Galois with G as the 
Galois group, then the set ?♦(?) of linear transformations of P 
as vector space over 4> coincides with the set SI of operators of the 
form 22 -fp. = 52 (Lemma of § 4). We know also that by 

mO 0 

the Dcdekind independence theorem the group elements (j), 
/ e G, form a basis for ^♦(P) as right vector space over P. We shall 
now show that Noether’s equations arise in considering the follow- 
ing question: What are the automorphisms of the ring ^♦(P) which 
leave fixed every element of the subring P« (= IP)? Let yf be 
such an automorphism and set j'* = j e G. Then if we apply 
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to the basic relation prS = s{p*)r (eq. ( 2 )), we obtain 
( 64 ) pru, = 

Hence, 

= {s~~^u,)pR. 

Thus we see that is an endomorphism of the additive group 
of P which commutes with every right. multiplication p«. This 
implies that s~^u, is itself a right multiplication (Vol. I, p. 83). 
Hence = p,R and u, — s zG. We now use the fact that 

•f — > = «« is a homomorphism of G. This implies that u,t = 
u,uty Syt zG and so we have stp,t {sp,){tpt) = Hence 

the p, e P* (since u, ^ 0) satisfy Noether's equations. Con- 
versely, it is easy to see by reversing the steps that, if the p, 9 ^ 0 
satisfy Noether's equations, then the mapping 

2 -fp* — > 2 "tP-i = -fM. 

is an automorphism of 2*(P) which is the identity on Pjj. We now 
recall that any automorphism of 8 *(P) which is the identity on 
(acting in P) is an inner automorphism (Vol. II, ex. 5, p. 237). 
Hence there exists an element C z 0*(P) such that = C~^XC 
holds for all A'eS*(P). In particular, we have pr = pr^ = 
C“^p^C for all p e P, that is, C commutes with every pR. This 
implies that C = 7 jj, 7 a non-zero element of P. Then 

jp, = «, = = C~^sC = yR~^syR 

= J(7~*)'it7fi = ^((7~^)*7 )r, s zG 

which implies that p, = 7 ( 7 “) ”*• This gives another proof of 
Theorem 19. Of course, this is considerably less elementary than 
the first proof. However, the method is useful in related con- 
texts in which the first method is not applicable. 

The representation of ?*(P) as SI = {2jp,} suggests a construc- 
tion of a more general kind of ring, called a crossed product of 
the field P and its Galois group G. For this purpose we consider 
a right vector space SB over P with basis («,) in 1-1 correspondence 
j — + with the group G. Thus the elements of © can be written 
in one and only one way in the form p,p„ p, e P, so that [S: P]* 


79 


FINITE DIMENSIONAL EXTENSION FIELDS 

= (G:l). We now suppose we have a mapping of G X G into 
P* so that for each ordered pair (r, /) of group elements we have a 
corresponding /i,., e P*. We use these to define a multiplication 
in © according to the formula 


(65) 






It is easy to verify that the multiplication is both ways distribu- 
tive relative to addition. Hence 3) will be a ring if and only if the 
associative law of multiplication holds. Also because of the dis- 
tributive laws it suffices to have {ab)c = a{hc) for a = «,p, b = 
Ut<Ty c = Ur/Ty Sy ty V e G. Now 


{ab)c = 

a{bc) = {u,p){ut,>cr'^rnt.v) 

Hence associativity holds if and only if 

( 66 ) SyiyVzG. 

A set of non-zero m..o J, / e G, satisfying these conditions is 
called a (G, V*) factor set. Our argument shows that such a set 
defines a ring SB by means of (65), the associativity conditions cor- 
responding precisely to the conditions (66). The ring SB is called 
the crossed product of G and P with respect to the factor set m, 
We shall write SB = (G, P, p) to indicate the ingredients G, P and 
the factor set m = (/*,,<)• 

If we consider again the representation of e«(P) as SI = |2jp, } 
we see that SI is isomorphic to the crossed product (G, P, 1) where 
1 is the factor set p,., = 1, j, /eG, 1 the identity of P. This is 
clear if we compare (65) with the multiplication of elements of SI. 
We now replace the right basis (j) of SI over P by («,) where = 
ty^y y, a non-zero element of P. Then we have 

«.«< = (sy,)(ty,) = styfyt 

~ u,ty,t~^y/yt. 
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Thus we see that 81 is also isomorphic with the crossed product 
(G, P, where 

(67) = y,t~^y»yf 

It is easy to check that these satisfy the factor set conditions but 
this is unnecessary since these are equivalent to the associative 
law. A factor set M which is obtained from a function j — > 7, e P* 
by means of (67) is said to be equivalent /o 1 ~ 1). The result 

we have established is that, if m 1, then (G, P, m) is isomorphic 
to ?♦(?). One might be tempted to guess that the analogue to 
Theorem 18 is valid for factor sets. However, this is not the case 
and we shall indicate this by considering the special case of a 
cyclic group. 

Let G be cyclic with g as generator and let (G: 1) = n. We set 
for 0 < iy j < « — 1, 


(68) 




\l if i-^J<n 
a 5^ 0 in ^ if 


i + y > w. 

We have to check the factor set conditions (66). Since 
these simplify to 

(69) 

There are three cases: / -f- J-\-k<nyn<i+j-{-k< 2n, and 
i + y + > 2«. In the first case, both sides reduce to 1. In 

the second, both are a; and in the third, both are a^. A crossed 
product (G, P, fx) where G is cyclic and m is of the type just de- 
fined is called a cyclic algebra or cyclic crossed product. The condi- 
tion that M ~ 1 is that there exist non-zero elements such that 
= 7£‘*>“'7g‘'7£- This gives for 7 = 7,, 7^* = 77 ‘,j*‘j 

= 77* • • • 7*""*, a = 7i“^7«--»*7 = 7i“W7* • ’ ' 7** ^ = 
7 i“*A^pi<*'( 7)* Also 1 = /ii.i = 7i~*7iWi gives 7i — I sowemust 
have or = A^pi4.(7). It is easily seen also that this condition implies 
that M 1- Thus we see that we can get a factor set a* 'Z' I 
simply by choosing an a e4> which is not the norm of any element 
7 of P. For example, let 4> be the field of real numbers and P 
the field of complex numbers, P = ^(/), i^ = — 1. Then if 7 — 
7i + hiy 7i> 72 in 7S = 7 = 7i — /72 and A^(7) = 7i^ + 
72^ > 0. Hence if a < 0, then a is not a norm. We remark that 
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it is easy to see that the cyclic crossed product constructed with 
such an a is isomorphic to Hamilton's quaternion algebra over 4>. 

The notions with which we have been dealing are all special 
cases of notions in the cohomology theory of groups. We shall 
now indicate briefly the general situation. We begin with an 
arbitrary group G and the group ring /(G) of G over the integers. 
The elements of /(G) are the elements ^ m,s where the w* are 

integers and m, ^ 0 for a finite subset of G (cf. Vol. I, ex, 2, p. 95). 
We consider if and only if w, = for all s. .Addi- 
tion in /(G) is by components: -f- = 2(w, -f > 2 ,)s. 

Multiplication is defined by f 23 m^s )(e«.0= i: 

\ nO / \ itG / •.ttO 

Since G is associative, /(G) is an associative ring. Let 27? be a 
right /(G)-module so that 97? is a commutative group under addi- 
tion and a product xa^ x c 97?, <7 c /(G), xa e 97? is defined so that 
+ y)a = xa -h yUy x{a + ^) — xa xb^ x(ab) = {xa)by a :1 = 

1 . 

Let C'‘(G, 97?) denote the set of mappings of the r-fold product 

G X G X ■ • ■ X G into 27?. The elements of C''(G, 97?) will be 

called r-cochains of G relative to the module 97?. These are the 
mappings (ji, ■ -ySr) -» /(Ji, / 2 , • Jr) e 97?, j, e G. We 
make a commutative group out of C''(G, 97?) by defining f g 
in the usual way by (/ + .ff)(Ji, J 2 , ■ ■ , Jr) = /(j|, ■ ■ ■ , Jr) -f- 

• • •> Jr). We shall now define a homomorphism dy the co- 
boundary operator of C'^(G, 97?) into C''^'{Gy 97?). We do this by 
defining i// for /in C = C'‘(G, 97?) by 

(<^/)(«^l> ^ 2 > • • • , Jr + l) = /(J2> ■ • •, Jr+l) 


(70) 


+ i:c-i)V(j., 



' > 1> J»Ji+i, 



It is clear that d{/ g) = dj + dgy so is a homomorphism of 
C’’ into C’’'*'*. Strictly speaking we should denote the d we de- 
fined by (70) by dr\ however, it is convenient to use the same nota- 
tion for all of these homomorphisms which are defined on C'y r ~ 
1>2, • • •. It is convenient to include also the group C® of 0- 
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cochains which we take to be the module fUl itself. Then if 
X e C° = SD?, i/jf is the element of C* such that (i/v)(j) = x — xs. 

The kernel of d (acting on C') is denoted as Z' and its elements 
are called r-cocycles of G relative to the module 3W. The image 
in C** ofC.'““^ under d is denoted as and its elements are called 
r~coboundaries . Both Z’’ and B^ are subgroups of and it can 
be shown that Z*" 3 This is equivalent to showing that (P = 
0 for the coboundary operator d. We shall leave the verification 
as an exercise (ex. 1 below). The factor group H^{G^ 3K) = 
Z^/B^ is called the r-th cohomology group of G relative to the module 
SW. Here we take r = 0, 1, 2, • • and we adopt the convention 
that 5® = 0, so //° = Z°, the group of 0-cocycles. The elements 
of this group are just the elements x* of 3)2 such that — x* = 0 
for all s zG. Evidently these are just the set of invariants of 2)2 
relative to G. 

We shall now show that the notions we have been considering 
in this section fit into this general picture. We take G to be the 
Galois group of the field P/4> where P/^ is finite dimensional 
Galois. For the module 9)2 we take either the multiplicative 
group P* of P or the additive group (P, -|-) of P. In the first 
case we make P* a module for /(G) by defining pa^ p e P*, ^ 

m,s to be the element U (p*)”'- Since G is a finite group 

or 

there is no difficulty in defining this product. It is trivial to 
check the module axioms and we leave this to the reader. A 1- 
cochain s p, = p{s) e P* is a cocycle if and only if (dp){s, t) ~ 
V«' = 1 (the 0 of P*). This is equivalent to Pai — 
which are Emmy Noether’s equations (61). If 7 e P*, then 7 is 
a 0-cochain and its coboundary is the 1-cochain /(s) — 7(7*)“^. 
Theorem 19 can now be re-interpreted as the statement that 
every 1-cocycIe of G relative to P* is a coboundary. In other 
words, Z^/B^ = 1, or the first cohomology group of G relative to 
P* is the identity. 

If (j, /) — ^ Pa.e is a 2-cochain, then the coboundary definition 
gives 

(^p)('^j ti u') = P(,uP*(,u *P«.(u(p«,('*) 

It follows that is a 2-cocycle if and only if = 

Sy ty u zG and these are just the conditions (66) defin- 
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ing a factor set. Thus the 2-cocycIes are just the factor sets. If 
^ is a 1-cochain, its coboundary is given by (£/y)(Sy /) = 

yt(yMt)~^ya‘. Hence 2-coboundaries are just the factor sets 
equivalent to 1. The general considerations imply that the set of 
factor sets form a group under multiplication: 

The factor sets equivalent to 1 form a subgroup and the second co- 
homology group H^(Gy P*) is the factor group of the first of these 
groups relative to the second. As we have seen, in general the co- 
homology group H^(Gy P*) is the set of G-invariants of P*. Thus 
this is the multiplicative group 4>* of the subfield 

An entirely analogous discussion can be made for the additive 
group (P, +) considered as an /(G)-module by means of the 
definition pa = m,p*. It is easily seen that Theorem 20 states 

that the first cohomology group of G relative to (P, +) is 0. It can be 
shown that if the characteristic of P is either 0 or not a divisor of 
the order n of G, then all the cohomology groups //'^(G P) = 0 
r > 1. This is an immediate consequence of ex. 2 below. 

EXERCISES 

1. Prove = 0. 

2. Let G be a finite group of order n and let 9)1 be a module for /(G) which is 
uniquely n-divisible in the sense that for any y e 9)1 there exists a unique x 

^written as such that nx = y. Prove that the groups H'(G, 2);) = 0 for 
r > 1, 

3. Let P/4> be a cyclic field extension, IP:4>J = w, r a divisor of «, y a non-zero 
element of 4> such that y* = Nv\M, p e P. Prove that y = A^ei^(» 7 ) where 
E/4* is the (unique) subfield of P/4> such that (P:E) =* r and »? e E. (Hint: Set 
n ^ mr and consider the element & = pp* • • • p*" Show that A^pieO?) “ y' 
and apply Hilbert’s Satz 90 to 

16 . Composites of fields. In this section we consider a prob- 
lem which can be formulated roughly in the following manner. 
Given two extension fields E and P over 4>, to determine the ways 
these can be put together to form another extension field of 4*. 
More precisely we seek to determine the composite fields of E and 
P over4> in the following precise sense. 

Definition 3. Let 'E, and V be two fields over Then a composite. 
field of E/4> and P/4> is a triple (P, /) where P is a field over 4> and 

s and t are isomorphisms of E/4> and P/4> respectively into r/4* such 
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that r is generated as a field by the images E' and The com- 
posites (r, Sy i) and (r', s\ /') of E/^ and P/4> are equivalent if there 
exists an isomorphism u of r/<J> onto T' such that su = s' and tu = 
t'. 

The problem is to determine the equivalence classes of com- 
posites. We shall consider this question now under the assump- 
tion that one of the fields, say P, is finite dimensional over In 
Chapter IV (§ 10) we shall investigate the problem for infinite 
dimensional extensions. 

Suppose (r, Sy t) is a field composite of E/4> and P/4> where 
[P:4>] = n < ^. We consider the subset 

E*P‘ = { E I e. e E, p.- e P • 

Clearly this is the subalgebra of r/<I> generated by the two sub- 
algebras E*;'^ and P*/*!*- Also it is immediate that, if (pi, p 2 , • • • > 
p„) is a basis for P/'I*, then E*P' = E'pi* + E*p2* -h ■ * * + E'pnS 
the set of EMinear combinations of the p,‘, 1 < i < n. Since T 
and hence E'P' is commutative, E*P‘ is an algebra over E* and 

< w < «. Since E*P‘ is contained in a field, it has no 
zero divisors; hence by VII of the Introduction, E*P' is a field. 
Since F is the subfield of F generated by E* and P*, we see that 
F = E^P'. This important relation leads us to look at the tensor 
product algebra E P whose elements we indicate in the 
original notation: 2e, ® p,. The basic property of the tensor 
product is that the mapping ® pi — > 2<,'p/ is a homomor- 
phism of E P onto F = E*P'. If 3 is the kernel of this homo- 
morphism, then F ^ (E 0* P)/3. Since F is a field, this implies 
that 3 is a maximal ideal: 3 is a proper subset of E ® P and there 
exists no ideal 3' such that E (S) P 3 3^ ^ 3- Conversely, if 3 
is a maximal ideal in E 0 P, then F = (E 0 P)/3 0 and this 

has no ideals 0, E ® P. Hence F is a field (Vol. I, p. 77). We 
can now state the following result. 

Theorem 21. Let E <I> arid P be fields such that fP:$] < 
and let ^ be a maximal ideal in E P. Let s be the mapping c — ^ 

€ ® 1 + 3 <?/ E into F = (E ® P)/3 ^^^d let t be the mapping 
p— » 1 ®p + 3o/P into F. Then (F, Sy t) is a field composite 
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of E/4> and P/'^. Distinct maximal ideals 3, 3' in E 0 F give 
rise in this way to inequivalent composites. Moreover^ every field 
composite of E/4> and P/‘l> is equivalent to one of the (P, j, /) given by 
a maximal ideal 3 in E 0 P. 

Proof, If 3 is a maximal ideal in E 0 P, then t ^ < 0 1 is a 
homomorphism into E 0 Psoj:«— »€ 0 l -|-3 is a homo- 
morphism into r = (E 0 P)/3. Since I — > 1 + 3 and E is a 
field, s is an isomorphism. Similarly t‘.p 1 0 p 3 is an iso- 
morphism of P/4» into r. Any element of P has the form Z«, 0 

Pi H- 3 and e, 0 p, + 3 = («. ® 1 + 3)(1 ® P. + 3) = e/p/; 

hence P is generated by E* and P'. Also P is a field since 3 is 
maximal. Hence (P, j, /) is a composite. Next let 3 and 3' be 
two maximal ideals, (P, j, /), (P, j', /') the associated composites 
and assume that there exists an isomorphism « of P «f> onto P' ^ 
such that s' ^ su, /' = tu. Let Ze. 0 p. c 3- Then the defini- 
tions of Sy t give the relation Z<,*p.' = 0 in P. .Applying u we ob- 
tain Z€,*'pi'' = 0 which means that Ze, 0 p, r 3 '. Thus we see 
that 3 Q 3'- Since 3 is maximal we have 3 = 3'- We have 
therefore proved that, if the composites (P, r, /), (P, /') are 

equivalent, then 3 = S'. Finally, let (P', j', t') be a composite of 
E/4» and P/4> constructed in any way. We have seen that the 
mapping Z*, 0 p, — » Ze.'p.* is a homomorphism of E 0 P onto 
P' whose kernel 3 is a maximal ideal in E 0 P. We have the in- 
duced isomorphism «: Z«, 0 p, + 3 — ► Zt.’p.'ofP = (E 0 P)/3 
onto P'. One checks that this is an equivalence of the composite 
(r, j, /) defined by 3 with (V'yS'yt'). This completes the proof. 

We have now established a bijection of the collection of equiva- 
lence classes of composites with the collection { 3 j of maximal 
ideals in the tensor product E 0^ P. Since E 04. P can be con- 
sidered as a finite dimensional algebra over E (Introduction), the 
following result implies that there are only a finite number of 
equivalence classes of composites of E/4> and P/4>. 

Theorem 22. y/ finite dimensional algebra with an identity ele- 
ment has only a finite number of distinct maximal ideals. If these 

h 

3i> 32, ■ • 3a and SR = PI 3 ,, then W = SI/3J ^ Pi @ p^ 0 
• • -ePA where P, = SI/3>. 
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Proof. The direct sum Ti ©Fa©- • ©Ta is just the set of h- 
tuples (71,72, 7a), 7. er„ where equality is defined by 

equality of components and addition and multiplication are also 
by components. Evidently the dimensionality of the direct sum 
is the sum of the dimensionalities of the Tj. Now let 3i, • • •, 3 a 
be any distinct maximal ideals and let 93 = Fi © Fa ©• • •© Fa, 
F; = 8f/3y. We define a homomorphism of SI into 93 by mapping 
a (<2 + 3i, ^2 + 32, ■ , + 3 a). The fact that this ma^ 

ping is a homomorphism is immediate. The kernel 9? of this 
homomorphism is the set of elements a such that <2 + 3j = 3/ 

A 

for every j. Hence 9? - fl 3 j- We shall now show that the 

1 

homomorphism is surjective. We show first that 3i + 323$ * * • 3 a 
= 21. Since the 3> are distinct maximal ideals, 21 = 3i + 32 
and 21 = 3i + Sa- Multiplication gives 21 = 21^ = 3i^ + 3 i 33 + 
323i + 3233 = 3i + 3233- Now suppose we already have 21 = 
3i + 32 • * • 3 a. Since 21 - 3i + 3 a+i a similar multiplication 
gives 21 = 3i + 3233 • ■ • 3 a+i. Hence we have 21 = 3i + 
82 ■ • ■ 3a and this implies that 21 = 3i + (82 fl • • • 0 3 a) since 
82 • ■ ■ 3a Q 82 n ■ ■ - n 3a- If a is any element of 21 , then our 
relation shows that a — b c where b e 3i, ^ e 82 H • • • 0 3a. 
Hence the image of c in our homomorphism is {c + 3i, ^ d" 82 , 
■ ■ • , r + 3a) = + 3 i, 82 , • • • , 8a), which shows that, if 71 is 

any element of Fi, then the element ( 71 , 0, • • • , 0) is in the image 
of the homomorphism. In a similar fashion, if 7 , is any element 
of r„ then (0, • • ■ 0, *>.,0, - • • 0) is in the image. Addition shows 
that any element ( 71 , 72 , • •,7a) is in the image so the homo- 
morphism is surjective. It is now clear that, if 3i, 82 , • • *, 3a 
are distinct maximal ideals, then the dimensionality [2Il4>] > 

A 

^ [Fj:^] where Fy = 2l/3j. Since every [Fy:4>l > 0, this of 

1 

course puts a bound on the number of 3y. Also we have seen 
that, if 81, 82, • • • , 3 a are distinct maximal ideals and 9? = H 3 a, 
then 2I''9J ^ Fi ©- ■ -©Fa. 

We shall now obtain more precise information on composites 
under the assumption that P = ‘^(^) is a simple algebraic exten- 
sion of <t>. Let /{x) be the minimal polynomial of B over Then 
(1, 0^, • • •, 0"“^) is a basis for P/4» and 9” = ao + + • • • + 
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, if /(x) — x’* ttn — i-’f" ^ — ■ ■■ — ao- Now considcf 
E 04 . P. The elements of this algebra can be written in one 

n — 1 

and only one way as X «. ® e E. We consider E 0 .^ P 

0 

as an algebra over E by defining ® ® B\ rj e E (cf. 

Introd.). Then it is clear that 1 0 0 is a generator of E 04 P 
over E and the minimum polynomial over E of this element is /(x). 
Thus we see that E 0 ^ P ^ EH (/(x)). The ideals of this alge- 
bra have the form (p(x)) / (/(x)) where pix) is a divisor of f(x) 
and such an ideal is maximal if and only if p(x) is irreducible. 
Then the difference algebra (EH'(/(^)) ((p(x) (/(x))) is iso- 
morphic to the field EIxJ/ (p(A-)). 

Suppose finally that P is a finite dimensional separable exten- 
sion of4>. Then we know that P = 4>(0) where the minimum poly- 
nomial /(x) of 6 is irreducible and separable. The derivative 
criterion shows that in EH we have the factorization /(x) = 
Pi(x)p 2 (x) • ■ ■ p/i(x) where pj(x) is irreducible of positive degree 
and pi{x) ^ pj(x) if i ^ J. Thus we see that we have h inequiva- 
lent field composites of P and E over 4>. These have the form 
/>) where r> ^ EH (pj(-v)). Also by ex. 1, § 2 of Introd., 

E 04 P ^ EH/C/H) ^ Pi era©- - •© r, and Y. [r.:El = 
(P:4>J. We state this result as 

Theorem 23. Let l^/4> be finite dimensional separable and let 
E/4> be an arbitrary extension field. 1/ 6 is a pri7nitive element of P 
and f{x) its minimum polynomial over then the field composites 
(P, -f, t) are in 1-1 correspondence with the irreducible factors p{x) 

E[jfJ. If (Py, jy, /j), J = 1, ■■■,/; are the inequivaleni 

h 

composites of P/«t and E 4>, then [P:4>1 = Y (P>*El. 

> — 1 


EXERCISES 


1. Show that, if P/4> is finite dimensional Galois, then there are n = (P:«f>| in- 
equivalent composites of P with itself and, if (P, /, /) is one of these, then P = 
j> ■ Use this to prove that P 0* P^ 1*“* @ I>(2i ©• ■ - 0 po' where 


2. l^t P be finite dimensional Galois over 4> and let E be 

f- Show that P 04 E ^ P<‘» © P<»» © • • ■ © P<") where 
|E:4>]. 


a subfield of P over 
P and m = 
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3. Let P, ‘f» be finite dimensional separable. Show that P/$ and E/# have 
only one (in the sense of equivalence) composite if either 1) E/^ is purely in- 
separable, or 2) E = K. • • • . ^n) the field of rational expressions in indeter- 

minates fi. 

4. Define a composite (P, Ji, Ja, ' • * , -^r) of r extension fields P,74>, 1 < < < r, as 

a field r 4* and isomorphisms Si of P. into P such that P is generated by the sub- 
fields P,*’. Call two such composites (P, Ji, of Pv 

equivalent if there exists an isomorphism « of P/4> into r'/4» such that r/ = 

1 < t < r. Assume every P,/ ‘t> is finite dimensional and prove that Theorem 21 
generalizes to composites (P, /i, • • • , if) and the tensor product Pi 0 Pa ® ® 


Pr. 

5. Let P '4> be finite dimensional Galois and let (ji, ia, • • • , ir) be an ordered 
r-tuple of automorphisms of P. 4>. Then (P, ii, Ja, * • * . ir) is an r-fold composite 
of P, Show that (ji, • • •, Jr), (ii', • • V) determine equivalent composites if 
and only if j,' = SiU is an automorphism of P Let ‘ -^r) ^1^® ideal 

in P ® P ® ■ 0 P (r factors) associated with (P, Ji, • • • , Jr). Use the fact 
that there are (P:4»l'’“‘ distinct ideals 3(Ji, Jr) and that 


(P0---0 P)/3(j,, •••,Jf)^ P 

to prove that the • • •. Jr) are the only maximal ideals in P^'^ = P® • ■ • ®P 

and that every r-fold composite of P 4' is equivalent to one of the composites 
(P, J>. J 2 , • • •, Sr). Note that 3(ji, • • •, Jr) is the kernel of the homomorphism 
of P^'" 4> into P 4» such that 


Pi 0 pj 0 • • • ® Pr — ► pi*^P3** • • • Pr*'. 




Chapter II 


GALOIS THEORY OF EQUATIONS 


In this chapter we shall consider the classical application of 
Galois theory: Galois’ criterion for solvability by radicals of a 
polynomial equation /{x) = 0. To say that an equation is solv- 
able by radicals means roughly that its roots can be obtained 
from the coefficients by rational operations and root extractions. 
A criterion for this was given by Galois after .Abel and Ruffini had 
proved that the general equation of the fifth degree is not solvable 
by radicals. Galois was led to the development of his theory in 
order to give the criterion for solvability by radicals. Besides the 
fundamental group-field correspondence which we gave in the last 
chapter and whose scope goes far beyond the theory of equations, 
some results of a more special nature are needed. These concern 
cyclotomic fields, that is, fields of the roots of 1, and “pure” ex- 
tensions P = 4>(0), = a in 4». The study of these fields is 

interesting also beyond the theory of equations and we shall under- 
take a detailed study of such fields in the next chapter. In the 
present one we confine ourselves to the minimum which is needed 
for the theory of equations. 

1. The Galois group of an equation. Let <I> be a field, f{x) a poly- 
nomial of positive degree in q>[x) having leading coefficient 1. Let 
P/'J‘ be a splitting field of /(x), so P = 4>(pi, ■ * p,„) and /(x) = 

— Pi)"(jf — P 2 )** • • • (x — Pm)*"* in P(Ar] where the p, are dis- 
tinct and the are positive integers. Since the p, are generators 
of P/«I>, any automorphism s of P/^t* is completely determined by 
its action on the finite set of roots R = {pj,p 2 , Also 

each Pi* is again a root of /(at), so p,* e R and the restriction S/ of s 
to is a permutation of this finite set. Thus we see that every s 

89 
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of the Galois group G of defines a permutation s/ of R, The 
mapping j- — > j/ is a homomorphism of G into the symmetric 
group S{R) of 1-1 mappings of R. Moreover, if j e G has the 
property that pi = p,-, 1 < i < then j = 1 in P = ^>(pi, • ■ 
p„). Consequently, j + j/ is an isomorphism of G with a sub- 
group Gf = (j/j of the symmetric group S{R). In view of this 
isomorphism we are led, in studying the equation /(at) = 0, to 
shift our attention from the group G to the permutation group 
G/. Accordingly, we give the following 

Definition 1. If ^ is a field and f{x) is a non-zero polynomial in 
4>[jv], then the Galois group of the equation f{x) = 0 over is the 
group Gf induced by the Galois group G of a splitting field P/^ in the 
set of roots of f{x) = 0 in P. 

Since any two splitting fields are isomorphic, Gf is essentially 
uniquely determined by ^ and f{x). 

It is convenient to identify the permutation p,- p/ of R with 
the permutation / — ► x' of j 1, 2, • • •, ;w). In this way we can 
consider Gf as a subgroup of the symmetric group Sm of per- 
mutations of {1,2, We shall do this from now on. 

Moreover, we assume in the sequel that/(x') has simple roots, that 
is, the ei = 1. This implies that P/»J> is Galois. Hence we have 
the fundamental correspondence between the collection of sub- 
groups of the Galois group G and the collection of subfields E/$ of 
P/«^. Combining this with the isomorphism of G onto Gf we ob- 
tain a 1-1 correspondence between the collection of subgroups of 
Gf with the collection of subfields E/<f». We shall refer to the sub- 
field E/<I> corresponding to a subgroup /// of Gf as the “field of in- 
variants of ///.’’ In reality, of course, E/«l» is the field of invariants 
of the subgroup H of G corresponding to Mf. In the other direc- 
tion, Hf is the Galois group of f{x) = 0 over the subfield E. 

We recall that the symmetric group contains the alternating 
group /Irn as an invariant subgroup of index 2. is the set of 
even permutations, that is, the set of permutations which can be 
written as products of an even number of transpositions (ij) (Vol. 
I, pp. 35-36). If Gf is the Galois group of the equation f(x) = 0 
over »i>, then Gf D is a subgroup of index 1 or 2 in Gf. We shall 
now give an identification of the corresponding subfield of P/4*, 
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assuming the characteristic is not two (see ex. 1 below for the 
characteristic 2 case). The result is the following 

Theorem 1. Le/ $ be a field of characteristic ^ 2 and f{x) a non- 
zero polynomial e without multiple roots. Let P/4> be a splitting 
field off{x)y Ply p2, • • •, Pm ifs rootSy G/ the Galois group of the equa- 
tion fix) = 0 considered as a permutation group of {1,2, • • •, m}. 
Then the subfield of invariants of Gf f) is ^(A), where 

(1) ^ - n (Pt- ” P/)* 

»•</ - 1 

Proof, We recall a standard characterization of the alternating 
group. For this one considers the ring • ' •>Jfm], Xy in- 

determinates. If i — » i'^ is a permutation of 1, 2, • • •, ;72, then we 
have the automorphism A{<r) of 4>(xi, • • •, over <I> such that 
= xf (Vol. I, p. 107, and Introd.). Let A” = H (jv, — xf). 

Then — xid)X where x(<t) = 1 or — 1 according as a is even 

or odd (cf. Vol. I, ex, 2, p. 1 10). Now let tt be the homomorphism 
of X 2 t • ■ ', A'm) over 4> into P/4> such that .v,' = p„ 1 < / < 
m. Let j be in the Galois group of P/4>, S/ the corresponding per- 
mutation of the p,. Then if we apply tt to the relation = 

xis/)X we obtain A* = x(’^/)A where A is given by (1). Since 
A ^ 0 we see that A* = A if and only if s/ t G/ 0 A„. Thus the 
Galois group of the equation fix) = 0 over 4>(A) is G/ D Am> 
Consequently, by the Galois correspondence, ^(A) is the set of 
invariants of G/ D A^^ 

We have seen that for any j e G, A* = =fc A; hence if 6 = A^, 
then 6* = 5 for all s and so 5 e ^». We have seen also that the 
statement of the theorem is equivalent to the assertion that the 
Galois group of the equation fix) = 0 over 4>(A) is A^ 0 G. 
This implies the 

Corollary. The Galois group of fix) = 0 over is a subgroup of 
the alternating group if and only if 6 is the square of an element of 4>. 

Proof. Clearly the condition G/ C A„y or G/ = G/ D A^ is 
that 4>(A) = 4>. If this holds, then A e 4> and 6 = A* is a square 
of an element of 4>. Conversely, if 5 = a®, a e «J», then 6 = A* 
gives A = zta e Hence 4‘(A) = 4>. 
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We recall that, if 0 is a separable algebraic element over ^ and 
— By d 2 y • ‘ 'yBrt are the distinct images of B under the isomor- 
phisms of <i>(0) into its normal closure, then 5 = H (^» “ BjY 

is a discriminant of the field (cf. § 1.14). If f{x) = 

(•^ “ Pi){x — P 2 ) ' • ' (x — Pm)y as before, then we shall call 5 = 

~ n (pi ~ Pj)^ the discriminant oj the polynomial J{x) or 0 / the 
»<> 

equation f{x) — 0. It follows from the main theorem on symmetric 
polynomials (Vol. I, p. 109) that 5 can be expressed as a poly- 
nomial with coefficients in the prime field in the coefficients of 

(2) f{x) ^x”* ~ -h aaJV — 2 -I- (-l)"*a„. 

We shall now indicate how this can be done. We begin with the 
Vandermonde formula: 



1 

1 

• » 

• 1 1 

1 


(3) 

Pi 

P2 

. . 

Pm 

= n (pi - 



• 

» • 

« » 



Pi"-' 

m —1 

P2 

» » 

• PrrT-' 

1 

Squaring we get 






m 

0-1 

0-2 

• • <Tm — 1 

(4) 

5 = 

<^i 

0'2 

<^2 

• • <Tm 

• • . 



— I 

^ m 

+l 

<T2m-2 

where a, = 

“ Pi' 4“ p2‘ 4- • • 

• + 

p„’. Since the power 


expressed as polynomials in the a with coefficients in the prime 
field, (4) will give the same kind of expression for 3.* 

We shall now carry this out for the cases m = 2, 3. 
m = 2. We have/(.v) — ~ axx -f- as = (a? — Pi)(^ — ps) so 


— Pi + Ps = ce\ 
(Pi + Ps)^ — -P 1 P 2 


and P 1 P 2 = as- Then erg = Pi^ + Ps^ = 
= aj^ — 2a2. The formula (4) gives 


(5) 5 = 2(72 — <Ti^ ~ ai^ — 4a2. 

• That this can be done follows from the fundamental theorem on symmetric poly- 
nomials (Vol. I, p. 109). Explicit recursion formulas, the so-called Ncwton*s identities 
can be used to express the <ri in terms of a, (Vol. I, ex. 4, p. UO)* 
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m = 3. Here /{x) = ~ aix'^ + a 2 JC- — = (x ~ p^)(x - 

P2)(x — P3) SO <ri = Pi + p2 + p 3 = Otl, P1P2 + P2P3 + P1P3 = a2» 
P 1 P 2 PZ ~ as* Then <T 2 = Pt^ + p2^ -h Pa^ = (Pi “f- P2 “h Pa)^ — 
2(piP2 + P1P3 + P2P3) = ai^ — 2ci2. To calculate ^3 and <x^ we 
use the relations pfc^ = a,pjt^ — aap* 4- aa, Pt'* = a,pi4 — a.piT + 
aspfc. Then 

<^3 = Pi® + P 2 ® + P 3 ® 

— ai(pi* + P2^ H" P 3 “) ■“ a2(pi + P2 + P3) + 3 a 3 
= ai(ai^ — 2a2) — oi2CXi + 3a3 

= a,® “ 3aia2 + 3a3 

= ai^a — orotTo 4- oc^<ti 

— ai(ai^ — 3a(|a2 + 303 ) — Q: 2 (ai^ — 20 : 2 ) 4“ asorj 
= ai^ — 4a|^o'2 4" 4aia3 4” 2a2^. 

Using (4) and these formulas we obtain 

(6) 6 = 3<r2<r4 -j- 2a'i(T2<r3 (T2^ — 3o’3* — <T\^a4 

= “4ai^a3 4“ ai^or 2 ® "H 18aia2a3 — 4a2® “ 27a3^. 

We obtain next a criterion on G/ as permutation group of 
{1,2, • • • , m} that /(x) be irreducible in 4>lx']. This is the following 

4 

Theorem 2. Let /{x) e 4>(Ar] have no multiple roots in its splitting 
field P. Then f{x) is irreducible in <l>[.vj ij and only if the Galois 
group Gf 0 / f(x) — 0 over 4> is a transitive permutation group. 


Proof. We recall that a transformation group of a set M is 
called transitive if given any pair f.v, y), Xyy r M there exists a <t 
in the group such that xf ^ y. Suppose first that f{x) is irreduci- 
ble in 4>[;fl and let Pi, p 2 be two of its roots in P. Since f{x) is ir- 
reducible and /(pi) = 0 = /(p 2 )> there exists an isomorphism of 
^(pi)/^ onto 4 >(p 2)/4> mapping pi on p 2 . This isomorphism can 
be extended to an automorphism s of P, 4>. Then szG and 
Pi* = P 2 . This implies that G/ is transitive. Conversely, suppose 
Gf is transitive. Let /i(.v) be an irreducible factor of f{x) of 
positive degree and let pi be one of its roots. Let P 2 be any root of 
J{x). Then there exists an j c G such that pi* = pg. Then 
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fiipi) - /i(pi*) = /i(pi)' = 0- This shows that every root of 
f{x) is a root of f\{x). Hence f{x) = f\{x) is irreducible. 

The two results which we have derived make it trivial to calcu- 
late the Galois groups of quadratic and cubic equations. Similar 
ideas can be applied to quartics. We shall look at the first two 
cases now and will indicate how quartics can be handled in the ex- 
ercises which follow. We assume that the characteristic of ^ is 
not 2 and that f{x) has distinct roots. \i /{x) is a quadratic: 
f{x) = x"^ — c(xx + <*2, then the group is the symmetric group $2 
or A 2 = 1 according as 5 = ax^ — 4a2 is not or is a square in 
Next let /{x) = — axx + a 2 X — a^. If /(x) — (x — p)g(x) in 

4>[a-], then the Galois group of /(x) = 0 is the same as that of the 
quadratic g(x). Hence we may assume /(x) irreducible in #•[;>?]. 
Since the only transitive subgroups of 6*3 are ^3 and the Galois 
group Gf is one of these. The corollary to Theorem 1 shows that 
G/ = A 2 if 5 = — 4ai^a3 H- + 18aia2a:3 — 4a2^ ~ 27a3^ is 

a square in <I>. Otherwise, G/ = S 3 . 


EXERCISES 

1. Assumed has characteristic 2 and/(*) e has distinct roots pi,p 2 > " ‘,pm 

in its splitting field P. Let ^ Pi*'*“’*P 2 *'"“* *•' P(n-»)’. Show that the 

subficld of invariants of G/ 0 Am is 4>(A')- 

2. Let '!> be a finite field, /(at) an irreducible polynomial of w-th degree with co- 
efficients in Show that G/ consists of the powers of an w-cycle which may be 
taken to be (123 •••«). 

In the remainder of the exercises we assume the characteristic of the base field 
# is ^ 2, /(x) = X* — aix^ + ajx* — otax + a* has distinct roots pi, ps, p3» P4 in 
the splitting field P/'i>, G the Galois group of P/4». 

3. Show that the subgroup P' (Klein’s Vierergruppe) = { 1, (12)(34), (13)(24), 
(14)(23)j is invariant in S^. 

4. Show that the subficld of invariants relative to G/D P' is 4>(ri, Tt, ti) where 

Ti = Pip2 4" P3p4, T2 = piPs + P2P4, Tj =* pipt + p2p3- 

5. Let ^(x) = (x — ri){x — r 2 )(x — rs) (the resolvent cubic of/(x)). Verify 
that 

(7) g(x) = X^ — 0iX‘ -\-02X - 03 

where 

= Ct2 


(8) 03 — axaa — 4a4 

03 = aior* + as* — 2a20f4 

and that ^(x) and /(x) have the same discriminant. 
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6 . Prove that the transitive subgroups of St are (i) St, (ii) (iii) A', (iv) C = 
{ 1, (1234), (13)(24), (1432)} and its conjugates, (v) D = A' U 1(12), (34), (1423), 
(1324)} a Sylow 2-group (subgroup of order 8 ) and its conjugates. 

7. Show that the Galois group G, of ^(;if) = 0 is isomorphic to G//(G/ PI A'), 
Assume /(x) is irreducible and verify that, if (I) G/ — St, then G, is of order 6, (ii) 
Gf = /it, Gf is of order 3, (iii) G/ = y, Gg = 1, (iv) G/ = C or one of the con- 
jugates (that is, any cyclic subgroup of order 4 of iS‘ 4 ), then G, is of order 2, (v) 
G/ = jD or one of its conjugates (any Sylow subgroup of order 8 in St), then Gg is 
of order 2. Note that these results identify G/ if we know Gg unless G/ is either as 
in (iv) or (v). 

8 . Prove that, if Gg is of order 2, then C/= D or G/= C according as Jix) is or 
is not irreducible in 4>('\/3) where 6 is the discriminant of/(x). 

9. Determine the Galois group of x* + 3jf* — 3* — 2 = 0 over the field of 
rational numbers. 

2. I^e equations. In this section we shall derive the special 
results which are needed for Galois’ criterion. We shall formulate 
these in the invariant fashion in terms of splitting fields rather 
than, as in the last section, of the groups of equations. The re- 
sults we need concern equations of the form .v" — a = 0 (or x’^ = 
a) which are called pure (or binomial) equations. Occasionally, 
we use the notation p = \Va or p = to indicate that p is a 
root of = a. We consider first the case a = 1. The roots of 
at" = 1 are called the w-th roots of 1 and a splitting field P of this 
equation is called a cyclotomic field of order n over ‘t>. The 
derivative (x" — 1)' = nx'*~^ is not relatively prime to x" — 1 if 
and only if the characteristic is p 0 and p \ n. Then we can write 
n = p'n", {n\p) = 1 and we have a-” — 1 = (at"' — I)"'. Hence 
the cyclotomic field of order n coincides with that ot order n\ 
We shall therefore assume from now on that p n in the char- 
acteristic p 0 case. 

Let P/4* be a cyclotomic field of order n over 4>. Because of 
our assumption on the characteristic, the set Z{n) ~ {^,} of w-th 
roots of 1 contains n elements. If m\n, then \ implies 

= 1; hence the cyclotomic field of order « .contains that of 
order m for every divisor m of n. We observe next that Z{n) is a 
subgroup of the multiplicative semigroup of P. This is clear since 
i"!" = 1 - {- 2 ” imply (r,r 2 )'’ = 1, (i-i"')" = 1. Since Z(«) is 
finite, this is a cyclic group (Lemma 1, § 1.13). Hence there 
exists a f c Z{n) such that Z(n) = { f' | * = 0, 1 , ■ • ■ , « — 1 } . 
Such a is called ^primitive n~th root of 1. Since P/4» is generated 
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by the f,-, we have P = so f is a primitive element of the field 
P/^. We shall now prove 

Theorem 3. IJ the characteristic of $ is not a divisor of n in- 
cluded) y then the Galois group G of the cyclotomic field P/$ of order 
n is isomorphic to a subgroup of the multiplicative group U{n) of 
units in I/{n)y I the ring of integers. 

Proof. As in § 1 let Gf denote the group of permutations of the 
set Z{n) of roots induced by G. Since the elements of Gf are 
restrictions of automorphisms, it is clear that they are automor- 
phisms of the multiplicative group of Z(n). Hence G/ (9) is 
isomorphic to a subgroup of the group of automorphisms of Z(n). 
Now Z(n) is a cyclic group of order n and it is well known that the 
group of automorphisms of such a group is isomorphic to U(n) 
(Vol. I, ex. 3, p. 47, and ex. 1, p. 82). Hence the Galois group G 
is isomorphic to a subgroup of C7(«). 

It is important to note that G is commutative since C/(«) is 
commutative. Moreover, we observe that, if / is a prime, then 
C/(l) is just the multiplicative group (of order / — 1) of the field 
1/(1) and this is a cyclic group. Hence G which is isomorphic to a 
subgroup of C/(l) is cyclic. We therefore have the 

Corollary. If the notation is as in Theorem J, then G is a com- 
mutative group and G is cyclic if n is a prime. 

Next we consider the Galois group of any pure equation x" = a 
under the assumption that the base field ^ contains n distinct 
w-th roots of 1. We have seen that this implies that the charac- 
teristic is not a divisor of n. Then a;” — a is prime to its deriva- 
tive nx^~^ if a 0 (the case a = 0 is trivial) and so x" — a has n 
distinct roots. We have the following 

Theorem 4. If ^ contains n distinct n-th roots of 1 then the 
Galois group of the equation a:” — a over ^ is cyclic of order a divisor 
of n. 

Proof. Let P/4> be a splitting field over ^ of a:" — a, G its 
Galois group. We have to show that G is cyclic. If a = 0, we 
have P = G = 1. Hence we assume a 0. Let p be one of 
the roots of Af" — or in P. If Z(n) = {fi = 1, r 2 > • • Tn) is the 
set of w-th roots of 1 contained in 4», then we know that Z(n) is a 
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cyclic group under multiplication and, since p 5^^ 0, it is clear that 
{pfij * * •> pfn) is the set of roots of at" — a. Evidently P = 
#(p); so an automorphism j e G is completely determined by its 
effect on p. We have p* = r»(*)P where is one of the f 's e Z(n) 
and is uniquely determined by j. If / e G and p' = tidyPy then 

p*‘ = ri(<)p‘ = rt(<)i'i(op- 

This shows that the mapping s — » f,(,) is a homomorphism of G 
into 2(«). If f,(,) = 1, we have p* = p so j = 1. Hence s —*■ 
f,(j) is an isomorphism. Thus G is isomorphic to a subgroup of 
the cyclic group Z(r7) and the result is clear. 

We shall need one more special result for the proof of Galois' 
criterion. This is the following converse of Theorem 4. 

Theorem 5. Assume has n distinct n-th roots of 1 and let ?/<!> 
be a cyclic n dimensional extension field. Then P = 4>(^) where 
f" = a e 

Proof. The hypothesis on P is that P/4> is Galois with Galois 
group G which is cyclic of order n. Since P is separable over 4» it 
has a primitive element so P = Let s be a generator of G 

and let ^ be the “Lagrange resolvent”: 

(9) f = 0 + n"* + 

where f is a primitive w-th root of 1. Then 

{• = r -p -I h 

= r(« 4- + ■ • • + 

Then so { has n distinct conjugates and hence its mini- 

mum polynomial is of degree n. Consequently P = 4>(5). Set 
^ = a. Then (r*)* = (ft)" = t" implies that a* = a so a e 4> and 
the proof is complete. 


EXERCISES 

1. Let p be a prime not equal to the characteristic of the field 4>. Show that, if 
B then x*" — a is irreducible in 4>IxJ or it has a root in this field. 

2. Let ♦ be the field of rational numbers, p a prime, and let — a be ir- 
reducible in ♦(xj. Show that the Galois group of the equation x** = a over ^ is 
isomorphic to the group of transformations in !/(j>) which have the form y — ► 

yy d,y 9^ 0 . 
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3. Let ^ be a field of characteristic p 5^ 0. Show that at** — at — a is ir- 

reducible in $(*■) unless a = /S** — /3, /3 in Show also that, if x** — x — a is 
irreducible, then the group of the equation at*’ = x -{- a is cyclic of order p. 
(Hint: Show that, if p is a root of — x — a = 0, then p, p + 1, p + 2, • • •, 
P + ~ l)are roots. Hence show that the Galois group of the equation is iso- 

morphic to a subgroup of the additive group of //(p).) 

4. Let ^ be of characteristic p 5 ^ 0, P/<& cyclic and p dimensional. Show that 
P can be generated over 4> by an element { such that f** — f = a e 4>. 

3. Galois* criterion for solvability by radicals. It is essential 
first to have a precise formulation of the statement that an equa- 
tion /(x) = 0 is solvable by radicals over a field We give this in 
the following 

Definition 2. Let ^ be a field and let f{x) e *I»[x] be of positive de- 
gree. Then the equation /(x) = 0 is said to be solvable by radicals 
over ^ if the splitting field P/4> can be imbedded in a field 2 which 
possesses a tower of subfields: 

(10) 4> = 4*1 C «J>2 C 4>3 C ■ . . C ^r+i = S 

where each 4>,+i = 4>,(^,) and = a,- e 4**. A chain of fields such 
as (2) is called a root tower for'Z/^. 

For the sake of simplicity we restrict our attention to fields of 
characteristic 0. This will avoid the complications of insepara- 
. some difficulties with roots of 1 in the characteristic 
p 7*^ 0 case. Our objective is to establish the following criterion 
of Galois: 

An equation /(x) = 0 is solvable by radicals over a field 4> of 
characteristic 0 if and only if its Galois group is solvable. 

We recall that a group G is defined to be solvable if it has a 
chain of subgroups G - Gi 3 CJj 2 G 3 Q * ■ • ^ <^r+i = 1 such 
that each G,+i is invariant in G, and G,7Gv.j.i is commutative. 
Every subgroup and homomorphic image of a solvable group is 
solvable. Moreover, if G contains an invariant subgroup H 
such that H and G/H are solvable, then G is solvable. A finite 
group G is solvable if and only if it has a composition series G = 
Gi 3 G 2 ^ • • • 3 G,+i = 1 whose composition factors G,/G,+i 
are cyclic of prime order. We recall also that the alternating 
group Any n > 5, is simple and this implies that the symmetric 
group on « letters is not solvable if w > 5. A proof of the 
statement about An is given in Vol. I, p, 139. All of the other 
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results which we have stated are easy consequences of the theory 
of normal series and most of these have been given as exercises in 
Vol. I, pp. 139, 143. At any rate we shall assume all of these 
results. 

In order to prove the necessity of Galois’ criterion we shall need 
the following 

Lemma. IJ 2 has a root tower over of characteristic 0, then 
2 has an extension field 0 which is finite dimensional Galois over 4> 
and also has a root tower over 4>. 

Proof. We are given <^ = 4>i C $2 ^ * * * £ = 2 where 

I,"* = di c We shall show that there exists a 
field A,- 3 2 which also contains a subfield such that 1) Q,- 3 4>,-, 
2) is Galois over 3) Q, has a root tower over 4>: 


A, 



4 >. 

4 > 


Now for / = 1 we take Ai = 2, fii = 4>i and we suppose we are 
given A< and for a certain i. Let G, be the Galois group of n,- 
over and let a,'*, • • •, «,**< be the conjugates of the element a, 

under the automorphisms Jy e G,. Set gi{x) = n (■*’"' ” «**<)• 

y— 1 

Then gdx) e <t[;cl. Let A.+j be a splitting field over A, of gi{x) and 

• be the roots of gi{x) in A,^.i. Note that one of 
these is the U such that since ^,(^,) = 0 and 

A*+i 2 Af 3 2. Set 12 , +1 = 12,($„ f/, • ■ •). Since 12, /4> is a 

splitting field of a polynomial /i{x) e 12,+i/4> is a splitting 

field of /i{x)gi{x) and (since the characteristic is 0) 12, +1 is Galois 
over Since 12 , 4 .x 3 12 * and {,■ e 12 „ 12 ; 4 .i 3 ^, 4.1 = Let 

be any one of the elements ti'y • • • ; then = 0 

gi{x) = n(A’’“ — a /0 show that Is one of the «<•». 
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Hence 12 , +i = 12 , • ■ •) has a root tower over This 
shows that A.+i and 12, +1 satisfies the conditions 1), 2 ), 3). We 
now take 12 = 12 r+i and this satisfies the conditions stated in the 
lemma. 

Remark. Note that the integers w,- for the root tower for 12 /$ 
are the same as those for the given tower for 2 /$. 

We can now prove the necessity of Galois’ condition. Thus let 
/{x) = 0 be solvable by radicals over $ (of characteristic 0) so the 
splitting field P/$ of /{x) can be imbedded in a field S which has a 
root tower over $, By the lemma we may assume that S/$ is 
Galois. Let ti be the least common multiple of the exponents «,• 
occurring in a root tower for 2 and let A be a splitting field over 2 
of x" — 1 so A = 2(f) where f is a primitive w-th root of 1 and A 
is Galois over $ and has a root tower over $. Moreover, it is 
clear that we can obtain a root tower for A which has the form: 

(11) $ = $1 e $2 = ^i(t) Q ^3 

= *^2(^1) Q * C $r+](^r) = A 

where c $,+i. If H is the Galois group of A over $, then the 
chain of subfields ( 11 ) gives rise to a decreasing chain of sub- 
groups 

( 12 ) H = Hi ^ fh ^ 3 Hr+2 = 1 

where //,• is the Galois group of A over By Theorem 3, $2 is 
Galois over $1 with commutative Galois group and since $2 con- 
tains the necessary roots of 1 , $,^.j is cyclic over $,• if i > 2. This 
implies that is an invariant subgroup of Mj for J > 1. The 
factor group H\, is isomorphic to the Galois group of $3 over 
$i and so is commutative while the factor group H^/Hi^iy 
i > 2, is isomorphic to the Galois group of $,+1 over $, and so is 
cyclic. Thus the sequence of groups (12) shows that H is solvable. 
Now we have A 3 P 3 $ where P/$ is the splitting field of f{x). 
Hence if K is the subgroup corresponding to P, then K is invariant 
in H and H/ K ^ G, the Galois group of P/$. Since^is solvable, 
this shows that G is solvable; hence the Galois group G/ of the 
equation f{x) = 0 is a solvable group. 

In order to prove the sufficiency of Galois’ condition we require 
the following result which is of independent interest. 
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6. Let P/4> be finite dimensional Galois ovfr 4» and let 
P' be an extension field of P such that P' is generated by P and a 
second subfield Then is finite dimensional Galois 

and its Galois group G' is isomorphic to a subgroup of the Galois 
group G of P/0. 



Proof. We know that P = 0(^i, • • •, where the are the 
roots of a separable polynomial f{x) e 0[jrJ. Since P' is generated 
by 0' 3 0 and P, we have P' = 0'($,, • ■ Hence P' is a 

splitting field over 0' oif{x'). Since separability is invariant under 
extension of the base field, /(;c) is separable over 0" and conse- 
quently P' is Galois over 0'. Let s' belong to the Galois group G' 
of PV0". Then s' is the identity mapping in 0 c 0 ' and s' maps 
the set R = {fj, ^n| into itself. Hence s' maps P = 0(f?) 

into itself and so the restriction of s' to P is an element s of the 
Galois group of P over 0. The mapping s' ^ j is a homomor- 
phism of G' into G. Since j *= 1 implies that I < / < n, 

and this implies that j' = 1, we see that j' — ► j is an isomorphism, 
so G is isomorphic to a subgroup of G. 

We can now give the proof of the sufficiency of Galois* condi- 
tion. We assume that fix) ~ 0 has a solvable Galois group Gj\ 
hence the Galois group G of the splitting field P/0 of fix) is 
solvable. We are assuming also that 0 is of characteristic 0. Let 
(G:l) and let P' = ?({•) where f is a primitive n-th root of 1. 
Then P' is generated by P and the subfield 0" — 0(J'). Hence, by 
Theorem 6, P' is Galois over 0' and its Galois group G' over 0^^ is 
isomorphic to a subgroup of G. Hence G' is solvable and has a 
composition series G' = G\ 3 Gf 3 ■ ■ • 3 G,^x = 1 whose com- 
position factors G,VG,-+/ are cyclic of prime order. Evidently 

these orders are divisors of « = (G:l). Let 0' = 0/ C 02^ c: 

^ ^*+1^ ~ be the chain of subfields corresponding to the com- 
position series for G'. Since G,+i' is invariant in G/ and G//G,+i' 
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is cyclic, is Galois over with cyclic Galois group whose 

order «.• is a divisor of w. Now contains a primitive »,-th root 
of 1 since *!>/ 3 $' = #(f). Hence, by Theorem 5, ^i+i — 
where = or,- e 4>i. Thus C # 2 ^ C • • • c: #,+i' = 
is a root tower for P' over Since = ^(f), = 1, ^ C -I*!' c 

$ 2 ' C ■ • • c: = P' is a root tower for P' over Since 

P' 2 P, this shows that /{x) = 0 is solvable by radicals over 

EXERCISES 

1. Let P/$ be a splitting field over of characteristic 0 for x** — 1, p a prime. 

Prove that P/$ can be imbedded in a field S/^ which has a root tower (10) for 
which the »% are primes and = »<• Call such a root tower normalized. 

(Hint; Use induction on p and ex. 1 of § 2.) 

2. Obtain normalized root tower fields over the cyclotomic fields of Sth and 7th 
roots of 1 over the field f?o of rational numbers. 

3. Prove that, if J{x) — 0 has a solvable Galois group over a field of charac- 
teristic 0, then its splitting field can be imbedded in an extension which has a 
normalized root tower. 

4. Let 4* be of characteristic ^ 0. Call an equation fix) = 0, fix) e 

solvable by equations jf** — x = a if its splitting field P/^ can be imbedded in a 
field S which has a tower of fields <^1 = ^ C C • • • C ^r+i = S where 
^‘.•+1 = ^.(^i), It** “ = aiC^i. Show that, if /(x) has distinct roots, then 

/(x) =s 0 is solvable by equations x^ — x = a if and only if its Galois group is of 
order p*. (Hint: Use ex. 3, 4 of § 2 and the fact that a finite group of prime 
power order is solvable.) 

4. T he gene ral equation of n-th degree. The formula x = 

(a ±Va^ - Ab)/2 for ti-e solutions of the quadratic equation 
x^ — ax b = 0 (characteristic ^ 2) is valid if a, b are con- 
sidered as indeterminates. When this is done one has a “general 
quadratic equation.” Particular quadratic equations are obtained 
by specializing the coefficients. The corresponding specialization 
for the solutions gives the solutions of the particular equations. 
Similar solutions for general cubic and quartic equations by radi- 
cals are known (ex. 3, 4 below). We shall now consider the ques- 
tion of solvability by radicals of the general equation of «-th de- 
gree for any n. 

Let ^ ht a. field and let 2 = 4>(/i,/2, • --jO be the field of 
rational expressions in indeterminates over 4>. Then the equa- 
tion 


(13) /{x) = x^ - 4- h ( — 1)% = 0 
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is called the general equation of the n-th degree over We wish to 
determine the Galois group G/ over 2 of this equation. Let P = 
^(xiyX 2 y be a splitting field over 2 of /(x) such that 

f(x) = {x — — x-g) • • • (>:■ — Jfn) in P[x]. Then 


(14) 

hence 


ti 2^f ij ^2 ~ X iXjf ‘ ‘ ’ f tn ““ •^1*^2 X 

• <> 


n > 


(1 T 2 (^1, X2j ''' 3 Xn^ 4’(/i,/2, ' ' ' 3 ^nl Xiy ''' 3 X^^ 

= ^(Xu X2, ■ • - , Xn). 

In order to determine G/ we consider first a simpler problem. 
We introduce new indeterminates ^ 2 > • • •> over ^ and the 
field P = 4>(^i, ^ 2 > • fn) of rational expressions in the f,. Con- 
sider the polynomial 

(16) J{x) = (x — ^i)(x — ^ 2 ) (x — ^n) 

in PM. We have 

(17) J{x) = x” — T,x"“* + Tax’*'^ 1- ( — l)^^ 

where 

(18) Ti = 2€,-, ’'2=5^ Tn = ^l^2 • • ■ €n- 

»o 

We now consider the subfield 2 = 4>(ri, t 2 , • • •, r„) of P/4» and 
we note that the relation P_— 2(ti, ^ 2 , • • •,fn) and (16) show 
that P is a splitting field over 2 of /(x). W^e assert that the Galois 
group Gj of the equation /(x) = 0 over 2 is the symmetric group. 
Thus we have to show that, if —> is any permutation of the 
(i, then there exists an e Gj such that Now we know 

that we have an automorphism s of the polynomial algebra 
^23 ' * *> $n] over <t> such that {,* = 1 < i < n. We know 

also that J has an extension to an automorphism s of the field 
1* = ^ 2 > • • •, over 4». Finally J can be extended to an 

automorphism J of P(xJ so that x* = x. Then we have f*(x) = 
(■^ “ ti')(jf — ^ 2 ') ■ • • (-V — ^^') = 7(x) which, by (17), implies 
T< = r<, 1 < / < n. (This can be seen also by using the expres- 
sion (18) for the r,.) Now r,* = r,- implies that the elements of 
2 — 4 >(ti, tj, • • •, Tn) are fixed under J. Hence J is in the Galois 
group of P/2 and the induced mapping satisfies 
1 < f < w, as required. 
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We shall now carry over the result we have just obtained on the 
pair of fields P, S to the pair P, ^by establishing an isomorphism 
of P onto P which maps Z onto Z. We consider first the algebra 
homomorphism over 4> of 

^[/l, hy ■ • ^n] ^[ti, T2, ■ * *, T„] 

such that = r„ 1 < i < n. The existence of tj is clear since 
the /, are indeterminates. We assert that rj is an isomorphism. To 
see this we note that we have the homomorphism f over ^ of 

^2, • • • , l«] 7^ Mxu X2, • ■ • , ^fnl 

so that 1/ = Xi, Again this is clear since the f,- are indeterminates. 
Note also that $[$i, $ 2 , • • •, 3 ^[ti, T 2 , • • •, ^nl so is de- 

fined. Now the formulas (18) and (14) show that t/ = 
Hence = t/ = /, and consequently = g for every g in 

This implies that our first mapping ri is an iso- 
morphism since g'' = 0 gives ^ = 0 for ^ in ^[/x, • • •, /„]. 

W'e are now in a position to extend ij to an isomorphism rj of 
Z = 4>(/i, hi • • •> A») onto Z = <I»(ri, T 2 , • • •, r„) and this extends 
to an isomorphism r) of ZM onto ZM so that x’’ = .v. Then 

/{xY = {x^ - H )-» = x" - 4 = Jix). 

On the other hand, P is a splitting field over Z of /(x) and P is a 
splitting field over Z of /(x). Hence the general uniqueness 
theorem for splitting fields (Th. 1.7) provides an isomorphism r} of 
P onto P which coincides with the given ij on Z. It is immediate 
from the existence of such an isomorphism that the Galois group 
G of P/Z is isomorphic to the Galois group G of P/2. In fact, it is 
clear that the mapping s rf~'sr) is an isomorphism of G onto G. 
The fact that G; = now implies that the Galois group G/ of 
/{x) = 0 over Z is S^. It is clear also that the roots of /{x) are 
distinct and Theorem 2 shows that /{x) is irreducible in ZM. The 
results we have obtained can be stated as 

Theorem 7. The general equation of the n-th degree (13) is ir- 
reducible in Z = ^(/i, / 2 > •••>^n) and has distinct roots. The 
Galois group of f{x') = 0 is the symmetric group •S’n. 

Since is not solvable if w > 4 this implies the 

Theorem of Abel-Ruffini. The general equation of the n-th degree 
is not solvable by radicals if n > A {characteristic 0). 
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EXERCISES 

1. Use the fact that every finite group is isomorphic to a subgroup of to con- 
struct a field P whose Galois group over a suitable field <f> is isomorphic to a given 
finite group G. (The construction of P for a given 4* and G is an open problem. 
In fact, for 4> the field of rational numbers this is a classical problem which is still 
unsolved.) 

2. Use the Galois theory to prove that, if r(xi, xj, • • • , x„) e xj, • • • , Xn) 

the field of rational expressions in indeterminates x,- over the field and r is 
symmetric in the sense that r(xi', Xf, • • ^x^*) = r(xj, xj, • • -.Xn) for every per- 
mutation Xi — ► Xj* of the x’s, then r is a rational expression with coefficients in 4> 
in the elementary symmetric polynomials /i = 2x„ /j = S x^.x,, = 

• • • Xn. (Compare the fundamental theorem on symmetric polynomials, 
Vol. I, p. 109.) 

3. Assume the characteristic of 4> is not two or three and consider the general 

cubic x’ — /ix* + /ax — = (x ^ Jfi)(x “ X 2 )(x — xj). Here the /,• are in- 

determinates and the x,- arc in a splitting field P over 2 = ^(/i, /a, /a). Nothing is 
lost in replacing x.- by yi = x,- — ^(xi + xa + x,) = xi — Then the 

given equation is replaced by y^ + py + <f =0 whose roots are^i,^a ,>3 where 
.yi + = 0 . Then the formula ( 6 ) for the discriminant gives 6 = — — 

27g^. The group of P over 2(\/6) is the alternating group //a which Is cyclic of 
order 3. Let f be a primitive cube root of 1 (e.g., T — "f ~3) and set 
zi = + !:~-y» ^ yi + rv'j + ^ = yi + {"“lya + = y, + 

ty» H- f^ya, Za = yi_i~ y^ + ys — 0. Verify that 2 i® = ~ 1^ — 3 \/S 

if f = — J + iV” — 3 and Za® = — ■V’? + 2\/~3 y/S, SjZa = —3/'. Hence 


zi = </ -^q - iV-35 
2a = iV-35 


where the determination of y/ — 36 is the same in both formulas and that of 
is such that ZjZa = — 3p. Solve the equations Zi = yi + + fya, za = 

y\ + f>t + Za = yi + ya + ya for yi, ya, ya to obtain Cardan’s solution of 
the equation y’ + py “h ^ = 0. 

4 . Assume the characteristic is not two or three and consider the general 

quartic x‘ — /,x* + /ax* — /jx + /i = (x — xi)(x — X2)(x — X3)(x — x^). Re- 
placing X,- by yi = x< — j-Zi gives an equation /(y) s py'^ ^ _ 0 

whose roots arc yi, ya, yj, y^. Show that the resolvent cubic of /(y) = 0 is 
g{z) e= 2* — 2p2* + (p’ — 4 r)z -f as 0 (cf. the exercises in § 1 ). Show that the 
Galois group of P *= <I>(xi, xa, xa, x<) « 4 >(yi, ya. ya, yd over <I>(2|, 2a, 23), Zi the 
roots of ^(2) = 0 is the Vierergruppe. Obtain formulas for yi,ya, ya, y4 in terms 
of Z|, 2a, Zj and square roots of elements of 4 >(zi, Za, 23). 

5. Consider a splitting field P over 2 = 4>(/j, • • •,/„), /; indeterminates, of the 
general equation (13) and let xi, xa, • • • , Xn be the roots. Assume 4> contains « 
distinct elements Cu ct> ■ ■ Cn. Prove that 6 = fixi c 2 Xt + • • • + f„x„ is a 
primitive dement of P/2. 


5. Equations with rational coefficients and symmetric group as 
Galois group. The theorem of Abel-Ruffini shows that equations 
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of degree >5 with indeterminate coefficients are not solvable by 
radicals. On the other hand, it is clear that for certain fields 
e.g., the field of real numbers or the field of complex numbers, 
every equation with coefficients in is solvable by radicals. We 
shall now show that there exist equations with rational coeffi- 
cients which are not solvable by radicals. We shall do this by 
showing that there exist rational equations of any prime degree p 
with Galois group the symmetric group Sp, We prove first the 
following result on permutation groups. 

Lemma. If G is a permutation group on p elements where p is a 
prime and G contains an element of order p and a transposition^ then 

G = 

Proof. We recall that any permutation can be written as a 

product of disjoint cycles (Vol. I, p. 35). Moreover, the order of a 

cycle is the number of letters it contains. This implies that, if 

a zG has order p, then v is a cycle containing all the letters 1, 

2, ■ • • , p. By re-ordering the elements 1,2, ■ • ■ suitably, we may 

assume that G contains the transposition (12). Since a suitable 

power of the p-cycle <r has the form (12 ■ • • ) further re-ordering 

of the elements 12, • • • , p, if necessary, permits us to assume that 

G contains (12) and o = (123 ■ ■ • p). We recall that, if r is any 

element of Sp (or ^yn), then r~*(//)r = iff') where are the 

images of i^j respectively under t. This shows that o-“*(12)<r = 

(23), o- ^(12)o-^ = (34), ■ • (p — 1, p) and (pi) are contained in 
G. Since 

(13) = (12)(23)(12) 

(14) - (13)(34)(13) 


(Ip) = (ip _ i)(p _ 1 ^ _ 1) 

all of these elements are contained in G. Since (y) = (l/)(iy)(l/) 
*f Ij lyj 3^re different, this shows that every transposition is con- 
tained in G. Since every element oi Sp is a product of transposi- 
tions, we have G = Sp. 

We shall now prove the following 
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Theorem 8. Let fi^x) be a polynomial of prime degree with ra- 
tional coefficients which is irreducible in the rational field. Suppose 
f{x) = 0 has exactly two non-real roots in the field C of complex 
numbers. Then the group G/ of f{x) = 0 over the rationals is the 
symmetric group. 

Proof. The fundamental theorem of algebra asserts that 
fifi) — (-v — Pi)(Ar — Pa) • • ' (■*■ — Pp) io C[Ar]. Then the subfield 
P = /?o(pi> P 2 > • Pp)> ^0 the rationals, of C is a splitting field of 

fix') over Rq. Since P 3 f?o(pi) and [f?o(pi):^o] = deg/C^:) = p, 
[P:f?o] is divisible by p. Hence /> is a divisor of (G:l), G the 
Galois group of P over /? 0 ' It follows from Sylow’s theorem that G 

contains an element of order p. Now consider the automorphism 

a — ot — 1 — ► a — — 1 — dy ay (3 real, of C over the 

field of real numbers. This maps f{x) into itself since the co- 
efficients of f(x) are real. Hence it maps the set {pi, P 2 > * * • > Pp} of 
the roots of f(x) belonging to C into itself. Let pi, pa be the non- 
real roots of fix). Then a a interchanges p| and pa and leaves 
fixed all the p<, i > 2. Thus the restriction of the automorphism 
a a o{ C to the set of roots is an element of G/ which is a 
transposition. Hence G/ contains an element of order p and a 
transposition and G/ = by the lemma. 

We shall now indicate how one can construct polynomials 
satisfying the conditions of the theorem.* Let be a positive 
integer, < Wa < ■ • • < nr -2 be r — 2 even integers where r 
is odd and >3. Consider the polynomial 

(20) gix) = ix^ -b m)ix — ni)ix — nf) • - • (x — n^-f). 

The real roots of gix) are Wi, « 2 > • • •> Wr — 2 and the graph of _y = 
gix) has the form: 



^ The co&strucdoo we give is due to R* Brauer. 
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This has (r — 3)/2 relative maxima and, since | j'(^) | > 2 for any 
odd integer k, it is clear that the values of these relative maxima 
are >2. This implies that f{x) ~ g{x) — 2 has (r — 3)/2 posi- 
tive relative maxima between n\ and Wr_ 2 . It follows that./(x) 
has r — 3 real roots in the interval (wi,«r- 2 )* Since /(«r— 2 ) = 
—2 and /(«) = there is also a real root >Wr- 2 - This gives 
r — 2 real roots for f{x). Let ai, o: 2 > • • • , ar be the complex roots 
of f{x). Then f{x) = n(;f — ct^ = {x^ + m){x — Wi) • • • (^ — 
rir-^ ~ 2, and equating coefficients of x'~' and x'~^f we obtain 

r r — 2 

(21) 2 Z) 

1 I i<} k<l 

Hence 

(22) = (Sa,)2 - 2 E 

i<} 

= _ 2 m, 

If we choose m sufficiently large, (22) shows that 2a, “ < 0 and 
this implies that not every a,- is real. If aj is a non-real root, then 
oil 9 ^ QTi is another such root so we have at least tw'o non-real roots. 
Since in any case we have r — 2 real roots, we see that /(x) has 
exactly r — 2 real roots. We now write /{x) = x’’ aix'‘~^ 

+ • • • 4- i/f. Clearly the «,■ are even integers. Moreover, since 
the constant term of^(Ar) is divisible by 4, that of /(x) = g{x) — 2 
is not divisible by 4. It follows by Eisenstein’s criterion applied 
to the prime q — 2 that f{x) is frrfeducible in the rational field. 
We therefore see that we can satisfy the conditions of the theorem 
for every prime /> = r > 5. It is easy to see that this holds also 
for p = 2, 3. Hence the conditions hold for every prime, so we see 
that there exist rational equations of every prime degree p with 
Galois group the symmetric group Sj,. 

EXERCISES 

1. Let/(x) r 4>[x| have distinct roots pi, pj, • • •, p„ in a splitting field P/^ and 
let G/<^Sn be the Galois group of the equation /. Let be in- 

determinates and set 

= n (•»•• — (pvyi -f- piiyz 4* • • • + Pn‘yn)) 

r( (x — (pi vii + p2yz* H h Pft^nO)- 
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Show that FW Let F(x) = Fi(x)F 2 (x) ••• Fr(x) be the 

factorization of F(x) into irreducible factors with leading coefficient I in 
• • Show that, if X — ^ is a factor of Fi(x), then 

i 

= n — II Pi**) 

•tOf t 

Hence show that deg F,(x) = (G/:l). 

2. Same notations as 1. Assume, moreover, that «f> — /?o the field of rational 
numbers and that/(x) has integer coefficients and leading coefficient 1. Assume 
/) is a prime such that the polynomial /(•*■) obtained by replacing thejroefficients 
of/(x) by their residues modulo_/) has distinct roots in a splitting field V, Ip. Show 
that F(x) = n (x — piyi*) in PIx,>,, ■ ■ - where pi.p 2 , ■ • - .pn are the roots 

ofjix) in P. Use this and ex. 1 to prove that, if thep; are suitably ordered, then 
G7 is a subgroup of G/. 

3. Show that any transitive subgroup of which contains an (n — l)-cycle 
and a transposition coincides with ^n- 

4. Show that the equation 

x“ + 22x“ - 9x* -1- 12x> - 37x* - 29x - 15 
over Rc has the group St. (Hint: Apply ex. 2 using the primes p = 2, 3, 5.) 


Chapter III 


ABELIAN EXTENSIONS 


In this chapter wc shall investigate several types of abelian ex- 
tension fields. First, we shall consider cyclotomic fields over the 
field of rational numbers and we shall determine their dimen- 
sionalities and Galois groups. Next we shall consider Kummer 
extensions, which are obtained by adjoining the roots of a finite 
number of pure equations at” = a to a field containing m distinct 
w-th roots of 1. Finally, we shall study the so-called abelian p- 
extensions, which are defined to be abelian extensions of p^ 
dimensions of a field of characteristic p ^ 0. The theory of 
characters of finite commutative groups is a basic tool for the in- 
vestigation of Kummer extensions and abelian p-extensions. Be- 
sides this, our study of abelian p-extensions will be based on a cer- 
tain type of ring, a ring of Witt vectors which can be constructed 
from any commutative algebra SI over a field of characteristic 
p 5*^ 0. For any such 31 and integer vi = 1,2, • • • , we have a ring 
ot Witt vectors 9B„(31) of characteristic p"*. In the theory of 
valuations it is useful to pass to the limit as w — » co and to con- 
sider also rings ©(30 of infinite Witt vectors. This will be con- 
sidered in Chapter V. A number of the results of this chapter will 
be needed tor an application to the theory of formally real fields 
which we shall take up in Chapter VI. 

1. Cyclotomic fields over the rationals. We have defined the 
cyclotomic field ol order 7n over a field ^ to be the splitting field 
over ^ of the polynomial x-”* — 1 (§ 2.2). We have shown that, if 
the characteristic of <I> is not a divisor of m, then the Galois group 
of the cyclotomic field is isomorphic to a subgroup of the group 
L'{m) of units in the ring !/{m) (Th. 2.3). We now assume that 
the base field 4* = the field of rational numbers, and we let 

no 
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denote the cyclotomic field of the w-th roots of 1 ov'er Rn. 
Let Z{m) be the multiplicative group of the w-th roots of 1. We 
recall that Z(m) is cyclic and its generators are called primitive 
m-th roots of 1. Also = /?o(r)> where C is any primitive ?/;-th 
root of 1; hence the dimensionality is the degree of the 

minimum polynomial of ^ over Ro. If f is a primitive m-th root of 
1, then any other primitive m-t\\ root of 1 has the form where 
{k^m) = 1. Hence the number of primitive w-th roots of 1 is 
ff>{m) the number of positive integers not exceeding m which are 
relatively prime to rn. This is also the order of the group U{m). 
Now let 

( 1 ) x.w = n u - r). 

r primitive 

This is a polynomial of degree with coefficients in If s 

is in the Galois group G of P^”*^ over /?o> then clearly s maps the 
set of primitive w-th roots of 1 into itself. Hence we have the 
relation X„*(x) = X„(x) for every s zG. Since P^'”^ is Galois over 
Rfii we see that X„(ac’) e /?oW> that is, X„(x-) has rational coeffi- 
cients. We can see this also in a more elementary wav which, at 

9 r 9 

the same time, gives an inductive procedure for calculating 
X,n(x'). Since the order of any w-th root of 1 is a divisor of w and 
since every </-th root of 1 for d\m is an w-th root of 1, we clearly 
have the formula 

(2) — 1 = n Xd(j;). 

d\ m 
\<d<m 

Evidently we have Xi(jf) = x — \ and, assuming that z 

for ail d such that 1 < d < then the formula (2) gives 

(3) X„(;c) = (x- - 1)/ n 

d I m 

which shows that X,„(Af) e This gives a practical way of 

calculating X„,(x). For example, we have Xi(x) = — 1, 

X2(x) - {x^ - 1)/Xi(x) = x-\^\, 

\^{x) = (x^ - 1)/Xi(x) = -h ^ + 1, 

X4(a:) = {x* — l)/Xi(jr)X 2 (jf) = + 1, 

Xo(x) = (x« - l)/X,(x)X 2 (x)X 3 (x) = x^ -x+l 
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and 

X 12 W = — ^)/>^l(x)\2(x)\3(x)'Xi(x)\6(x) = X* ~ X^ I, 

If p is a prime, we have 

(4) Xp(Ar) = {x^ - i)/(x - 1) = + . . . + 1 

and it is easy to see, using Eisenstein's criterion, that Xp(x) is ir- 
reducible in /?oM (Vol. I, ex. 2, p. 127). We shall now prove the 
following general result 

Theorem 1. X^W is irreducible in the rational field. 

Proof. We observe first that X„(;c) has integer coefficients. 
For, assuming this holds for every Xrf(Af), d < and setting 
pw= n Xd(x), we obtain by the usual division algorithm 

d\m 

\<d<m 

that — 1 = p{x')q{x) + r(;c) where q{x) and r{x) e l[x\ and 

degr(x) < degp(x). On the other hand, we have x”* — I = 
pix)\m{x)f SO by the uniqueness of the quotient and remainder, 
Xm(x) = has integer coefficients. Now suppose that Xm(x) — 
h{x)k{x) where h{x) is irreducible in /?oM and deg AW > 1. By 
Gauss’ lemma (Vol. I, p. 125) we may assume that h{x) and k(x) 
have integer coefficients and leading coefficients 1. Let p be a 
prime integer such that p J;' m and let f be a root of A(x). We 
shall show that is a root of A(x). Since (p, m) = 1, f'’ is a 
primitive m-t\\ root of 1 and, if is not a root of A(x), is a root 
of h(x); consequently f is a root of A(x*’). Since h(x) is irre- 
ducible in /?o[x] and has T as a root, A(x)|A(x'’). It follows (as 
above) that A(x^) = h(x)l(x)j where l(x) has integer coefficients 
and leading coefficient 1. Also we have x" — 1 = \m(x)p(x) — 
A(x)A(x)p(x) and all of these polynomials have integer coefficients 
and leading coefficients 1. We now pass to congruences modulo p 
or, what is the same thing, to relations in the polynomial ring 
/p[xl. Then we obtain 

(5) x- - I = h(x)h(x)p(x) 

where in general, if/(x) = aox’* -f flix"“* H h an e I[x], then 

7(x) = uqX^ + H any di = + (p) in /p. Similarly, 

we have A(x^) = A(x)7(;if). On the other hand, using d^ - d for 
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every integer a, we see that 

/{xY = (aox^ H h a^Y = a^x^^ H a Y 

= H V On = J{X^) 

for any polynomial fix'). Hence ^{x)^ = ^{x^) = Jt{x)l{x) which 
implies that (^(^), !• Then (5) shows that jt"* — I has 

multiple roots in its splitting field over Ip. Since p X tn this is 
impossible and so we have proved that Y is a root of A(x) for every 
prime /> satisfying/! X A repetition of this process shows that 

is a root of A(x) for every integer r prime to m. Since any primi- 
tive m-th root of 1 has the form f'’, (r, m) = I we see that every 
primitive ;72-th root of 1 is a root of /r(.v). Hence ACx) = X„(x') and 
\mix) is irreducible in 

We now see that is the minimum polynomial over Rq of 

any primitive w-th root of 1. Since P^”*^ = Ro(^)y f primitive 
we have established the formula 

(6) [P«'"^:^o] = 

This implies that (G: 1) = ip{m) for the Galois group G of P'^V^o- 
Since (t/(»*):l) = <p(m) and G is isomorphic to a subgroup of 
Uim), this proves 

Theorem 2. Let P^”^ be the cyciotomic field of order m over the 
rationals R^. Then the Galois group of P^”‘V^o it isomorphic to 
t/(w), the multiplicative group of units in the ring I/{m). 

We shall now proceed to determine the structure of the Galois 
group G or, what is the same thing, that of U{m). It is easy to see 
that, if = pY^p 2 ‘' • • ' Pr*' where the p» are distinct primes, then 
U{m) is isomorphic to the direct product of the C/(/),*‘)* For this 
reason we shall confine our attention to the case m *= p* a prime 
power. Then U{p‘) is a commutative group of order ^(p*) — 
p* — p*"”* = p*“*(p — 1). We prove first 

Theorem 3. If p is an odd prime^ then the multiplicative group 
of units in I /ip*) is cyclic. 

Proof, Since the order of this group is p*“^(p — 1), C/(p*) is a 
direct product of its subgroup fl of order p*~* consisting of the 
elements which satisfy = 1 and the subgroup K of order 
p — 1 of the elements satisfying x^~^ * 1. It suffices to show 
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that both H and K are cyclic since the direct product of cyclic 
groups having relatively prime orders is cyclic. If ^ = 1, then 
V{p) = K is the multiplicative group of the field I/ip) and this is 
cyclic. Hence we can choose an integer a such that a + (/>), + 

(_p), • ■ - , + ip) are distinct in //(p). Set b = Since 

(^7, p) = \y {byp^) = 1 and b + (p*) and a H- (p*) e t/(p'). Also 

^ 1 (mod pO so ^ + (pO € K, Since 
b = £7^*“* = a (mod p), b + (p), + (p), • • - , b^~^ + (p) are 

distinct. Hence also b + (p“), b^ + (p**), ■ • -j- (p*) are 

distinct. This implies that the order of ^ + (p*) is precisely 
p — 1. Since (A':l) = p — 1, it follows that K is cyclic with 
generator b + (p®). It remains to prove that H is cyclic, and we 
may assume that e > 2y since, otherwise, H = (1) and the result 
is clear. Assuming f > 2, we can conclude that // is a direct 
product of X' > 1 cyclic groups of order p% tf.- > 1. Then the 
number of solutions of the equation .v^ = l,Are//isp*. Hence it 

will be enough to show that the number of integers 0 < ?? < p% 
satisfying = I (mod p') does not exceed p. Now if » satisfies 
these conditions, then, since ~ n (mod p), we have n = I 
(mod p). Then if n ^ we may write « — 1 -V yp^ -f zp-^"*"* 

where 1 < J < e ~~ \y 0<^<p, and z is a non-negative 
integer. Then 

”' = 1 + (i) h + ■'-p)p’ + ( 2 ) ty + ^pyp'^’ 


H h Cy -h 2p)*’p 




= 1 +jyp'^'^^ (modp-^+=*). 

^ ^ (mod p”) and / < f — 1, this gives vp^"*"^ = 0 (mod 
p ) so V = 0 (mod p) contrary to 0 < _y < p. Hence we see 
tha^ if 1 < « < p- satisfies 7/^ = 1 (mod pO, then ?7 = 1 + 

^ ^ P’ This gives altogether at most p solutions in- 

cluding 1 and completes the proof of the theorem. 

V\e consider next the case of the prime 2 in the following 

Theorem 4. V{1) and U{4) are cyclic and, ife>Zy then (7(2') 

ts a direct product of a cyclic group of order 2 and one of order 2'"^. 

Proof. Theorderof (7(2') is <p{2^) = If e = 1, ((7(2):1) 

— 1 and if ^ = 2, 6(2') = U{4) has only two elements and so is 
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cyclic. Suppose ^ > 3. We show first that there are four distinct 
elements Jc e t/(20 satisfying = 1. This will imply that ^^'{2*^) 
is a direct product of at least two distinct cyclic groups ^ 1. Set 

— 1, a 2 = —1, as = I -h 2*“‘, a 4 = — 1 + 2'“*, x, = a, -f- 
(2"). Then the Xi are distinct and satisfy = 1, which proves 
our assertion. Also since f/(2^) is a direct product of at least two 
cyclic groups 5*^ 1 and the order of f7(2') is 2'“*, we see that, if 
X e t/(2*), then x^*~* = 1 or, what is the same thing, if a is an odd 
integer, then = 1 (mod 2')- The proof will be completed by 
displaying an x such that 5*^ 1. Then we shall have a cyclic 
subgroup of order and this can happen only if L/(2') is a 

direct product of a cyclic group of this order and one of order 2. 
We proceed to show that we may take x = 5 + (2*). Note first 
that, if ^ = 3, then 5^*"’ = 5 1 (mod 2*) but 5^*“* = 1 (mod 

2'’”*). Now let / > 3 and let k(/) be the largest integer X- such 
that ^ 1 (mod 2*). Then we have ^(3) — 2. Also for any 
/ > 3 we have 5^^"* = 1 + y2*^^ where y is odd. This gives 

^2U+»)-* _ (52/-*^2 _ J ^ -p ^222*:</> 

which shows first that ^(/ + 1) > ^(/)> so k(/) >2 if / > 3. 
Then the relation shows that 52'^^” * = 1 -|- where 

2 =y + 2*t>'>-'y isodd. Hence >t(/ + 1) = -t(/) + 1. This and 
H3) = 2 imply that Jk(/) - / - 1 for all / > 3. Thus 5=^^* M 1 
(mod 2*) if ^ > 3 which is what we needed. This completes the 
proof. 

Theorems 2, 3, and 4 give a description of the Galois group of 
the field of the p^-th roots of I over the rationals. The result is 
the following 

Theorem 5. Let m = p*^ p a prime^ and let he the field of the 
m^th roots of 1 over the field /?o of rational numbers. Then the Galois 
group G of f-f cyclic unless p = 2 and ^ > 3, in which case 

G is a direct product of a cyclic group of order 2 and one of order 
2— ^ 

EXERCISES 


1. Use the Mobius inversion formula (Vol. I, ex. 5, p. 120) to prove that 
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2. Let p be a prime and let be the cyclotomic field of p-th roots of 1 over 

the field Ro of rational numbers. Let g + (p) be a generator of the cyclic group 
U(p) and let s be the automorphism of P^^^/Ro such that i** = f*, f a fixed 
primitive p-th root of 1. Show that (f, f', i"**, • • •, form a basis (normal 

basis) for Suppose p — 1 = positive integers and let E//?o be the 

subfield of e dimensions of P^**’/^o. Show that, if / = j* and »; = f + + f** 

+ • • • -b f then (»j, jj*, • • • , is a basis for E/^o- Show that the multipli- 
cation table for this basis has integer coefficients. 

3. Let P be the field of the 17-th roots of 1 over Rq. Determine the subfields 

/?,•, i = 1, 2, 3 such that Ro C. Ri R^ C. Rz CZ Rt = P and = 2. 

Find an element o)i in Ri so that Ri = /?,_i(wd, e Ri-u 1 < f < 4. 

4. (O. Todd) Let P be the field of p-th roots of 1 over Ro where p is a prime of 
the form 4« -f- 3. Show that P is a tensor product of a quadratic subfield and a 
subneld of odd dimensionality. Show that the quadratic subfield is not real (if P 
is considered as a subfield of the field of complex numbers). 

5. Let be the cyclotomic field of degree m over $o — /p. Write m = 
m'p*, (m', p) — Show that (E^"*^:4>ol is the order of the element p + (>w0 in 
the group U(m'). 

2. Characters of finite commutative groups. In the remainder 
of this chapter we shall study two classes of abelian extension 
fields: Kummer extensions and abelian extensions of dimen- 
sions over a field of characteristic p. For both of these the theory 
of characters ol finite commutative groups is basic, so we shall 
develop this first. 

Let and B be two commutative groups (written multipli- 
catively) and let x ‘^nd p be homomorphisms of A into B. We de- 
fine the product by One checks that this is again a 

homomorphism and that the set Horn (.Y, B) of all the homo- 
morphisms of into 5 is a commutative group under the prod- 
uct x^ (cf. Vol. I, p. 78). We shall be interested particularly in 
the case .-i finite and B = Z a finite cyclic group whose order is 
divisible by the orders of all the elements of.-/. We shall call the 
maximum order of the elements of .-/ t\\t exponent o( We recall 
that the order of every element is a div’isor of the exponent (Vol. 
II, ex. 1, p. 69), so the condition we hav’e imposed on Z is equiva- 
lent to: the order of Z is divisible by the exponent of.-/. 

We wish to determine Horn from a particular decom- 

position of./ as ./ = ./, X ./o X ■ ■ • X -/r where the are cyclic 
subgroups. Thus we are assuming that ./ = //i • • • At and 
Ai r\ Ai ■ ■ ■ ^/,_i./,+, ■ ■ ■ Ar = 1. Let ttv = (//,:1) and let 
C, be the subgroup of Z of elements z satisfying z”* = 1. Since w,- 


ABELIAN EXTENSIONS 


117 


is a divisor of the order of Z, C, is the subgroup of order rti of Z. 
Let C be the group of r-tuples {cu ^2, ■ fr) where r. e C. and 
multiplication is defined componentwise. Hence C is the (ex- 
ternal) direct product of the [groups C,, C2, ' y Cr and C A 

(cf. Vol. I, p. 144 ). We shall now obtain an isomorphism of 
Horn (yf, Z) onto C. For this purpose we choose a generator <3, 
of ; = 1, 2, • ■ - , r. If X e Horn {A^ Z), then = r, satisfies 
= 1 , since i?,"' = 1 . Thus r, e C,. We now map x into the 

element (ri,r2, • ■ ^r.) = ■ ■ -,.2,^)eC. If x,lAeHom (^,Z), 

then 

SO X — ^ (^1*, • • • , <*r*) is a homomorphism of Horn (A^ Z) into C. 
If ai^ = 1 > f = 1 , ■ ■ then = 1 for every a e A, since the a, 
are generators of A. Thus ai^ = 1 for all t implies x = 1 , which 
shows that x (^i*> • * ^/) is an isomorphism into C. It re- 

mains to show that this mapping is surjective. Let r, be any ele- 
ment of C,. Then = 1 and it is clear that we have a homo- 
morphism x» of Ai onto Ci such that <3,*‘ = r,. Since A ~ Ay X 
^^2 X • ■ X Ar the mapping X1X2 • • • Xr — ► Xi*'X2^* • • • Xr^% Xi e 
Aif is a homomorphism xof A into Z. Clearly x (<3i*, • • • , ar^) 

“ (^i> ^*2> * • • , i'r). This shows that the mapping of Horn (/^, Z) in- 
to C is surjective. Thus we have shown that A ^ Horn (AyZ). 

Theorem 6. Le/ A be a finite commutative gr oup and let Z be a 
finite cyclic group whose order is divisible by the exponent 0/ A. 
Then the group Horn {Ay Z) is isomorphic to A. 

If Z satisfies the condition of the theorem, then we shall call the 
group Horn {Ay Z) a character group of the group A and we shall 
call the elements of this group characters of A. 

We are now in a position to derive in quick succession the results 
on characters which we need. We note first the following 

Corollary 1. If a ^ \ in Ay then there exists a character x e 
Horn {Ay Z) such that <3* 5*^ 1 . 

^oof. Let B be the subgroup of A of elements b such that b^ = 

1 for all xeHom {Ay Z). Then we see immediately that our 
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assertion will follow if we can show that B - 1. Now let xc 
Horn (^, 2). Since = 1, ^ e 5, 5 is in the kernel of x and 
so we have an induced homomorphism x of AJB into 2 defined by 
{aBY = If X, e Horn {A, 2) and x = l/', then the definition 

shows that x = Hence the mapping x X of Horn (^, 2) 
into Horn (^/5, 2) is 1-1. Since {AW) = (Horn (^,2):1) and 
{AjBW) = (Horn (.^/5,2):1), by Theorem 6, we must have 
equality of all of these numbers. This implies that 5 — 1, which 
is what we needed. 

If is a fixed element of A^ then we can define a mapping ot 
Horn (A, 2) into 2 by x”" = If X, "A e Horn 2) we have 
= a^'i' = a^a'^ = x'’“lA’’“> which shows that rja is a homo- 
morphism of Horn U, Z) into Z. Thus Va is a character of the 
group Horn (Ay 2). Then we have the basic 

Corollary 2. For a z A define a mapping Va of Horn {Ay 2) into 
Z by x’'“ = a^- Then p Horn (Horn {Ay 2), 2) and the mapping 
a ^ i^ isomorphism of A onto Horn (Horn {A, 2), 2). 

Proof. Observe first that a — > is a homomorphism since 

= {abY = a^l^ = = x""’’* (the last equation by the 

definition of the product in a character group). Next suppose 

= 1. Then a"^ = 1 for all x so, by Cor. X, a = \. This 
shows that the kernel of the homomorphism a n a the iden- 
titv. Hence the mapping is an isomorphism. Since {AW) ~ 
(Horn {Ay 2):l) = (Hom“ (Horn {Ay 2), 2):l), by Theorem 6, 
a Tin \s surjective i.nd the proof is complete. 

Corollary 2 permits us to identify A with the character group 
(relative to 2) of Horn {Ay 2). By virtue of this result we have a 
perfect duality between A and Horn {Ay 2). We use this in the 
proof of 

Corollary 3. A set {xi»X 2 * ■■■>Xrl of characters generate the 
character group Horn {Ay 2) // afid only if the only a z A satisfying 
= 1,1 = \y2y yr is a = 1 . 

Proof. This is equivalent to the dual statement {tfi, <* 2 * ‘ * ■> 
generate A if and only if = 1> for / = 1,2, • ■ -jT holds only 
for the character 1 . This is easy ; for, if tii, generate and 

af — 1 holds for the character x> then a"^ — \ holds since x is a 
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homomorphism. This implies that x = 1- On the other hand, if 
the subgroup B generated by <3,, • ■*,^2^ is a proper subgroup, 

then there exists a character MovA. B. If « e ^ the mapping 

defined by <2 — > aB — > {aBy^ is an element 9^ I of Horn (^, Z) 
satisfying = 1, ; = i, . . r. 


3. Kummer extensions. It is generally a difficult problem to 
obtain a survey of the abelian extensions of a given field For 
example, if ^ is the field of rational numbers, this requires deep 
arithmetic considerations. However, there are two types of 
abelian extensions which can be quite exhaustively studied by 
comparatively elementary algebraic means. One of these, which 
we shall call abelian ^-extensions, are the abelian extensions ofp* 
dimensions over a field of characteristic p 9 ^ 0. We shall con- 
sider these in § 5. In the present section we shall develop the 
theory of Kummer extensions, which are defined as follows. 


Definition 1. Let P be an abelian extension of a field 4>. Then 
P / ^ is called a Kummer w-extension if the Galois ^oup 0 / P/4> is of 
exponent m and 4> contains m distinct m-th roots of 1. 

We shall now suppose that 4> is a given field which contains m 
distinct m-th roots of 1. The field <i> and the integer m will be fixed 
throughout our discussion. We are interested in obtaining a sur- 
vey of the Kummer ^'-extensions P/4» where m'\m. We recall 
that the condition that ^ contain m distinct m-th roots of 1 im- 
plies that the characteristic is not a divisor of m (§ 2.2). If p/<^ 
is a Kummer m'-extension where then lP:>f>J = (G:l) and 

since the exponent and order of a finite commutative group are 

divisible by the same primes, we see that the characteristic is not 
a divisor of [P:4>I. 

Let and m be as indicated and let P/4) be a Kummer wi'-ex- 
tension, m'\m. Let P* and 4>* be the multiplicative groups of 
non-zero elements of P and 4> respectively. For p e P* the 
mapping p p- is an endomorphism of P* which maps 4)^ into 
Itself. The kernel of p p" is 2(;«) the group of order w of ^-th 
roots of 1 and Z(m) Q 4**. Let 

O) = {pe P^Ip-" e 4**| 

l^(P) = \p^\pcM{V)]. 
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Thus A^(P) consists of the m-th roots in P of the elements of 
and A^(P) is the set of elements of which are OT-th powers of 
elements of P. It is clear that M{T) is a subgroup of P* con- 
taining 4>* and MP) is a subgroup of containing 4'*'” = 
(a^lo: e <!>*!. 

Let p e A/(P) and set Xp(j) = pV“', s e G. Since p'" = a e 
(p*)« = a so pV~‘ e Z{m). Moreover, since Z{m) C 4>, 

x^(st) = p‘‘p-^ = ip’p~^y{p^p~^) = xp(-f)xpW* 

Thus we see that Xp ^ Horn (G, Z), Z = Z(m)y which is a character 
group of the finite commutative group G since the exponent of G 
is a divisor of m. Conversely, let x be any element of Horn (G, Z). 
Then we have x(j 0 = x(-f)xW = x(-r)*xW> so Noether’s equa- 
tions are satisfied. Consequently, by Noether’s theorem (Th. 
1.19), there exists a non- 2 ero element p e P such that x(-f) * 
p’p-K Since p’p"^ e Z we have (p*)"* = p"* or (p”)' = p” for every 
s e G. This implies that p”* e 4> and so p e A^(P). We have there- 
fore shown that every element of the character group Horn (G, Z) 
is of the form xU) = pV~S P in A/(P). If Pi,p 2 eM(P) and 
Xp„ Xpj the corresponding characters of G, then Xpip*(-^) “ 
(piP 2 )'(piP 2 )”‘ = pypi~'p 2 *p 2 ~' = XpMxpM- Hence the map- 
ping p — » Xp(-^) is a homomorphism of A/(P) onto Horn (G, Z). 
The kernel of this homomorphism is the set of elements p e A/(P) 
such that p*p~^ = 1 , j e G. This is just the set of elements satis- 
fying p* = p, j c G, p 0 and so it is 

It is convenient to state the result which we have Just obtained 
on the homomorphism of A/(P) onto Horn (G, Z) as a result on 
exact sequences of group homomorphisms. If Gi, G 2 , ■ • - , G* are 
groups and rji is a homomorphism of G, into G,+i, then we say 
that the sequence 




> 

nk-l 



is exact if for each / = 1, 2, • • • , — 2 the image of G, under iji 

coincides with the kernel of If I denotes the group consisting 

of 1 alone then the only homomorphism of 1 into any group G is 
1 — » 1. It follows from this and the definition of exactness that 
1 ^ G] ^ G 2 is exact if and onlv if v is 1-1 and Gi ^ Gg — > 1 

fj •' » 9 

is exact if and only if rj is surjective. 
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Using this terminology we can state the following theorem. 

Theorem 7. Let ^ be a field containing m distinct m-th roots of 1 
and let P/'i» be a Kummer m' -extension where m'fm. Let M(F) be 
defined by (7) where P’*‘ is the multiplicative group of P and <i>* is the 
multiplicative group of Then we have the exact sequence of 

multiplicative groups 

1 M(P) Horn (G, Z) ^ 1 

where the homomorphism of 'I** is the inclusion mapping and that of 
Af(P) is p — > Xpy Xp(j) = pV~'- The factor group A/(P)/P* is 
finite and isomorphic to G, IVe have P = ^(A/(P)) and P = 
^(Pi, P2, ■ • Pr), Pi in A/(P), if and only if the cosets p,<l** generate 

Aif(P)/^*. 

Proof. The first statement on the exactness of the displayed 
sequence means that is the kernel of the mapping p — > Xp and 
this mapping is surjective on Horn (G, Z). Both of these facts 
were established above. Consequently, we have Horn (G, Z) S 
A/(P)/4>*. Since Horn (G, Z) ^ G, by Theorem 6, we have 
Af(P)/4>* S G, This proves the second statement. Now let 
Pi, ■ » Pr be elements of A/( P) such that the cosetsp,^* generate the 
finite group Af(P)/<i>*. Clearly the homomorphism p — » Xp of A/(P) 
gives the isomorphism p<l>* -* Xp of A/(P)/4>* onto Horn (G, Z). 
Hence we see that the characters Xp* generate Horn (G, Z). Now let 
p' = 4>(pi,p2, •••,pr) and let H be the subgroup of G corre- 
sponding to P" (the Galois group of P/P')- If / e //, we have 
Pi = Pit 1 < / < r, so XpiU) = 1. This implies that x(0 = 1 for 
every x e Horn (G, Z). It follows from Corollary 1 to Theorem 6 
that / = 1. Thus H = I which implies that P' = 4»(pi, • • • , p,.) 
= P and P = <I'(A/CP)). Conversely, let p,, • ■ ,'p,. c A/(P) 
satisfy <I>(p,, ■ • Pr) = P and let s zG. Then p.* = p„ 1 < / < r, 
will imply that p* = Py p e P. Hence we see that Xp,{s) = 

1 ^ i ^ ry implies j = 1. Then Corollary 3 to Theorem 6 im- 
plies that the Xp* generate Horn (G, Z). In particular, if p e Af(P), 
then Xp Xpi *Xp, * ■ ■ • Xp,*'* Thus for every j e G we have 

PV~* = (PI*P1“')*‘(P2V2~0*’ ■ ■■ (Pr’Pr”')*'. 

Hence (pp,-*'p 2 “** - - ■ Pr“*0' = ppi~*'p 2 “** ■ ■ ■ 


Pr *', J e G. It 
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follows that p = /?pi*‘ • • ■ p/% P e Since p was any element of 
A/(P), this shows that the cosets pi^* generate M(P)/4>*. This 
completes the proof. 

Next we consider the mapping p — > p”$*”* of Af(P) onto the 
factor group A^(P)/4>*’". This is a homomorphism whose kernel 
is the set of elements of A/(P) such that p”* = a”* where a e 
Then p - where = 1. Since Z C these are just the ele- 
ments of 4>*. Hence we have the isomorphism p^* — > of 

A/(P)/4>* onto A^(P)/<E>*'”. Since .'Vf(P)/4>* is isomorphic to the 
Galois group of P/4>, it is clear that is a finite subgroup 

of <!►*,, '!>*'” and we have 

(9) A'(P)/4>*'" ^ A/(P)/4>* ^ G. 

We shall now shift our attention to the subgroup A^(P) of 
This satisfies the two conditions: A^P) 3 4>*"’ and A^(P)/‘J>*"‘ is 
finite. We shall see that these subgroups, which are defined by ^ 
and niy can be used to give a survey of the Kummer extensions 
P '}>. We observe first that, if ai, q: 2 > •••,ar are elements of 
A'^(P) such that the cosets a, <!>*"' generate A’(P)/<i**”’, then P/^ 
is the splitting field of 

(10) /{x) = (.v”* — ~ az) • ■ • (jf” — ar). 

For, we have p,”* = a, where p,e.\/(P) and the isomorphism 
p'F* — + of A/(P), 4** with A'(P), implies that the cosets 

p,4>* generate .l/fP) . 4>*. Hence, by Theorem 7, P = 4>(pi, •••, 
Pr). If Z = Ify}, then the roots of /{x) are pi^jy so we see that 
P = 4>(p,^''>) is a splitting field over 4> of /{x). 

We proceed to show next that any subgroup of satisfying 
the stated conditions arises from a Kummer extension. The pre- 
cise result is the following 

Theorem 8. Let 4> be a field containing; m distinct m-th roots of 1 
and let N be a subgroup of containing such that is 

finite. Then there exists a Kummer -extension P/4> xvith m'\Tn 
inch that A‘(P) = N "where A’^(P) and A'/(P) are defined by (8) and 

(7). 

F^oof. The foregoing analysis of Kummer extensions gives the 
clue to the definition ot P 4>. In view of this, we are led to choose 
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<^iy<^ 2 y lo thc givcH group .V so tfi.it the cosetb 

generate Let P/ <t> be a splitting field of the polynoniiai 

/(x) given in (10). Since — a, has m distinct roots, /( a-; is 
separable and P/4> is finite dimensional Galois. Let G be the 
Galois group. If p, is a root of a’’" — o-,, then all the roots of this 
polynomial are the elements p..G> r. , in the group Z of ?;/-th 
roots of 1. Hence if j e G', then p,* = r.(j) c Z. If / e G, 

we have p,*' = (tiC-flp.)* = ri(j)pi' = r.(j)r.(^)p.- Hence p,*‘ = 
p,‘% / = 1, 2, • • •, r, and since it is clear that P = <I>(pi, p 2 , • • •, 
/s for all Sy t zG. This shows that G is a commutative 
group. Also we have p,*‘ = ri(j)*P., ^ = 1,2, • • •, and conse- 
quently p,*"* = p, which implies that s”* — 1, .f e G. Thus the ex- 
ponent of G is a divisor of m and P/‘i> is a Kummer w'-extension 
since Z C «I>. It remains to show that, if A’(P) is defined by (8), 
then A'^(P) = N. Since p,”* = a, c p, f A/fP) defined by (7). 
Since P = ^(pi, • • •>Pr), Theorem 7 shows that the cosets p,4>* 
generate A/(P)/4>'*‘. Applying the isomorphism of A/(P) <I>* with 
A^(P)/4»*"* we see that the cosets generate A’(P)/ On 

the other hand, we know that the cosets a,****"* generate 
This implies that A'(P) = N 

We now consider two Kummer w, -extensions P,/4>, / = 1, 2, 
where w;,j m. It is clear from the definitions of A/(P,), A'^(P,) that, 
if Pi/<I» ~ P2/4>, then the subgroups A^(Pi) and A'^(p 2 ) of <!>* coin- 
cide. Conversely, suppose we have A'(Pi) = AXPz)* We have 
seen that, if ai,o: 2 » • • ■ , ar are elements of iV(P,) such that the 
cosets a.^**”* generate A^(P,)/4>*”, then P, is a splitting field over *t> 
of/{x) = (x”' — oci)(x'^ — a-j) * ■ ■ (x"* — a,). The uniqueness of 
splitting fields implies that Pi <t>^P2/4> if A^Pi) = A^(p 2 ). 
Next we look at the Kummer w'-extensions, P/ <1>, m'lm, w hich 
are contained in one extension field 0/4> (e.g., the algebraic closure 
of 4> in the sense of § 4.1). We have seen that, if P,, ‘i> is one of our 
extensions, then P, = <I>(A/(P,)). Hence it is clear that Pi 3 Pg 
if and only if M(Pi) 3 M(p 2 ), Also it is clear that Af(Pi) 3 
M(p 2 ) if and only if AXPi) Q AXP 2 )- Hence I’l 3 Pg if and 
only if the A^(Pi) 3 A^(P 2 ). It is apparent that our results give a 
completely satisfactory internal description of the Kummer ex- 
tensions P/4> by means of the subgroups A^of <P* satisfying the two 
conditions: /V 3 4>*"*, is finite. 
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EXERCISES 

1. Show that there exist an infinite number of non-isomorphic quadratic ex- 
tensions of the field of rational numbers. 

2. Assume contains m distinct m-th roots of 1 and let P/# be cyclic of m 
dimensions over j a generator of the Galois group of P/#. Show that P = 
^(p) where p”* = a e 4> and p* = fp where f is a primitive m-th root of 1. Show 
that, if a 0 P satisfies a”* e <I», then o- = ^p* where /S and 1 < ^ < m. 

3. (Albert). Let P be cyclic of n = /* dimensions over # where /is a prime and 

^ contains / distinct /-th roots of 1. Let .r be a generator of the Galois group G of 
P/<^, // the subgroup of order / of G generated by / — j”*, m = /*"'^, E the sub- 
field of //-invariants, so E/^> is the unique subfield of m dimensions in P/$. By 
2, P = E(p) where p* = a e E and p‘ = fp, f a primitive /-th root of 1. Show 
that p' = ^p* where /3 e E and 1 < < /. Show that p‘ — 7 p*" = fp where 

y e E and hence that s 1 (mod /) and -1 = 1. Show that f and 

= /3*.. 

4. (Albert). Assume ^ has / distinct /-th roots of 1, / a prime, and that E/$ is 
cyclic of m = /*“^ dimensions over 4>, ^ > 1. Suppose E contains an element 

such that A^eI*(^) = i" a primitive /-th root of 1. Show that there exists an 
or c E such that a*a~^ = /S' where i is a generator of the Galois group of E/4*. 

Show that a is not an /-th power in E so that, if P = E(p) with p' = or, then 

|P:E) = /. Show that P is cyclic of /* dimensions over <I>. 

5. Note that ex. 3 and 4 imply the following: If 4* contains / distinct /-th roots 
of 1, / a prime, and E/4> is cyclic of /-^ > 1 dimensions, then E/<^ can be im- 

• bedded in an extension P/4* which is cyclic of /^■‘‘^ dimensions if and only if 
the primitive /-th root of 1, f is a norm of an clement of E. Use this to prove 
that, if 4* is of characteristic 2, the quadratic extension E = 4>(«), e* = 7 e 4>, 
can be imbedded in a quartic cyclic extension of 4* if and only if 7 is a sum of two 
squares of elements of 4*. In particular, show that, if /?o is the field of rational 
numbers, then an imaginary quadratic extension /?o(«)» = 7 < 0 in /?o cannot 

be imbedded in a cyclic quartic extension. 

6 . (O. Todd). Let P be the field of p-th roots of 1 over /?o where p is a prime 
of the form 4n + 1. Show that P contains a real quadratic subfield. 

7. Assume 4* contains four distinct fourth roots of 1. Show that any quadratic 
extension E/4> can be imbedded in a cyclic quartic extension P/^. 

4. Witt vectors. We have defined abelian ^-extensions of a field 
4* of characteristic /> 5 *^ 0 to be abelian extensions of />* dimen- 
sions of 4>. Cyclic p-extensions of dimensionality p and p* were 
encountered first by Artin and Schreier in connection with a prob- 
lem on real fields (see § 6.9). Their construction was generalized by 
Albert to give an inductive construction of cyclic p-extensions of 
p* dimensions. Slightly later Witt gave a direct construction 
and survey of abelian p-extensions along the lines of the theory of 
Kummer extensions which we have just considered. Witt*s 
method is based on an ingenious definition of a ring of vectors 
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defined by a given field of characteristic/). This construction has 
important application in other connections (e.g., valuation theory) 
and we shall consider it now in its general form. 

We shall begin first with the polynomial ring X = Ro[xiy y^y Zk] 
in indeterminates 2 *, ^ = 0, 1, • — 1, over the 

field Rq of rational numbers. Let be set of ;w-tuples (<ao> ^\y 
• • •> <2m— 1 ), <*»• e 3E, with the usual definition of equality and with 
addition and multiplication by components. If a = (aoy • • 

^ = (^o> ■ • then we denote the sum and product 

by a^/ty a Cb by so that a<^b ^ • • • , 

a O b = (aoboy • • •, am-ibm-i)- Let /> be a fixed prime number. 
We use this to define a mapping <p in X^^'* by the rule that, if = 
("o> axy • • •, then • • •, where 


(11) + />^i'’'"‘ H + />■'<*., = 0, 1, • • OT - 1. 

Thus = <2o, -f- P<?i> • • • . We introduce also the 

mapping P:a —ka^= (^2o^ ■ Then the defini- 

tion (11) gives 

(12) ^ p'^a.y v > 1. 

Next let — (a^°^ya^'^y • • ■ya^”^~^^) be arbitrary and define a 
mapping ^ by = (<2o, ■ > < 2 m_i) where 


(13) 


^0 = 


a. = ^ />'"‘^.-i), > 1. 

P 

One checks directly that = ay — Ay which shows that y? is 
1—1 surjective with ^ as its inverse. 

We shall now use the mapping y? and ^ *= y>~^ to define a new 
addition and multiplication composition in X^"*K These are re- 
spectively 

a b = (a^ ^ 

(14) 

ab = (a^ O \ 


These provide another ring structure in (Vol. I, ex. 6, p. 71). 
We denote the new ring as so and 3E^"*> coincide as sets and 
—* is an isomorphism of onto Hence like is 
commutative. * 
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We now examine the formulas for x + xy^ and .ar — ^ for the 

s 

“generic” vectors^ = (xq, • ' 's^m~\)iy *= 

Xi^yi the given indeterminates. For example, we have 

{x -\-y)o = xo + yoy (a: +^)i = .Vi H- 2 ( . )V>o^ % 

p . -=1 \ t/ 

ixy)o = Xoyo, (*^)i = Xo^yi + xiyo^ + pxiyi. 

In general, if o denotes any one of the compositions +, •, —, then 
it is clear from the dehnitions that the v-th component (x o y), 
of X o y IS a. polynomial with rational coefficients in 
• • •, Xryy,. Also one sees easily that 

(15) (x + y), = X, + y^ +/X^ 0 »^ 0 , * * *, 

where /„ is a polynomial in the indicated indeterminates. The 
basic result which we shall now establish is that (x o y), is a poly- 
nomial in XoyyQy ■ ■ •, Xyyy, with integer coefficients. 

Throughout our discussion we write (f ~ * ' *> 

if a = (aoy aty • • etc. Let be the ring of 

polynomials in Xoyyoy • • • > with coefficients in the ring 

of integers /. If /i is a non-negative integer we denote the ideal 
P^'^lxiyyj] by (p^) and we write c = d (p^) for r — e (p^). Then 
we have 

Lemma 1. Let /i>l, 0<^<m — 1, a = b = {b^, 
< V < m — \y ayy by e/[xi,yj. Write ^ 

Then the system of congruences 

(16) ay = by{jg)y 0 <v < k 
is equivalent to 

(17) = ^<‘'5(p^+*'), 0 < 1/ < L 

Proof. We have a^^"* = a^y b^^'^ ~ boy so . the result is clear for 
k = 0. To prove the result by induction on k we may assume 
that both sets (16) and (17) hold for 0 < »- < it — 1 and prove 
that under these conditions ai, = bk{p^) if and only if 

It is clear that ak = bk{p^) if and only if = p'^bk 
(p*''*'*). Hence, using (12), it is enough to show that {a^Y’‘~^'’ = 
(^p)(fc- 0 (p#*+*:) holds under the induction hypothesis. We have 
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<*F = 0 < V < k ~ 1. Using = 0 (/)), 1 </</> — 1, 

this gives 0 < »' < ^ — 1. Hence the induction 

on k applies to and to give +*“*) 

which is what is required. 

We can now prove the basic 

Theorem 9. If x o y denotes x y y xy or x — yy then (jc o yi)^ is a 
polynomial in • • ' yX,yy, with integer coefficients. 

Proof. Since (.*■ © j')r is a polynomial in Xoyyoy ‘ ' with 

rational coefficients, it suffices to prove that (a: © e 
This is clear for (jc‘o^)o we assume it for (^©y)*, 0 < < 

p ^ 1. We have 

(18) P''{x ° y)y == (*’o^)t'> — ((a- 

by (12) and = x^”^ ± e The induction 

hypothesis implies that ((x o y)^)^„^^) e Ilxiyyj], Hence, by (18), 
it suffices to show that (x 0 ^)^“^ = ((x o (/»')• We have 

Aft") s (a:0<-'-iJ (p") and ><*■> = Wy by (12). Hence 

(19) (a-o^)w = = (x^y'~^^ ± 

= (P-). 

We are assuming that (at o ^)* e /( at,, 0 < *' — I. For any 

polynomial with integer coefficients one has /(a-qj^oj •• •)'' = 
/(xo**yyo^, ■ ■ •) (p). It follows that (at oy)^^ = (x^ ©yOt (p), 
0 < ^ < */ — 1. Hence, by Lemma 1, we have 

(20) axoy')n^^-'> ^ (x^oyn^’’-'^ (p-). 

By (19) and (20), (x o yY'^ = ((^f © (p")* which is what 

was needed. 

It is convenient to write the result we have proved as follows: 
ix + y)r = s„(xoy yoy ■ - , ac,., y,) e /[at,-, yj] 

(21) {xyY = fr^Axoyyoy ■ • ‘yX„yy,) e I[xiyyj] 

(.X yY dyl^XQyyoy ■ ■ ■ y x„yy„) e I[xiyyj], 

We note also that, since (0, • • - , 0) and ( I , • • • , 1 ) are the zero and 
identity elements of SE'"** and (0, ■ • O)"^ = (0, • . 0), (1,0, • • •, 
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O)'^ = (1, • • 1), then (0, • • 0) and (1, 0, - • 0) are the zero 

and identity of Let 77 be an algebra homomorphism ofl over 
Ro into itself and assume that Xy^ — Cyy = by ,0 < v < m 
Then we have ((^ + 

and ((;c 4 -^)^)” = {a + b')y. Hence, by ( 21 ), {a + b')y — 
Sy{aQy boy ‘ ‘ f a,y by) and similar formulas hold for {ab)y and 
{a — b)y. Since there exists a homomorphism 17 of I over Rq such 
that Xy'^ andy^’’ are arbitrary elements of these formulas hold for 
all aybz Xm- Evidently they imply that, if 93 is any subring of 
i?o[-=^tjyy> 2*1, then the set of vectors (^0, ^1, • • ^m— 1) with the 

e 93 is a subring of Xm* In particular, this holds for 93 = 2 ) — 
I[xiy yh 2*] and for SB = g)' = /[xi, y,-]. 

We are now ready to define the ring of Witt vectors. 

Here H is any commutative algebra over the field Ij, oi p elements, 
where p is the prime used above. The elements of 9 CBm( 2 I) are the 
“vectors” (<?o, <*1, i), e 21, with equality defined as 

usual. If <2 = (<ao, * • *, b = ( 3 o, • • •, then we define 

addition and multiplication in 9 [Bm( 2 l) by 

+ bf)y == Sy{a^y boy • • Oyy by) 

{ab)y ^ my{a^y b^y • • *, b^. 

Here we understand that a b ((a + ^)o, •• •,(<* + 
ab = iiab)Q, • • •, (ab),r,_i) and,_if /(JCo,yo, ■ ■ •) is a polynomial 
with integer coefficients, then 7(<Zo, ' * •) is the element of 3 

obtained by replacing the integer coefficients of /(xoyyoy • • •) by 
their cosets in /p, Xy by ayy yy by byy 0 < v < m — 1 . These re- 
placements amount to applying the homomorphism of /[■>?», y^l 
into 21 such that n — » w = w -}- (p), n z ly x, — > Oyyyy — > by. 

Now supposes = {ay)yb — {by)yC — (Cy) are any three elements 
of ®„(21). We have a homomorphism of /[xiyyjy 2*] into 21 such 
that « —* TiyfizIyXy — ♦ ayyyy byyZy — > Cy. Consider the sub- 
ring of Xn of vectors (wo, Wiy • • •, where Wy e/[Af„y/, 

2*]. We have seen that, if / = (/q, • • •, /m-i) e Sm> then (w + /)r 
= JvCu'o, ^0, ■ • ■ , tVy, ty)y {wt)y = my{woi ^0, ’ ' ' , ) " it foUows 

■that the mapping {woy (wo^ is a 

homomorphism of 3f„ into the system (9[Bm(2l), +, •) where + 
and • are defined by (22). Note that our homomorphism maps x 
into <2, y into by z into c. We remark also that any element tv == 
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(w^) such that the Wy e (j>) is in the kernel of the homomorphism 
of into 2t. 

We can now prove 

Theorem 10. 931„(2I) is a commutative ring. 

Proof. Let a — b = {by)^ c = (r,) be any three elements 
of Then we have just seen that we h.'ive a homomorphism 

of into aBr^(9I) such that a- = (a-^) a^ y (y,) —>■ by z = 
(zy) — > c. Then the associative, commutative, and distributive 
laws of addition and multiplication in 3m give the same rules for 
the elements a, by c (e.g., {ab')c = a{bc')'). The image of 0 = (0, 
• • •, 0) and 1 = (1 » 0, • • • , 0) under our homomorphism are 0 = 
(0, • • ■ , 0) and 1 = (I> 0, • • ■ , 0) and the relations a -H 0 = a, a 1 
= A give a ^ = UyOX = a in Also if we write a' for the 

image of —a under the homomorphism, then we have a -h a' = 0. 
Since a, b, c are arbitrary in ®,„(SI), these remarks show that 
©m(S) is a commutative ring with 0 = (0, • • , 0), 1 = (I, 0, • • • , 

0) as 0 and identity elements. 

We shall call 933m(9I) the ring of Witt vectors of length m over ?I. 
We remark that9[Bi(81) can be identified with SI itself since we have 
the isomorphism a (<3) of SI onto2Ci(Sl). 

Now let 53 be a subalgebra of SI over Ip and form the ring 
2Bm(©) of Witt vectors over S3. Then it is clear that ^ = {by) — ♦ b 
is an isomorphism of SCm(S3) into SBm(9I)- In this way we can 
identify S5im(©) with the subring of 2Cm(SI) of the Witt vectors b 
with by e ©. In particular, if we take 55 = /p we obtain the sub- 
ring 2Bm(/p) of vectors with components in Ip. This subring 
evidently consists of elements. 

We define the mapping P of 5B„,(8I) into itself by = {a^fy 
ai^y : • for a = (< 2 o, * * •, We have noted that, 

'f Axoyyoy ■ ■ •) E /[Ai,>-j], then 7(«o> boy •••)*' = 7(ao^y b(fy • • •). 

This and the definitions of addition and multiplication in 5Bm(SI) 
imply that 

(23) {a + b)^ = + b^-y {ab)^ = a^b^. 

We shall call P the Frobenius endomorphism in SIS„,(SI), We intro- 
duce the re//r/V/iow mapping intoS33„_i(SI) by {a^y • 

= {aoy • and the shift mapping V of 5B„-.i(8I) 
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into by (ao, = (0, •**s<*m- 2 )* It is im- 

mediate that is a ring homomorphism and we shall see that 
is a homomorphism of the additive group of2B„_i(2I) into that of 
SBm(21). We have 

(^ 0 > * ' ‘j — l) (0> ^Ot ■ ■ 'j — 2 ) ~ (^ 0 > ■ ■ 

Also it is clear that = PP, RP = PR^ and (PR)”* = 0 hold 

in ®„(SI). 

We prove next the important 

Lemma 2. TAe following relations hold in Witt rings: 

. p . 

(24) />1 = 1 H- 1 + 1 1 = 

(25) (a + b)^ ^ a-^ + h^ 

(26) ^eSCB„( 21), ^ e SB^+iOt) 

(27) pa = 

Proof. Consider the subrings Sm+i of 3E„_i, 3cm, 

Xrn+i of elements with components in z*l and define the 

mappings R and P for these in the same way as for the Witt rings. 
Also we have the mapping P defined before. Consider the ele- 
ment 1 = (1, 0, ■ • 0) of I. Set p = pi. We have 1** = (1, 1, 

• • • , 1) and 

■ p , 

I'^e I'^e- - ■© 1'" = (p, • • -.p). 

Hence =p> 0<v<w — 1, On the other hand, l'^^ = 
(0, 1,0, ■, 0), so the definition of ^ gives (1^^)(‘’> = 0, (1^^)^^^ 

= P»1 — 1. Then we have (l^^)t*'> = p('> (p’”*'*), 0 < r 

< m ~ By Lemma 1, this implies that (l'^^)r = P» (p). We 
have seen that there is a homomorphism of intoSBm(2r) such 

^ ~ (^»-)> E (p), is in the kernel. If we apply this 
to 1 and to p and use the foregoing relations on components, 
we obtain (24) in 9B„,(SI), Next we note that = (O^Xq, 

x„^-i)yy'' = (0,yo, for x = (xq, ■■yX„-i), y = (^ 0 , 

i) in Bm. Then 

(x^)^*'^ = pxo^"'" H- p-xf''^ H 1- p^x,_iy 1 < p < m. 



ABELIAN EXTENSIONS 


131 


by (11); hence 

(28) \ <i^ < m. 

Since (x +>)'’'^ = this and (a-*^)*®^ = Cy^)^®^ = ((x + 

yyyo) = 0 give ((x 4-jy) »')<•'» = (x^y^ + 0'"')“'’, 0 < y < m. 

Hence (x yY' — x^ -h holds in 3m+j. If we apply the 
homomorphism of z*] into 21 such that « —* w = ?; + (p), 

x^ a^y y^ —* b^y Zk — ^ to the components of (x + yy^ and 
x’' + 3 *^, we obtain (25) for ay b e9[!&m(2l). To prove (26) we shall 
show that 

(29) (A-^^), = ((x>^«)0. ip). 0 <v <m 

if X = (a-o, xiy • - x„_i) e and y = (yo.yi. ■ ' ',>«) e 

Xiy y,- indeterminates. Set x^"y = (a;o, t^i, * • *, t^m), ixy^^)^ — 
(^oj • * *, tnf). Then we have to show that = /„ (p), 0 < y < 
m. By Lemma 1, this is equivalent to 14 ;**'^ = This 

holds for y = 0 since «j‘®’ = 0 — /‘®^ For »< > 1, we have, by (28), 
that = pA’^''~*’_y^’'* and = px^*'“*^(_y^^)^''“*\ Since y^*^ = 
1 ) ^ this gives the congruences 

«,(-> = = px“-*>(^0“’"*^ 

= p^f<*--‘>(jv^'*)‘--'> = /<*■> (p-+*). 

Hence (29) holds. Applying a suitable homomorphism into 21, 
we obtain (26). If we apply R to both sides of (26), we obtain 
= (ab^^y^. Setting <7 = 1 and b^ = ceSIB„(2I), we ob- 
tain Since l'"^ = pi, by (24), this gives pc ~ 

Since c = b^ can be taken to be any element of 9Bm(Sl), this is 
equivalent to (27). 

We can now derive the basic properties of 9Bm(Sl) which we shall 
need. We prove first 

Theorem 11. 2B„(2I) is a ring of characteristic p”. 

Proof. It suffices to show that the order of 1 in the additive 
group of SB„(2l) is p”. We have seen that pi = 1*''* = (0, 1,0, 

* ••,0) and by iterating (27) we obtain p®l = (0,0, 1,0, •• •) 
etc. This shows that p^'T = (0, • ■ , 0, 1) 0 but p”*l = 0, as 

required. 

We have seen that, if © is a subalgebra of 21, then we can con- 
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sider ©„,(©) as a subring of2B„(Sl). In particular this holds if we 
take SS = Ip. Then Z = is the set of vectors with com- 

ponents in the field Ip and so the number of elements in Z is 
On the other hand, Theorem 1 1 shows that there are p”* distinct 
elements of the form ^1, k an integer, in5Q5„,(2I) and these belong to 
Z. Hence it is clear that Z is just the set of integral multiples of 
the identity of 92^(21). Evidently Z is isomorphic to the ring 
//(p”) of residues modulo p”*. The following result gives an in- 
sight into the structure of 9Bm(Sl). 

Theorem 12. The mapping a = {ooy <7i, • • •, i) ^ 

homomorphism onto SI whose kernel 91 is a nilpotent ideal. 

Proof. We have seen that is a homomorphism of 2Bm(2l) onto 
9Bm-i(2I). Iteration of this shows that is a homomorphism 

ofSBmCSI) onto 9Bi(3I) = 31. Evidently is the mapping we 

have indicated. The kernel of our homomorphism is the ideal 9? 
of elements of the form (0, <7oj Hence 91 = 

If we apply R to (26) we obtain = {ab^^Y^. 

Since b^ can be taken to be any element c in this gives the 

relation ay^c = {ac^Y^ in 9[Bm(3I). Then ay^c'^^ = {ac^'^^Y^ = 

Thus = (9B„(SI)»^^)2 C 91''^. Now 
assume that for some k > 2, 91* C C 91'*^^^*"'. Then if 

d = e 91 and b e 91*, we have b = c e2Bm(3l), since b e 

^ Hence db = e 9191‘''^>*“‘ and so 

91*"^^ C 919?^^^’* *. Moreover, if <3, r e 9Bm(SI)» then — 

^ ^ Hence 

^ and so 91*-*-* C This shows that 

91* e holds for all ^ > 2. Since 91 = 5![!B„(9I)»^« and 

®m(3I)**^^" = 0 this gives 91"^ = 0. 

Corollary. An element a = (oq, is ^ ttnit in 

3S»r.(Sl) if and only if a^ is a unit in 21. 

Proof. This follows from Theorem 12 and the remark that, if 91 
is a nilpotent ideal in a ring 931, then an element e 933 is a unit in SB 
if and only if the coset + 91 is a unit in 93/91. We leave the 
proof as an exercise. 

5. Abelian P-extensions. It will be instructive to consider first 
briefly the abelian extensions of a field ^ of characteristic p ^ 0 
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whose Galois groups G have exponent p {cf. ex. 3, 4, p. 98). In 
this case we let Z be the additive cyclic group generated by the 
element 1 of and we consider the character group Horn (G, Z) 
where G is the Galois group of an extension P of the type specified. 
The elements x e Horn (G, Z) are the mappings of G into Z 
satisfying xUO = xU) + xU)- Since x(-f) e Z Q <I>, this can be 
written also in the form xUO = x(s)‘ + x(0 so that we have an 
instance of the additive analogue of Noether’s equations. Hence 
by Theorem 1 .20, there exists a pe P such that x(-r) = p* ~ p. Since 
x("f) e Z, xW^ = x(j) so (p" — p)^ = — p. This gives the 

equation (p^ - p)- = pP - p, j e G; hence p^ - p = a e 4>. Con- 
versely, let p be any element of P such that p^ — p = a c <!> and de- 
fine x(-r) = p' — p. Then xGY — xU) = (p^ ~ p)‘ ~ (p^ — p) 
“ “ a — 0. Hence xUY — x(*^) and this implies that x(-y) is 

in the prime field, so xC-^) e Z. Also we have xi-^0 — P*^ — p = 

(p* — py + (p‘ — p) = (p- — p) -j- (p‘ _ p) = _j_ ;^;(/); hence 

XeHom(G, Z), Following the pattern of the Kummer theory 
this leads us to consider the subset *S'(P) of P of elements p such that 
P e This is a subgroup of the additive group (P, +) con- 
taining (<I>, -j-) and we have the mapping p ^ Xp, where Xp(-^) = 
P* “ P, of*S'(P) onto Horn (G, Z). Since Z is an additive group the 
composition in Horn (G, Z) is (x + 4')G) = x(-^) + 'PU)- More- 
over, if p, (7- E ^(P), then Xp+<»(j) = (p + <ry — (p + o-) = -f 

Xp(j); hence p —* Xp is a homomorphism of *9(1’) onto Horn (G, Z). 
It is clear that the kernel of this homomorphism is 4>. Hence 
•S'(P)/4> ^ Horn (G, Z) ^ G. 

The next step in the discussion is to consider the subset (?(P) of 
* of elements of the form p’’ — p, p r *S’(P). This is a subgroup of 
the additive group (4>, -p) containing the subgroup of elements of 
the form a** — or, a e 4>. One sees easily that the factor group of 
)3(P) relative to the last subgroup is isomorphic to .9(P)/4>, hence 
to Horn (G, Z) and to G. It can be shown that any subgroup of 
H"). containing the subgroup of elements — a, a c <I>, and 
having a finite factor group relative to this subgroup is a group 
&CP) for an abelian /)-extension with Galois group of exponent 
S p. The groups Q give a survey of these extensions in the same 
manner that the group A^(P) gave a survey of the Kummer ex- 
tensions. We shall not work out the details here but instead we 
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shall proceed to the general case of arbitrary p-extensions. The 
idea here is to work in the ring 2B«(P) of Witt vectors over the 
given extension P where m > e,p^ the exponent of G. Then the 
subgroup Z of the additive group of 2Bm(P) generated by 1 is 
cyclic of order p”*; hence, Horn (G, Z) is a character group of G. 
We shall need first of all the generalization of Theorem 1.20 to the 
ring of Witt vectors and we proceed to derive this result. 

Suppose first that P is a finite dimensional Galois extension field 
of the field ^ of characteristic p 0 with Galois group G. Let 
2B,„(P) be the ring of Witt vectors of length wz > 1 over P. We 
have seen that we can identify 9Sm(^) with the subset ofSBm(P) of 
vectors = (^o, * * •, with the e 4». If p = (po, ' * 

p„_i) e9B„(P) and j e G, we define p* = (po% * * *, Pm-i*)- It is 
clear that p — ♦ p' is an automorphism of2Sm(P) and that the set 
of these automorphisms is a group isomorphic to G. We denote 
this group again as G. Evidently p* = p if and only ifpr*”Pi-> 
0 < »» < OT — 1. Hence 2Bm(4>) can be characterized as the sub- 
ring of G-invariants of the ring SIB,n(P)‘ 

If peS!Sm(P) we define its trace T{p) — 21 p** Evidently 

tea 

T(p)* = ^(p), j e G, so T{p) e5rB„(c&). If p = (po, pi, • • •, Pm-i)> 
then the first component of T(p) is T(po) (trace in P over #), 
since first components are added in forming a sum in SBm(P)* 
recall that the automorphisms j e G in P are P-independent and 
this implies that there exists a po e P such that T{po) ^ 0. If po 
is chosen in this way and p = (po, * ■)> then T{p) ~ (T(po)> 
• • •) has non-zero first component. It follows from the corollary 
to Theorem 12 that T(p) is a unit in Hence we have 

proved the following 

Lemma 1. There exist peS5J„(P) such that TCp)"* exists in 
5Sm(4>). 

We use this to prove the following key cohomology result. 

Theorem 13. s —* fi, he a mapping of G into SIBm(P) ^^t:h 
that Pat = + Pti Sy t zG. Then there exists an element o- eSB m (P) 

such that Pa — a* — <r. Conversely y if a eS3}m(P)j pa ^ ^ 

satisfies the given equations. 
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Proof. The proof is identical with that of the special case of 
Galois extension fields treated in Theorem 1.20. We choose p in 
®3m(P) so that 7'(p)“* exists in 9!B„(4>) and we let r = 

^(p) f Z) . Then 

V«e<7 / 

T — (p-(p'* — 

= T(p)-‘(Xm<p-') 

= r(p)-Vr7'(p) 



Hence if we take <r = — r, then we have p, — (t' — tj as required. 
Conversely, if we take p, = <r* — <r where <r is any element of P, 
then we have p,‘ + p( = ff*‘ — a-* — a — <r** ~ a = p,,. 

We recall that the Frobenius mapping p —> = (po^, Pj^, 

• • >Pm^) is an endomorphism of the ring5ffl^(P). We shall now 
introduce the mapping ^ in 2B,„(P) defined by 

(30) ^(p) = p'* — p. 


It is clear that ^ is an endomorphism of the additive group of 
9Bm(P) (but not of the ring 9[Sm(P)). The kernel of "ip is the set of 
vectors (po, pi, - - pm-i) such that p^^ = p,y 0 < v < m ~ 1. 
Evidently this is just the set of vectors with components p, in the 
prime field 4>o Ip). Hence the kernel of ^ is the set of Witt 
vectors (po, pi, ■ ■ ■, p^_i) with the p,- e 4>o. We have seen (after 
Th. 11) that this is just the set Z of integral multiples of the 
identity 1, and Z is a cyclic group of order p” under addition. 

We now assume that the Galois group G is an abelian group of 
order and that m > e where p‘ is the exponent of G. Let 




„(P)) = {pe2B„(P)|^(p) e3B^(4.) 



Then *y(91B;n(P)) is a subgroup of the additive group (9B„(P), -j-) 
containing ®„(*). If p e »S’(Saj„(P)), then we define the mapping 
Xp of G by Xp(j) = p* — p. Then = P*^ — = p^' — p^ 

= (p* + a) — (p + a) if ^(p) — a. Hence Xp{^)^ = p* — p = 
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Xp(^). We have seen that this implies that X/>(-f) ^ Also we 

have Xp{st) = — P = — p' + — P = (p* “ p) + (P* " p) 

= xM + XpU)- Hence Xp e Horn (G, Z). Next let p, e 
^(9S^(P)). Then p + cr ei’(SS^(P)) and Xp-h^(j) = (p + o)’ — 
(p + (y) = (p' - p) + {<T^ - a) = xp(-f) + xAs). This shows that 

the mapping p ^ Xp is a homomorphism of *S‘(5D3„(P)) into 
Horn (G, Z). If xM = 0 ^ eG, then we have p* = p, 

j f G, and this implies that p e ©„(4>). Hence the kernel of p — > Xp 
is Finally, we note that our homomorphism is surjective. 

For, let X e Horn (G, Z). Then x(j^) = x(-f) “h xW and, since 
the xl-f) E Z, we have also xUf) = x{-^)‘ + xW* Hence, by Th. 13, 
there exists a p e'-]Bm(P) such that x('^) = p“ — p- Since xC-f) e 
x(-r)^ = xC-^) and this gives (p^ — p)' — p^ — p. Hence ^(p) = 
p^" — p and so p c 6’(aB„(P)). We now see that the map- 

ping p — * Xp of ^(!B}m(P)) into Horn (G, Z) is surjective and since 
the kernel is we have <S’(3Bm(P))/ = Horn (G, Z) = 

G. We have therefore proved the first two statements of the 
following theorem which is a perfect analogue of Theorem 7: 

Theorem 14. Lei be a field of characteristic p 5*^ 0, V/^ an 
abelian p-extension xvhose Galois group G is of exponent p‘ and let 
^m(P) be the ring of ll'itt vectors of length m over P where m > e. 
Let P)) be defmed by (31 ). Then we have the exact sequence of 

additive gt'oups 

0 , .V(9B„(P)) -y Horn (G, Z) 0 

where the hornomorphisfn of is the inclusion mapping and 

that P)) into Horn (G, Z) is p — » Xp» Xp(-f) = P* — P- The 

factor group ^^(^^^(P)). is finite and is isomorphic to G. The 

field P ^ is generated by the cojnponents of the vectors p e *S'(2!Bm(P)) 
and 

P = • • ■ , Po‘*\ ■ ■ • , p.-/=>; 

if and only if the cosets p^*^ 4- 2Bm(4>), p^‘^ 
generate 9B^(4>). 

The proof of the last statement is exactly like that of the corre- 
sponding statement of Theorem 7. We leave it to the reader to 
check the details. 


; Po'’'*, 


= (po‘''>. 
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Following the pattern of our treatment of the Kummer theory 
we introduce next the set 

(32) Q{^SS„(P)) = {^(p)[p e^(Sffi^(P))} = 2B^(4>) n ^(®„(P)). 

This is a subgroup of the additive group (2B„(4>), +) containing 
^(933„,(^)) the subgroup of vectors ^(a), a e 2B^(4>). Consider the 
homomorphism 

P ^ ^(p) + 

of J(9B^(P)) onto !?(3B^(P))/'13(Sffi„(4>)). An element p is in the 
kernel of this homomorphism if and only if ^(p) = 'JJ(a), a e 
9Bw(4>). This is equivalent to ^(p — a) = 0 which means that p — 
oc e Z. Hence it is clear that the kernel of the homomorphism is 
and we have the isomorphism 

(33) 

This implies that !?(SB^(P))/'JI(SB,„(<I>)) is a fi nite group isomorphic 
to Horn (G, Z) and to G. We wish to show next that, if Q is any 
subgroup of ^a}m(^) containing 'iU(®„(4>)) as a subgroup of finite 
index, then Q = Q(^m(P)) for an abelian p-extension P over 
For this we need 

Lemma 2. Let 0 = (/3„, • ■ - , The>t there 

exists a finite dimensiottal separable extension field P of ^ such that 
P = ^(p) s 4*(po, pi, • • •, p^_i) and the element p = (po, p,, . . 

Pm— i) o/9Bm(P) satisfies ^(p) = 0. 

Proof. If = 1 we just have to construct a separable exten- 
sion P = <j>(p) generated by a root p of an equation x^ ~~ x = 0, 0 
a given element in 4>. Since the derivative (x** — x ~ 0)' = —1 
the given equation has distinct roots so any field generated bv a 
root of this equation will satisfy the condition. Now suppose 
we have already constructed a separable extension E = 4>(po, 

■ - , Pm- 2 ) so that the vector a = fpo, • • p,„_ 2 ) of (E) 

satisfies ^(< 7 ) = (/3o, • • •>/ 3 m- 2 ). Consider the polynomial ring 
EM and the Witt ring sm^(P[x\). We take the vector = 
(Po> • • • > Pm - 2 > x) in this ring and we form 

^(>) = (po"* • ■ Pfn-2*'y — (po, • - . ^ Pm— 2* ^)- 
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Then ^0-) = i0oy , i3„-2,/(^)), /{x)e'E[x]. Hence (^o, 

/ 3 i, • • •, 0 m— 2} /{x)) + (po> ‘ • *j Pm— 2i x) = (pO^j ' * *j Pm-2^y X^). 

Using the formula (15) we see that 
(34) = Ax) X + y 

where 7 e E. Hence /(;f) = — x — y. The derivative argu- 

ment shows that/(;ic) = 0m-i has distinct roots. If P = E(pm-i) 
where /(p^-i) = ^m-i, then P is separable over E so P = 'I>(po, 

• • - jpm-i) is separable over <I>. Moreover, it is clear from the 
formulas given above that p = (po, • • •, Pm-i) is an element of 
S[B„(P) such that ^(p) = 0. 

We can now prove 

Theorem 15. Le( Q be a subgroup oj (SB„(^), 4-) containing 
^(3Bf7i(4>)) and having the property that (2/''U(9[Bm(^)) is finite. Then 
there exists an abelian p-extension ^ of ^ such that the exponent of 
the Galois group is p‘, e < and i2(2Bm(P)) = Q‘ 

Proof. Let be elements of Q such that the 

cosets 0^'^ 4- '13(iS3p,(4>)) generate !2/'l?(2Bm(^))- By Lemma 2, we 
can construct a field P which is finite dimensional separable over ^ 
and is generated by elements pA^y 1 </<r, 0 <v<W”l> 
such that 'l}(po^‘\ ■•■yPm-A^) = i*^ 9S^(P)* 

Let fl be a finite dimensional Galois extension field of containing 
P. We form 9Bm(n) and let the Galois group G of Q/^ act in 9[Bm(f2) 
as before. If j e G and p^*^ = (po*'^ ■ ■ pm-A^), then ^(p^*^) = 

^<»> gives ''15(p'‘^“) - jS^'^ Hence ^(p‘‘^* — p^*0 — 0 so p^*^* — 
p^'^ E Z C ©„(^). This implies that P* C P, j e G. It follows 
that P is Galois over 4» and so we may take 12 = P. If ^ are in 
the Galois group G of P over then p^'^' = p'*^ 4“ and p^*^* "= 
p(o _|_ 50 where 7**^ 5^'^ 0S[B^(^). Hence = p^*^ 4- 7^*^ + 

^{o = p<0(» which implies that G is commutative. Also = 

P^'^ 4- ^’7**7 so p'*’**^ = since S!Sm(P) has characteristic p^. 
This shows that = 1 and so G is of order and of exponent p*, 
e < m. Let Xt he the character of G determined by p^*^: Xi(-^) “ 
p<»)9 _ p(o^ Then it is clear that Xi(-f) = 1> I < i < r, implies 
that s = \. It follows that the x» generate the character group 
Horn (G, Z). Hence if p is any element of 2Bm(P) such that 
^(p) e?iS,n(‘**)> then we have Xt» = nx*"*’. This implies that p — 
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+ /3, /3 eSS^(4>), rrii integers. Then '^(p) = + 

£0* Since p is any element of ^(2B„(P)) this shows that 
(?(SC»»(P)) ^ (?. The converse is clear so the proof is complete. 

The results which we have now obtained correspond to the 
main results on Kummer extensions. They have the consequence 
that two abelian p-extensions Pi/^, Pa/^ with Galois groups of 
exponent p*, e < njy are isomorphic if and only if C^(SB,n(Pi)) “ 
l?(®fn(P2)) (ex. 2 below). We have also the order preserving cor- 
respondence between the subfields P/^ of a particular n/<i> and 
the subgroups )2(2Bm(P)) of the additive group (2B„(^), -f ) (ex. 1 
below). We shall now consider the special case of cyclic p-exten- 
sions. We note first that it is an immediate consequence of our 
results that the cyclic extensions of p dimensions of ^ have the 
form ^(p) where ~ p = ^ z ^ and /3 t '13(4>), that is, 0 ^ ~ 

a, a e We shall now show that, if such an extension exists 
over 4*, which is equivalent to the condition <J> 9 ^ '13(‘J»), then there 
exist cyclic extensions of p"* dimensions over for any m = 1,2, 

• • •. This will follow from 



Mill 


la 



^ = (^o,/9i, • 


00 , ■ ■ ■ , 0m-.i E 4», then /3o e '13(4>) if and only if 
't0m-\) satisfies p”*”‘/3 e ^(2B„(4»)). 


Proof. By (27), p”*-*/^ = (0, • 0, /So'’’*"*). We have (0, • • •, 

0, ^ 0 ) - (0, ■ ■ 0, /3o''"“’) = (0, • • •, 0, ^ 0 ) - (0, ■ • •, 0, /So^) + 

(0* •■•,0,^0'’) - (0, •••,0,^0'’*) +••-+ (0, ••-,0,/3o'-") - (0, 

• * -, 0, /3oP"-‘) e Hence p-”'^ = (0, ■ ■ • , 0, 

e ^(9!B„(«I>)) if and only if (0, ■ - - , 0, /So) e ^(2Bm(4>)). Suppose 
this holds, say, (0, • ■ 0, /So) = ~ a where or = (an, ai, • • 

“m— 1). Then a^^ — a^ = (0, ■ - - , 0, /So)'* = 0 so 
and, if 7 = (ao, cn, • ■ am- 2 , 0), then = y so 5 = a ~ y 

satisfies 6^ — 6 = (0, ■ • 0, /So). Moreover, 5 = (0, ■ • 0, 

This implies that = /So so /Sq e ’U(4>). 

Conversely, if this condition holds so that /So = cx^_f — a„,_i, 
then of^ - a = (0, ■ • ,0,^0) for a = (0, ■ - ■,0,a„._|). 

We can now prove 

Theorem 16. Let ^ l/e a field of characteristic p 0. Then there 
exist cyclic extensions of p'” dimensions^ »» = 1, 2, 3, • • • over ^ 
if and only if there exist such extensions of p dimensions. The con- 
dition for this is 4> 7 ^ ^(^). 
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Proof. We have seen that there exists a cyclic extension of p 
dimensions over ^ if and only if ^(^). Suppose this condi- 
tion holds and choose po ^ ^ ^(^)- Let p = {Poy Pi, ■ ' Pm~~i) 

where the ]9,-, i > 0, are any elements of ■!>. We have shown that 
^(4») and this implies that the subgroup Q of 
generated by p and has the property that 

is cyclic of order By Theorem 15, (2 = <?(P) abelian p- 

extension P. Moreover, we have seen that the Galois group G of 
P/^ is isomorphic to and so this is cyclic of p” di- 

mensions over 

EXERCISES 

1. Let Pi and Ps be two abelian p-extensions of contained in the same field 
12. Show that Pi 3 Pj if and only if 0(2B,n(PO) 3 (?(®m(P 2 )) where m > dy 
p*\ the exponent of the Galois group of P</4>. 

2. Let P,, m be as in 1, but do not assume that the P< are contained in the 
same 12. Show that Pi and Pj are isomorphic over if and only if 0(®m(Pi)) “ 

e(2B„(P2)). 

3. Prove that if P is an element of such that p" ^P e then 

there exists a y in SD3m(4>) such that py = P. Use this to prove that any cyclic 
extension of p"*“* dimensions over of characteristic p can be imbedded in a 
cyclic extension of p”* dimensions over 4>. 
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STRUCTURE THEORY OF FIELDS 


In this chapter we shall analyze arbitrary extension fields of a 
field A study of finite dimensional extension fields and a partial 
study of algebraic extensions has been made in Chapter I. In this 
chapter our primary concern will be with infinite dimensional ex- 
tensions and we shall begin again with the algebraic ones. We 
define algebraically closed fields and prove the existence of an 
algebraic closure of any field. We shall extend the classical Galois 
theory to apply to infinite dimensional normal and separable ex- 
tensions. After this we shall consider arbitrary extension fields 
and we shall show that these can be built up in two stages: first a 
purely transcendental one and then on top of this an algebraic ex- 
tension. The invariant of this mode of generating a field is the 
transcendency degree which is the cardinal number of a transcend- 
ency basis. We shall obtain conditions for the existence of a 
transcendency basis such that the extension is separable algebraic 
over the purely transcendental extension determined by the 
basis. We shall also give a definition of separability of an ex- 
tension field that generalizes the notion of algebraic separability. 
The notion of a derivation plays an important role in these con- 
siderations. Moreover, this notion can be used to develop a 
Galois theory for finite dimensional purely inseparable extensions 
of exponent one. We shall consider also briefly the notion of a 
higher derivation that is useful for purely inseparable extensions 
of exponent greater than one. At the end of the chapter we con- 
sider the tensor product of extension fields, neither of which is 

algebraic, and we apply this to the study of free composites of 
fields. 


141 


142 


STRUCTURE THEORY OF FIELDS 

1. Algebraically closed fields. The “fundamental theorem of 
algebra” states that every algebraic equation f{x) = 0 with co- 
efficients in the field of complex numbers has a root in this field. 
Any field that has this property is called algebraically closed. If 
is an algebraically closed field, then every polynomial /(*■) e ^»[x] 
of positive degree has a linear factor x — p \n and, conse- 

quently, every f{x) can be written as a product of linear factors in 
Clearly, the converse holds also: If every polynomial of 
positive degree in is a product of linear factors in 4>[Ar], then ^ 
is algebraically closed. We recall that a field 4> is called alge- 
braically closed in an extension field P if the only elements of P 
which are algebraic over 4> are the elements belonging to ^ (§ 1.9). 
We now note that a field 4> is algebraically closed if and only if it is 
algebraically closed in every extension field. Thus let <I> be alge- 
braically closed and let P be an extension field. Let p e P be 
algebraic over and .suppose /(x) is its minimum polynomial. 
Since./(;t) is irreducible and 4> is algebraically closed, /(;<■) is of first 
degree. Hence p r <]>. Conversely, suppose ^ is algebraically 
closed in every extension field and let /(x) be an irreducible poly- 
nomial of positive degree belonging to 4>[Ar]. We can form the ex- 
tension field P = 4>[x’) (/(.v)) whose dimensionality is the degree 
of /(v). Since P is algebraic over <i> and 4> is algebraically closed 
in P, P = 4>. Hence deg/(.v) = 1, which shows that the only ir- 
reducible polynomials of positive degree in 4>[x] are the linear ones. 
This means that 4* '.s algebraically closed. 

Let be an arbitrary field and let P be an algebraically closed 
extension field of Let A/ ^ be the subfield of elements of P/ of 
algebraic elements. If /(x) c AM, we have /{x) = n(.v — p.) in 
PM and the p, are evidently algebraic over A. Since A is alge- 
braically closed in P (§ 1.9), the p, e A, Hence we see that every 
polynomial of positiv'e degree in AM is a product of linear factors 
in A[.v]. This implies that A is algebraically closed. It is there- 
fore clear that, if there exists an algebraically closed field con- 
taining a given field 4>, then there exists such a field which is, 
moreover, algebraic over 4>. This leads to the definition: An ex- 
tension field A '4* is called an algebraic closure of 4* if: 1) A is alge- 
braic over 4> and 2) A is algebraically closed. We proceed to 
prove the existence and uniqueness in the sense of isomorphism of 
an algebraic closure for any field 4>. 
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1(^ is countable there is a rather straightforward way of con- 
structing an algebraic closure of Thus, in this case, it is easy to 
enumerate the polynomials of positive degree with leading co- 
efficients 1. Let /i(x)y / 2 {x)y /six)^ •••be such an enumeration. 
Then we begin with ‘i>o = ^ and we construct inductively as a 
splitting field over of /i(x). There is a simple way of making 

precise the notion of the union A = U‘i>, of all the 4>,. Once this 
has been done, one can prove that A is an algebraic closure of 4> 
in the following way. First, it is clear that A/^ is algebraic. Let 
P be an algebraic extension of A and let p e P. Since p is algebraic 
over A and A is algebraic over <I», p is algebraic over 4>. Hence the 
minimum polynomial /(x) over is one of the polynomials /,(-*■), 
say/(;f) = /n(x). Since contains all the roots of/(x)y p e 4>n 
Q A. This shows that A is algebraically closed. 

The procedure just sketched can be used also in the general case 
by invoking transfinite induction. However, we prefer to give 
another construction which will be based on Zorn’s lemma.* We 
shall need also the following 

Lemma. 1/ A is an algebraic extension of an infinite field then 
the cardinal number | A | *= | 4> I . 

Proof. Let 2 be the subset of of polynomials of positive 
degree with leading coefficients 1 and let 2^"^ be the subset of 2 of 
polynomials of degree n I = 1,2, 3, • • •. The elements of 
2^"^ have the form -f aix"' -f- + • • • + a. e 4>, so 

has the same cardinal number as the w-fold product set 

X '!> X ■ ■ • X 4’. Since is infinite, |2*''’ f = |4>X - X4*| = 
|^|. Also (2 [ = I 13 2^"^ I = |4>l.t We now map each /(jf) € 2 
into the finite set R/ (possibly vacuous) of its roots in A. Since 
every element of A is algebraic, U “ A.. Since each R/ is finite 

/tz 

the cardinal number of the collection \R/\ of these subsets of A is 
the same as |A|. Hence )A| = |{^/!| < |2| = |4>|, This 
implies that |A| = 1<I>|. 

^ This has been used in several places in Vol. II. An adequate account of this lemma or 
maximum principle*' can be found in Kelley's General Topology ^ D. Van Nostrand Co., 
Inc., Princeton, N. J., 1955, p. 33. 

t For properties of cardinal numbers, see Sierpinski's Leeons sur les N ombres Trans finis. 

Fwis, 1928. 


144 


STRUCTURE THEORY OF FIELDS 


We can now prove 

Theorem 1. Any field has an algebraic closure. 

Proof. If ^ is a given field, then we can imbed in a set 12 which 
is very large compared to ^ in the following sense: if 4> is finite, 
then 12 is not countable and, if is infinite, then |12( > We 

now make extension fields out of subsets E of 12 containing 
More precisely, we consider the collection V of all triples (E, +, •) 
where E is a subset of 12 containing ^>, and 4- and • are binary 
compositions in E such that E with these compositions as addition 
and multiplication is an algebraic extension field of '!». We par- 
tially order V by defining (Ei, +i, -i) < (Ea, + 2 , 2 ) if Ea is an 
extension field of Ei. Any linearly ordered subcollection (Ea, 
H“a, 'a) of r has an upper bound whose underlying set is the union 
of the Ea and whose addition and multiplication are defined in the 
obvious way. Thus Zorn’s lemma is applicable and it gives a 
maximal element (A, +, •) in the collection T. We assert that A 
is algebraically closed. Otherwise, A has a proper algebraic ex- 
tension B. By the lemma, 1 B I = (A| — | ^ [ if <i> is infinite. For 
finite <!>, |A| and hence |B| is countable. Hence, in both cases, 
jB| < |n|. This implies that there exists a 1-1 mapping of B 
into 12 which is the identity on A. We can use this mapping to 
convert the image B'^ in 12 in'.o a field over A isomorphic to E over 
A. Then (B^, +, ■)> where the 4- and • are the addition and 
multiplication obtained by carrying over the 4“ and ■ of B, is in the 
collection F. Moreover B' id A and this contradicts the maxi- 
mality of (A, 4-, ■). Hence A is algebraically closed. Since A is 
algebraic over <I>, A is an algebraic closure of 'i*. 

We shall generalize next the notion of a splitting field and we 
shall prove a result for these which will give the uniqueness of 
algebraic closures as a special case. For this we consider a collec- 
tion 12 of polynomials of positive degree with coefficients in <[>. 
We shall say that an extension field P/4* is a splitting field of 12 if 

(1) every polynomial in 12 is a product of linear factors in P[a:] and 

(2) no proper subfield of P <t* satisfies (1). Let A be an algebraic 
closure of 4* and let P be the subfield of A/4> generated by all the 
roots of the polynomials yel2. Evidently P is a splitting field 
over 4* of the set 12. It is clear also that A itself is a splitting field 
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over $ of the complete set of polynomials of positive degree be- 
longing to 4>(Ar]. The isomorphism over 4> of any two algebraic 
closures of ^ is clearly a consequence of the following extension of 
the theorem on splitting fields of a polynomial (Th. 1.8). 


Theorem 2. Let a a be an isomorphism of a field 4> onto a 
fields and let Q be a set of polynomials of positive degree contained in 
fbe set of images of the / e O under the isomorphism ^(at) — *■ 
of ^[x] onto $[a-]. Let P/<t be a splitting field of n and P ^ a 
splitting field of 0. Then the isomorphism of 4> onto $ cati be ex- 
tended to an isomorphism of P onto P. 


Proof. We consider the collection A of isomorphisms s of sub- 
fields of P onto subfields of P/$ which coincide with the given 
isomorphism a — ♦ d of onto$. We can partially order A = {j} 
by defining si < s^ if J 2 is an extension of j,. Then it is clear that 
A IS inductive, that is, every linearly ordered subset of A has an 
upper bound. We may therefore invoke Zorn's lemma to obtain a 
maximal element / e A. We assert that t is an isomorphism of P 

onto P extending a — » d. Otherwise, the domain of definition of / 

IS a proper subfield E of P/4>. Since P/<t> is a splitting field of Q 
and E cz P, there exists a polynomial /(at) e Q that does not have 
aU of its roots in E. Hence if pj, pj, ■ ■ ■ , p„ are these roots in P, 
then E(p,, p 2 , ■ • p„) E and evidently E(p,, ■ •,p„) is a 
splitting field over E of/(A-)^ On the other hand, E = E' can be 
imbedded in a subfield of P which is a splitting field over E of 
fix) e Q. The theorem on a single polynomial can now be applied 
to give an extension oft to an isomorphism of E(p,, • • •, p„) onto 
the splitting field over E of f(x). This contradicts the maximality 
of /, so we see that E = P. Evidently the image P* is a splitting 
held over# of n. Hence P‘ = P and the theorem is proved. 

If we take # = 4 > and d = a in this result we see that any two 
splitting fields over <J> of a set of polynomials are isomorphic over 
In particular, we have the 


Corollary, ^fny two algebraic closures of a field 4> 
over 4>. 


are isomorphic 


fi r I’? closure of a field <J>. There are two sub- 

helds of A/4, which are of particular interest. The first of these is 
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the subfield S of separable elements over <l>. This can be defined 
also as a splitting field over # of the set of separable polynomials 
belonging to 4»[jf]. We shall call S a separable algebraic closure 
of Next let be of characteristic p ^ 0 and let be the 
subfield of elements of A which are purely inseparable over 
By Lemma 2 of § 1.9, these are the elements of A which are roots 
of equations of the form ~ a = 0, a in <^. If «!> is of charac- 
teristic p Oy we call a perfect closure of and if is of 

characteristic 0, then the perfect closure of <I> is taken to be ^ it- 
self. It is immediate that for 5*^ 0 every element of is a p- 
th power so the mapping a ^ a** is an automorphism of 
Moreover, 4>^” is the smallest subfield of A over which has the 
property that all of its elements are p-th powers in this sub- 
field. 

A field 4> is called perfect if every algebraic extension of is 
separable. The perfect closure of any field which we have just de- 
fined is a perfect field; for we have the following 

Theorem 3. .iuy field of characteristic 0 is perfect and a field 
of characteristic p 0 is perfect if and only if ^ that /V, every 

element of ^ is a p-th power in <t>. 

Proof. The first statement is clear since inseparable poly- 
nomials exist only for characteristic p 0. Now let 4* be of 
characteristic p 0 and suppose c 4>. Let ct be an element 
of ^ which is not a p-th power in <J>. Then we know that — a 
is irreducible and inseparable in 4 »[a- 1 (Lemma in §1.6). Then 
P = -- a) is an inseparable extension of ^ different from 

4* so <1* is not perfect. Conversely, assume that and let 

fix) be a polynomial in 4)(.v] such that f'(x) = 0. Then we can 

write fix) = gix^) where gix) =- x”^ di-v”*"* H \- Let 

7.'' = di, / =1, ■ ■ - , w, and set hix) = + • • - + 7 „. 

Then we have /(a*) = == A(.v)'’. Thus every polynomial in 

4>[a:] having zero derivative is a p-th power and so there exist no 
irreducible inseparable polynomials of positive degree in ^[a:]. 
Hence has no proper inseparable algebraic extension field. 

If is a finite field of characteristic p, then the isomorphism a 
— > a'’ of into is necessarily an automorphism. It follows 
from Theorem 3 that every finite field is a perfect field. 
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EXERCISES 


eli algebraic extension of a field <t> and let A be an algebraic closure 

of Show that E/<I> IS isomorphic to a subfield of A 4>. (Hint: Consider the 
algebraic closure of E and note that this is an algebraic closure of <i>.) 

2. Show that, if * is of characteristic /> 5 ^ 0 and f is transcendental over 4> 

then IS not perfect. ’ 

3. Prove that any algebraic extension of a perfect field is perfect. 

Let be a field, its perfect closure. Prove that either 4>* « * or 
[^•:4>] IS infinite. 


5. Prove that any algebraically closed field is infinite. 

A field is called absolutely algebraic if it Is algebraic over its prime field. 
Examples are finite fields.' We recall that for every prime/* and every integer n 

in the sense of isomorphism only one field of cardinality p" 
(§ VlJ)- This result was generalized by Steinitz to arbitrary absolutely alge- 
braic fields of characteristic p 0. We indicate this in the following exercise 
^ A Steinitz number is a formal product N = Op/v over all primes p< where 

\\T bi ^ np,'. is a second Steinitz number, we say that 

^is a divisor oi N {M\N) if A < for all 1 . This leads in an obvious way to a 
definition of the least common multiple (L.C.M.) of any collection of Steinitz 
numbers. Let <** be absolutely algebraic of characteristic p. Define deg ‘l» to 
be the Steinitz number L.C.M. of the d^rces of the minimum polynomials over 
the prime field /,) of the elements of <J>. Note that if is finite, then |4»| = 
^ • Prove that for any given prime p and Steinitz number N there exists an 

absolutely algebraic field 4>p.v of characteristic p and deg 4 >p jv = (Hint- Let 
J-n be the highest common factor of N and nl, so that r„l'rn + ,, » :* 1 2 • • • 
Ut be a field of cardinality p'« and suppose 4>,. C «!>„ + ,’ C • • •’. Then 
*Pp./e ~ U4»„.) Show that any two absolutely algebraic fields having the s.ime 
prime characteristic and Steinitz degree are isomorphic. Prove that 4»» w is iso- 
morphic to a subfield of4>^,x if and only if A/|M 


2. In^te Galois theory. In this section we shall give a 
generalization of the fundamental theorem of Galois theory to 
certain infinite dimensional algebraic extensions P/<t>. We 
assume that P is a splitting field over 4> of a set S2 of separable 
polynomials and we prove first the following 

Lemma 1. Any finite subset of P is contained in a subfield E/<I> 
which is finite dimensional Galois, 


Proof. Let/ be a polynomial which is a product of a finite 
number of polynomials contained in the set a Then it is clear 
that P contains a splitting field P//<f> of/. Moreover, we know 
that P, IS finite dimensional Galois over (Th. 1.10). It is clear 
also that, if/ and g are both products of polynomials belonging to 
, then P/, is the subfield of P generated by P/ and P^. It 
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follows that UP/, the union of all of these subHelds, is a subheld 
of P over <J>. Since UP/ contains a splitting field of every ft, 
it is clear that UP/ = P. This implies that any pi e P is contained 
in a subfield P/, and consequently any finite subset {pi, P 2 , • • *> Pw) 
is contained in the subfield Pq/^ which is finite dimensional 
Galois over <i>. 

Let G be the Galois group of P/^. The following result gives 
essentially the first half of the Galois correspondence. 

Lemma 2. ^ = /(G), that iSy the only elements of P which are 
G~invariant are the elements of 

Proof. VVe have to show that, if p e P, then there exists 

an automorphism j of P over such that p* p. By Lemma 1, 
p is contained in a subfield E <J> which is finite dimensional Galois 
over «f>. Since p there exists an element s of the Galois group 
of E/^ such that p* p. On the other hand, it is clear that P is a 
splitting field over E of the set of polynomials ft and consequently, 
by Theorem 2, the automorphism J of E can be extended to an 
automorphism s of P/4>. Evidently s zG and p* = p* ^ p. 

The full intermediate subfield-subgroup correspondence which 
holds in the finite dimensional case fails if P is of infinite dimen- 
sionality. As an example of this we consider the algebraic closure 
P of the field ^ = Ip of p elements. Since is perfect, all poly- 
nomials of ^>[.v] are separable and so P is a splitting field over 
of a set 1.’ .eparable polynomials contained in Let G be 

the Galois _ . '.p of P, ^ and let H be the subgroup generated by 
the automorphism xCp — + pp. (It is clear that this is an auto- 
morphism.) The subfield /(//) of //-invariants is since the 
only elements p such that = p are the p elements of 4>. We 
shall now show that H is a proper subgroup of G; then we shall 
have two subgroups of G, namely, G and H which have the same 
subfield of invariants. To do this we note that, if p^ is any power 
of py e > 1, then P contains a subfield 'i>e of order We recall 
also that C if and only if f | / (§ 1.13). Now let / be a prime 
and let 4*/- denote the union of the fields in the sequence c 
a c: ■ ■ ■ . It is immediate that is a proper subfield of P 
and P is a splitting field over of the set ft. Hence Lemma 2 
shows that there exists an automorphism j of P over such that 
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J 1 . Now j is not a power of the automorphism r; for if j = 
TT*, then the^ subfield of j-invariants is the finite set of elements 

satisfyingpP* = p. This set must include and this is impossible 

since 4>i- is an infinite subfield of P. 

This type of difficulty in the infinite Galois theory was first ob- 
served (in the field of algebraic numbers of the rationals) by 
Dedekind. The way out of the difficulty was found by Kruli who 
saw that it was necessary to restrict the correspondence to sub- 
groups of the Galois group which are closed in a certain topoloRv 
which we shall now define. 

The topology one needs is essentially the same as the finite 

topology which we introduced in Vol. II, p. 248, for the set of 

linear transformations of one vector space into a second one 

We consider the set P*' of (single-valued) mappings of the field 

P into Itself. If (fi, ^2, • and (77,, 772, ■ ■ 77^) are finite 

sequences of elements of P, then we let 0(f,, 77,) be the subset of 

P of all j such that = ,7., / = 1, • - - , The sets 0 (^,, 77,) 

can be used as a basis for a set of open sets which make P^ a 

toj^logical space (cf. Vol. II, p. 248). This topology of P^ is 
called the finite topology. 

If G is any subset of P**, that is, any set of mappings of P into 

Itself, then we topologize Gas a subspace of P^ In particular we 

shall do this for the Galois group G of P/4>. We now prove that 
the f^^cyhat P is algebraic over <J> implies that G is a closed sub- 
set of P . Thus let s belong to the closure of G and let ^ 77 e P 
Of e4>. Then there exists an j e G such that a* = a* I* = t*' 

* (f + ^) = (f + »;)*> (^v)* = (^y. Since a* = a, (f -}- 

fu ~ relations for J and 

these show that j is an isomorphism of P/4> into itself. To see 

u ''ll ^et ^ be any element of P and we let E be 

the subfield of P/4> generated by all the roots €' in P of the mini 
mum polynomial /(x) of ^ over 4>. Clearly IE;4>J < 00 . Since J 
IS an isomorphism of P/<I> into itself, E' e E. Hence the restric 
yn of . IS a linear isornorphism of E/4, into itself and so this map- 
^ng IS surjective. Thus there exists an 77 e E such that 77' = f 
Hence / .s an automorphism of P74>, so i e G and G is closed 

tt in- 
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Theorem 4. Let P/^* be a splitting field of a set of separable 
polynomials with coefficients in and let G be the Galois group of 
P/4>. With each closed subgroup H of G we associate the subfield 
E ^ /(//) 0 / H-invariants and with each subfield E P over 4* we 
associate the Galois group ^V(E) of P over E. Then these two cor- 
respondences are inverses of each other. Moreover , a closed subgroup 
H is invariant in G if and only if the correspondingfield E = I{H) is 
Galois over^ andy in this casCy the Galois group of E/4> is isomorphic 

to GJH. 

Proof. If E is a subfield of P/<J', then P is a splitting field over 
E of n. Hence if // = ^(E) the Galois group of P/E, then H is 
closed and Lemma 2 shows that /(^^(E)) = E. Next let // be a 
closed subgroup of G and let E = /(//)- We have to show that, 
if s is an automorphism of P/E, then s e H. Since H is closed it is 
enough to show that s is in the closure of //, that is, if pi, • • • , Pn e 
P, then there exists a / e // such that p/ = pi*, 1 < ^ 

A/E be a subfield of P/E which is finite dimensional Galois and 
contains {pi! (Lemma 1). Then s and the t z H map A into itself 
and so their restrictions are elements of the Galois group of A/E. 
If the restriction s' of s to A coincides with no restriction / of 
t z H to A, then the group H' of the restrictions of / 0 // is a proper 
subgroup of the Galois group of A over E. Consequently, there 
exists an element | e A, ^ E such that $ tor every t z H. This 
contradicts the definition of E as I{H). This proves the first state- 
ment. If // is a closed subgroup and s z Gy then s^^Hs is closed, 
and if E = /(//), then E" = l{s~^Hs). It follows that H is 
invariant in G if and only if E* = E for every s z G. If this con- 
dition holds, then the set of restrictions to E of the j e G is a 
group of automorphisms G in E whose set of invariants is4>. Hence 
E is Galois over4>. Conversely, assume E is Galois over4> and let 
G be the Galois group ol E If « e E and s z Gy then e and e’ 
have the same minimum polynomial over ‘t». Hence € has only 
a finite number of conjugates «*, s e G. If these are €1 — «, 
« 2 , • • fr, then the polynomial f(x) = n(.v — «,■) has coefficients 
in ^ and e is a root of f(x) ~ 0. If s z Gy then e* is also a root of 
y(x) = 0 so e* = €, e E. Since e is arbitrary, this shows that 
E* C E for s z G. This implies that // is invariant in G. Since 
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P is a splitting field over E of a set of polynomials belonging to 
^[x]y any automorphism of can be extended to an automor- 
phism of P/4>. It follows easily from this that, if E is Galois over 
then the mapping s —* s the restriction of j to E is a homo- 
morphism of G onto G. The kernel is // = so G ^ G/H. 

EXERCISES 

1. Show that the hypothesis of Theorem 4 can be replaced by: P/4> is a 
separable and normal algebraic extension, where we define normality by the 
condition that, if/(x) is irreducible in 4 >[a-) and has a root in P, then /(x) is a 
product of linear factors in P[x|, (cL § 1.^^). 

2. A topological space is called discrete if every subset is open. Let P be a 
splitting field over of a set of separable polynomials and let G be the Galois 
group of P over 4>. Show that G is discrete if and only if (P;4>] < «. 

3. Let P, 4». and G be as in ex. 2. Use the fact that every p c P has only a 
finite number of conjugates and the Tychonotf theorem to prove that C is a com- 
pact group. 

4. Let P be the algebraic closure of the field ‘l> = /p and let G be the Galois 

group of P over Show that G is a commutative group. Let be the sub- 
field of P defined for the prime / as in the text. Let t be the automorphism 
p — » pp restricted to <!>»■*. Show that rr' — * 1 in the sense that, if 5“ is any finite 
subset of then there exists a positive integer .V such that ^ for all 

^ e S provided i > A'. Let m,, mj, • • • be a sequence of integers such that for 
any positive integer I there exists an ;V such that rn, s m, (mod /‘) if r, / > A^ 
Show that the sequence of automorphisms tt"**, tt"^, • • • converges to an auto- 
morphism <r of <Pr over 4» in the sense that 7r’"*cr”* — + 1. 

5. Let G be a group of automorphisms in a field P and let = /(G). .Assume 
C is a compact subset of P**. Show that this implies that for every f C P the set 
I I j e C| is finite. Hence prove that P is the splitting field over ^ of a set of 
separable polynomials and that G is the Galois group of P 

6. Let G be the Galois group of P where P is algebraic over and let jCa} 
be the collection of invariant subgroups of finite index in G. Show that DCa 
*= !. 

7. Let 4> be a finite field, A its algebraic closure, and G the Galois group of 
A/4». Show that G has no elements of finite order ^ 1. 

8. Let Ap be the algebraic closure of the field /p of/) elements, Gp the Galois 
group of Ap/Jp. Show that Gp = G, for any two primes />, q. 

9. Let P = ^ 2 , • • •) the field of rational expressions in an infinite number 

of indeterminates. Show that the (jalols group of P/ 4> is not closed in the finite 
topology. 

3. Transcendency basis. We have defined the property of 
algebraic independence over ^ for a finite subset {^i, ^ 2 . • • > ^n} 
of a field P over in Vol. I and this definition has been repeated 
in Introduction, p. 4. We now extend this notion to arbitrary 
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subsets by stating that such a set S is algebraically independent if 
every finite subset of S is algebraically independent. A set which 
is not algebraically independent will be called algebraically 
dependent; hence a set is algebraically dependent if and only if 
it contains a non-vacuous algebraically dependent finite subset. 
We shall now introduce another notion, which we shall see in our 
first theorem is intimately related to those just given. 

Definition 1. Let S be a subset of P over and let p be an element 
of P; then p is said to be algebraically dependent over ^ on S if p 
is algebraic over^{S'). 

We note first that, if p is algebraically dependent over on -S' 
and fix) e4*(5‘)[x] is the minimum polynomial of p over 4>(^), 
then the coefficients of fix') are contained in a subfield ^iF) 
where F is a finite subset of S. Hence it is clear that p is algebrai- 
cally dependent over ^ on a set S if and only if p has this property 
for a finite subset Fof S. 

Theorem 5. A non-vacuous subset S of a field P/^ is algebrai- 
cally dependent over # if and only if there exists an element ^zS 
which is algebraically dependent over on the complementary set 

s - Ui. 

Proof. The remarks we have made show that it is sufficient to 
assume tS" is finite, say, S = f2> • * *> Assume the condi- 

tion stated holds. Then we may suppose that is algebraic over 
■ • Let /(x)e4>a„ • • $„_i)[.v] be the minimum 

polynomial of over 4>($i, •••,?« _i) and let di, * • * , /3m be its 
coefficients. Now every element of ^(^i, • • •, has the form 

- - •, where g^ h e4>[A:„ • • ■, Xi 

indeterminates, and ^(|i, • ••,$«— i) ^ 0. In particular, = 

gji^i* ■ ■ ‘ , ^fi~i)hji^ii hji^ij 0. Set 

hixiy ' ‘ ' y Xn ~\) “ Xlhjix 1 , ' ' ' y Xry — j) and 


Fix I y ' ' ' y Xn) ” hix I, ‘ ‘ y Xn — 

“b glix 1, *'*>*^n— l)^l * * * > — l) 

S^i^ I > ‘ ‘ y X ti — 1 )Am(^ l> — l) }• 


Then F is a non-zero element in 4 »[a:i, • • •, .Vn], Xi indeterminates, 
and we have F(|i, • • •, =0. This means that the {,• are alge- 
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braically dependent. Conversely, assume there exists a non-zero 
polynomial F{xi, ■ • •,x„) €^[xi, ■ ■■,x„] such that ^(f,, - ■ - , 

= 0, which amounts to saying that the are algebraically depend- 
ent over 4*. We may assume that n is minimal and we may write 

• • • , Xft) = /o(-Vi, • ■ ■ , - • ■ , — * -\- 

" Fm{xiy • • * , _i) where Fo 0 and ot > I . Since n is 

minimal, /o(|i, • ■ 0. Then 

m 

/(at) = x" + x;/.(£i, •••,£.-i)/o(£i, 

1 

is a non-zero element of such that /($J = 0. 

Hence is algebraically dependent on • • •, ^n_,. 

The relation of algebraic dependence in a field P/4> is a special 
kind of relation between elements of P and subsets of P. Another 
relation of a similar type is that of linear dependence of a vector 
in a vector space on a subset of the space, and we shall encounter 
still others. It is therefore worthwhile to treat such relations 
axiomatically and we shall do this by considering an arbitrary set 
P. A relation < between elements of P and subsets ‘S’ of P ({ < 
is called a dependence relation if the following conditions hold. 

I. If f e 5*, then ^ < S. 

ir. If ^ < j*, then i < F for some finite subset F of S. 

III. If ^ < *5 and every 1; in 5" satisfies v < Ty then $ < T. 

IV. If ^ < S and $ < ‘S' — |i;} where 17 e .S’, then 7 / < {S ~ 
Ul) U {^1 (Exchange axiom). 

Now let P be a field over 4> and let { < 5' for $ in P, 5* a subset 

of P, mean that ^ is algebraically dependent on S over 4>, Then 
we have 

Theorem 6. Algebraic dependence in P/4» is a dependence rela- 
tion in the sense oj l^IV. 

Proof. I. This is evident. II. This was proved before. III. 
Let t be algebraic over and suppose every t; e .S’ is algebraic 
over Consider the subset A of P of elements which are 

algebraic over 4»(r). Then we know that A is a subfield of P 'I>(r) 
and A is algebraically closed in P. Now .S’ C A and ^ is alge- 
braic over4>(.S’), so over A. Hence ^ e A which means that £ < T. 
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IV. Suppose ^ ^ and | < T = 6* — (17) where rjeS. Let E = 

<&(T). Then $ is transcendental over E and algebraic over E(ij). 
Hence there exists a polynomial /{x,y) e £[^-,7], x, y indetermi- 
nates over E, such that J{xyy) ^ 0 and = 0 * write 

/(Xyy) = ao{x)y^ + H h where the ai(x) e 

EM and 5^ 0 . Then an(^) ^ 0 and w > 0 , since | is trans- 
cendental over E. The polynomial /(|,^) is a non-zero poly- 
nomial belonging to E($)[>’] and 77 is a root of /{^,y) = 0 . Hence 
77 is algebraic over E(|), which implies that 77 is algebraic over 

4>(r u ijt)). Thus 77 < r u III. 

We now return to the general theory of dependence relations. 
As before, P is an arbitrary set. We define a subset .S' of P to be 
independent (relative to <) if no f e 6' is dependent on 6' — {||. 
Then we have the following 

Lemma. If B is independent and | is not dependent on By then 
B U is independent. 

Proof. Otherwise, we have an 77 c 5 such that 77 < (5 U flj) — 
{77). Since 77 < B — (77) the exchange axiom implies that ^ < B 
= (5 — {77I) U {77I contrary to hypothesis. 

A subset 5 of P will be called a l>asis for P (relative to <) if ( 1 ) 
B is independent and ( 2 ) every | in P is dependent on S. The 
main result on dependence relations is the following 

Basis theorem. The set P has a basis. Moreovery any two bases 
have the same cardinal number. 

Proof. To prove the existence of a basis we consider the collec- 
tion I of subsets of P which are independent. (It may happen 
that the vacuous set is the only member of /.) We order I by the 
inclusion relation. If lAyi is a linearly ordered subset of /, then 
is contained in I. Otherwise, there is a $ e which is 
dependent on 05 * — {^}. Then ^ < F where is a finite subset 
of — 1^1 and {$} is a finite subset which is not independ- 
ent. Since {6’) is linearly ordered, U C T for some Te { 5 ’} 
and this contradicts the assumption that T is an independent 
set. We now see that I is inductive and so, by Zorn’s lemma, there 
exists a maximal element B in /. Now let $ be any element of P. 
Then $ is dependent on B since otherwise B U {^) is independent, 
by the lemma. This would contradict the maximality of B, 
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Hence every ^ in P is dependent on B. This means that 5 is a 
basis. 

Now let B and C be two bases for P. We have to show that the 
cardinal numbers j5| = |C|. .Assume first that B is finite, say, 
B = {0iy 02y • * ■ j } . We assert that there is a 7 = 71 e C such 
that 7 is not dependent on {/^a, • • • , /3n } • Otherwise, by III, every 
element of P is dependent on {^ 2 > In particular, 

has this property, contrary to the independence of B. Now if 71 
is not dependent on {da* • • •> then { 71 , / 32 > • • • > dn } is in- 
dependent. Moreover, the exchange axiom shows that < 
\yiy02y ■ ■ -y^n] SO evcrv (3,- < 1 7i » ' ' ' , ) - Thus f 7 l,^ 2 , 

is a basis. We can repeat this process and obtain 72 
in C so that { 71 , 72 , 03y • • ■ , 0r. I is a basis. Continuing in this 
way we obtain a basis { 71 , • • ■ , 7 n } which is a subset of C and has 
the same cardinal number as B. Since C is independent, this is 
all of C and we have | C| = | 5 1 . Next assume [ Cl and j B [ are 
infinite. In this case we use a counting argument which is due to 
Lowig (cf. Vol. II, p. 241). Let 7 r C. Then 7 is dependent on a 
finite. subset B^ of B. Consequently i {.5.,} | < |C1 and 




< «o|C| = \c , 


Next we note that UBy = B. Otherwise, we have a 0 c By 
t U By. Since 0 < C and every 7 f C satisfies 7 < U Byy we have 
0 < U By which does not contain 0. This contradicts the in- 
dependence of B. Thus U By — B and the above relation on 
cardinals gives |B|<|C|. By symmetry | C| < 1 5 1 ; hence \B\ 

-|Cj. 

This result is applicable in particular to algebraic dependence 
in P/4>. In this case a basis 5 is a set of algebraically independent 
elements of P/^ such that every ^ in P is algebraically dependent 
on B. Such a set B is called a transcendency basis for P/4> and its 
cardinal number, which is the same for all bases, is called the trans- 
cendency degree (tr. d.) ofP/4>. An extension P/ ‘t>is algebraic if and 
only if P has a vacuous transcendency basis over 4>, hence if and 
only if the transcendency degree is 0. If a field P has a trans- 
cendency basis B over such that P = 4 >(j 8), then P is called a purely 
transcendental extension of 4>. The theorem on the existence of a 
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transcendency basis can be interpreted in the following manner: 
Every field can be obtained as an algebraic extension of a purely 
transcendental extension #( 5 ) of the base field#. If Xiy X2i ■ • -Vr 
are indeterminates, then the field of fractions of the algebra 
^[^i3 • • •> -Xr] is a purely transcendental extension • • •, a-^) of 

# with the transcendency basis {a',). Moreover, it is clear that 
any purely transcendental extension of degree r < oo is essentially 
identical with ^(a’i, • • •, A'r). 

Of particular interest in algebraic geometry are the fields P = 
l2) ' • j In) which are generated over the base field # by a 
finite set of elements If 5 is a maximal algebraically independ- 
ent subset of the set Ui, ^2> ' ‘ > lnl> then 5 is a transcendency 
basis. We may assume B — £2, ■ ' •, Ir). A field of the form 

P = #(^i, ^2y ’ ’ ’ y In) is Called a field of algebraic functions over 

# and the transcendency degree r {< n) is called the number of 
variables of P. If |$i, • • •, is a transcendency basis, then P is a 
finite dimensional extension of #(^i, ^2y • ‘ Ir). If this is sepa- 
rable over #(^i, • Ir), then one of the theorems on primitive 
elements shows that P = #(|i, • • •, |r, ??) for a suitable 77 in P. 
This is always the case for characteristic 0 and we shall see in § 5 
that simple conditions cun be given to insure the existence of a 
basis ll, } for a field of algebraic functions such that P is separable 
algebraic over#(|i,|2, •■■,lr). 

EXERCISES 

1. Show that, if C is a subset of such that every clement of P is alge- 
braically dependent on C, then C contains a transcendency basis. Show also 
that, if D is an algebraically independent subset of P then D can be imbedded 
in a transcendency basis. 

2. Let E, be a subfield of P, <J>. Show that the transcendency degree tr. d. 
P/E < tr. d. P # and that tr. d. E '# < tr. d. P/#. 

3. Let E, be a subfield ol P '4* and let B and C be transcendency bases for 
E/# and P. L respectively. Show that 5 U C is a transcendency basis for 
P/#. Hence prove the formula 

(1) tr. d. P, # = tr. d. P/E -p tr. d. E #. 

Note that ex. 2 is a consequence of this. (Hint: Since E is algebraic over #(fl) 
the subalgcbra generated by E 4> and #(C) is a field which is algebraic over 
#(B, C) (p. 45). Hence E(C) is algebraic over #(5, C).) 

4. Prove that, if # is a field of characteristic 5 ^ 3 and P = #(1,7/) where | 

is transcendental and = 1, then P is not purely transcendental over #. 
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5. Let P be the field of complex numbers, 4> the subfield of rationals. Show 

that tr. d. P/^ = <■ = | P|. Show that, if 5 is a transcendency basis of P <t> 

5?/'^ ® u surjective mapping of B can be extended to an automorphism of 

r/9. Hence show that P has as many automorphisms as 1-1 surjective mao- 
pings. ^ 

6. Prove that, if Pis finitely generated over<J), then this holds for any subfield 
tj/9. 


4. Liiroth^s theorem. The purely transcendental extensions 
P = ^(^ly $2, ■ • |r) appear to be the simplest types of extension 

fields. Nevertheless, it is easy to ask difficult questions about 
such extensions, particularly about subfields of P <l> if r > 1. If 
r == 1 the situation is comparatively simple and we shall look at 
this in this section. 

Let P = ^ transcendental, and let tj be an element of P 

which is not contained in <l>. We can write jj = /(^)^(^)~‘ where 
/(f) and^(f) are polynomials in f which we may assume have no 
common factor of positive degree in f. We may write /(f) = 

«o + a,f H h g(^) = + h where either 

ccn ^ 0 or 0n 0, SO H is the larger of the degrees of / and g. The 
relation t; = /(f)^(f) gives /(f) — J7^(f) = 0 and 

^ ~ V0n)^’' + — »I^n-l)f"~* + ■ • ■ + (tto ~ n0o)- 

More.over, — 7j0„ ^ 0 since a„ or 0^ 0 and t; 0 <J>. Thus we 

n 

see that f is a root of the equation of degree ;; : (a, — = 0 

u 

with coefficients in4>(T;). We proceed to show that ^ (a, — Tj0i)x' 

IS irreducible in <J»(ii)fArJ. First, it is clear that rj is transcendental 
over <t>, since f is algebraic over 4>(»7); hence r} algebraic over 4> 
implies f algebraic over 4>, contrary to assumption. l*he ring 
= 't(j;][.v] is the polynomial ring in two indeterminates t), x 
and we know that this ring is Gaussian, that is, the theorem on 
unique factorization into irreducible elements holds in 
(Vol. I, p. 126). We recall also that a polynomial in x] of posi- 
tive degree in at is irreducible in <I»(j 7 )(-v] if it is irreducible in 4>()7, ^-1 
Now /(,;, x) = X(ai - 77/?.)jf‘ = /(x) - Tjg(x) is of degree I in t). 
Hence if /(yjyx) is reducible in 4>()7)W, then it has a factor B(x) 
ofpositive degree in ;r. This implies that/(jf) and^(A-) are divisible 
oy A(x) contrary to assumption. We have therefore shown that 
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f{r},x) is irreducible in 4 >(T 7 )[Ar]. Thus | is algebraic of degree 
over^ir}). This proves 

Theorem 7. Let P = ^ transcendental ocer^ and let rj be an 

element of P not in 4>. irrite v = A^)g(^)~^ '^here J{X) and ^(|) 
arc polynomials in ^ with no cominon factor of positive degree in 
Let n = max (deg /, deg g). Then ^ is algebraic over ^{y\) and 

= «• ‘yboreover, /{x,v) = fix) - Vg{x) is irreducible 

in 4 >( 7 /)[jf]. 


This result enables us to determine the automorphisms of 4>(^) 
over Such an automorphism is completely specified by the 
image 77 of the generator P'or, if ^ ^ 77» then ♦ 

n{-t])v{-n) for tiy V polynomials in It is clear also that, if rj is the 
image of ^ under an automorphism, then <^>{ 7 }) = If 77 = 

‘•^s above, then ;<I>( 77 )] = ?/ = max {deg /, deg £■). 
This shows thar 4 >f 77 ) = i>( t) if and only if max (deg /, deg^) = 1. 
Then we have 



ag + fj 

7^+5 


where a ^ 0 or 7 5 ^ 0 and + d» 7 $ “h 5 have no common 
factor of positive degree. It is easy to see that these conditions 
are equivalent to the single condition: 



a5 — 0y ^ 0. 


If this condition holds, then ^(rj) = 4>(^) and the mapping 

n(rj)v{ 7 j)~^ is an automorphism of P 
7'he condition (3) is equivalent to the requirement that the 
matrix 



la 0 

i.7 5 


is non-singular. With each such matrix we associate the auto- 
morphism of overff* such that i —* t] given by (2). One veri- 
fies directly that the mapping of the non-singular matrix into the 
corresponding automorphism is a group homomorphism. The 

such that (rt^ + 0 )iy^ + 

= I or a| + i9 = 1 ( 7 ^ + 5), This implies 7 = 0 , ^ = 0, a — 5* 


kernel is the set of matrices 


a 
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Hence the kernel is the set of scalar matrices 


a 

0 


0 


ccJ 


9 ^ 0 . It 


is now clear that the group of automorphisms of is isomorphic 
to the factor group of the group L{^, 2 ) of 2 X 2 non-singular 
matrices relative to the subgroup of scalar matrices. This factor 
group is called \.\\^ projective group 2). 

We now consider an arbitrary subfield E of We may 

assume E 5*^ 4 >. Then E contains an element 77 not in 4 > so P = 
is algebraic over <i>(7;) and hence is algebraic over E 3 
Let the minimum polynomial of $ over E be f{x) = x'' 

+ • • • + 7n- The 7,- have the form where m.> *'1 are 

polynomials in the transcendental element Multiplication of 
/(x) by a suitable polynomial in ( will give a polynomial 

( 5 ) /a,x) = Co(Ox” + + ■ ■ ■ + 


in 4 >(^, x]y X indeterminates, which is a primitive polynomial in x 
in the sense that the highest common factor of the c^(^) is 1 . .Also 
we have 7, = e E and not all of these are in 4 > since 

$ is transcendental over <!>. Thus one of the 7's has the form 7 = 

where |■(^), /r({) have no common factor of positive 
degree in ^ and max (deg gy deg h) — m > 0 . We have seen before 
that the minimum polynomial of ^ over4>(7) is ^(x-) — yh{x) and 
[P:^(7)] = m. Since E 3 4>(7) and [P:E] = tty clearly m > w. 
We shall show that m — n and this will prove that E = 4>(7). 

Since ^ is a root of^fx-) — ‘^h{x) = 0 and the coefficients of this 
polynomial are contained in E, we have ^(x) — ■^h{x) = J{x)q{x) 
in E[x]. We have 7 = g{^)A(^)~^ and we can replace the coef- 
ficients of / and q by their rational expressions in $ and then 
multiply by a suitable polynomial in f to obtain a relation in 
4 >(^, x| of the form 


( 6 ) kmgMha) - giOMx)] = My X)q{^y X)y 

where /(?, x) is the primitive polynomial given in ( 5 ). It now 
follows that ^( 5 ) is a factor of qi^y x) and so cancelling this we may 
assume the relation is 


(7) g(<x)M) ~ gik)fi{x) = /({, x). 

Now the degree in { of the left-hand side is at most m. Hence by 
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symmetry the degree of this member in x is also at most m. On 
the other hand, the x degree of /(^, is w. Hence m = n unless 
the left-hand member is 0. This would imply that ct 

in contrary to the fact that ^(^)^(|) “^ = We therefore 

must have m = n and E = ^( 7 ). As we saw before, E Z) im- 
plies that 7 is transcendental. We have proved the following 

Theorem 8 (Liiroth). If V — ^ transcendeyital over^, then 

any subfield E 3 /j also a simple transcendeyital extension: E = 
‘^*(7)> 7 transcendental. 

The theorem of Luroth is not valid for purely transcendental 
extensions P/4> of transcendency degree r > 1. The best positive 
result in this direction is a theorem of Castelnuovo-Zariski which 
states that, if ‘J* is algebraically closed and r = 2, then a subfield 
E/^ of tr. d. 2 such that P/E is separable is a purely transcendental 
extension,* 

EXERCISES 

1. Show that, if P = 4*($, jj) where | is transcendental and 1, then P 

is purely transcendental. 

2. Let ^ be a finite field, |4>( = ^ = p”. Determine the order of the Galois 
group of 4>(f)/4>, $ transcendental. 

3. Give an example of a subalgebra of | transcendental, which does not 
have a single generator. 

4. Let P = <^($ 1 , fs, • • $ib) where the (i are algebraically independent and 

let 2 be the subfield of symmetric elements of P, that is, the field of invariants of 
the automorphisms d(a’) such that <r a permutation of 1 , 2 , •••,». 

Prove that S is purely transcendental of transcendency d^ree m. Prove the 
same thing for the subfield A 3 2 of elements / such that/^^'^ = / for every <r 
in the alternating group. (It is not known if this holds for every subgroup G of 
•S'm-) 

5. Linear disjointness and separating transcendency bases. 

Let ^ be of characteristic p 9 ^ 0 and let P = 4>(^, rj) where f is 
transcendental and Then {^} is a transcendency basis 

for P, 4> and P is inseparable over On the other hand, P = 

^iv) is separable over P. This simple example shows that certain 
transcendency bases B for an extension may be preferable to 
others in that is separable algebraic. We remark also 

that such bases may not always exist, as is shown by the example 

• See O. Zariski, On CasU/nuooo*s crita^ion of rationality =; 0* Illinou Jour* oJ 

Math.y Vol. 2 (1958), pp. 303-315. 
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of any P/ 4 * which is algebraic and not separable over 4 >. A trans- 
cendency basis B for P/ 4 > such that P is separable algebraic over 
4 *( 5 ) is called a separating transcendency basis. If P/ 4 > has such 
a basis, then we shall say that P/ 4 > is separably generated. In 
this section we shall derive a criterion that P/ 4 > is separably 
generated, based on the following important notion. 

Definition 2 . Let Ei and E2 be subalgebras of an arbitrary field 
P/^. Then and said to be WnezAy d\s]o\nt over ^ if the sub- 
algebra E, E2 generated by E, and E2 is the tensor product £, E2. 
More preciselyy what is meant here is that the canonical homo- 
morphism of El 0* E2 into E1E2 sending €1 0 60 i*tto €i«2 is an 
isomorphism (see Introd., § 3 ). 

It is well to recall the conditions that E,E2 = Ei 0* E2 which 
we obtained in the Introduction. We recall first that a sufficient 
condition is that there exist bases (««), {vf) of Ei and E2 over 4> 
respectively such that {u^vf) is a basis for E1E2 over 4 >. Since 
every element of the subalgebra Ei E2 is anyhow a linear combina- 
tion of the elements UaVQy we see that a sufficient condition for 
E1E2 = El 0<i- E2 is that there exist bases {uf)y {vf) for Ei/ 4 > and 
E2/4> such that {uaV^} is 4 >-independent. If Ei is a subfield of 
P/ 4 >, then E1E2 = Ei 0t E2 if there exists a basis {vg) for E2 
over 4 > such that the set (vg) is Ei-independent. 

Conversely, assume Ei and E2 are linearly disjoint subalgebras. 
Then {U(,vs) is a basis for EiE2/‘i> for any basis (««) of Ei/4> and 
any basis (vg) of E2/4*. Also if E, is a subfield, then (vg) is a basis 
for E1E2/E1. We note also that linear disjointness of the sub- 
algebras El and E2 implies that, if {//«) is any linearly independent 
subset of Ei/ 4 > and \vg\ is any linearly independent subset of 
E2/4*, then \uaVg\ is 4 >-independent. 

We note next that Ei and E2 are linearly disjoint subalgebras 
over* if and only if the subfields Qi and Q2 generated by Ei and 
E2 respectively are linearly disjoint over 4 >. For, if Qi and Q2 
have the property, then so do E, and Eg, since subalgebras of 
linearly disjoint algebras are clearly linearly disjoint by our 
criteria. Conversely, suppose E, and E2 are linearly disjoint. 
Ect fi, ^2» ' ' ' t be elements of Qj which are ^-independent and 

V2y ■ ■ ',Vn elements of Q2 which are ^-independent. We can 


162 


STRUCTURE THEORY OF FIELDS 


write i 7 j = v/v~^ where f e Ei, ?;/, 17 e Ej. Then 

*s a ^-independent subset of Ei and {»7i', ^72^ 
* • I is .1 4>-independent subset of E2. Hence the elements 

1/77/ are «i>-independent and so also the elements ^cnj are ^-in- 
dependent. This implies that Qi and go are linearly disjoint over 
We are interested primarily in subhelds of P and we shall 
require the following lemma which will enable us to prove linear 
disjointness by steps. 


Lemma. Let Ej aufi Eo be subfields of P/4>, Ai a subfield of 
Ei/«J>. Then Ei ai^d E2 are linearly disjoint over^ if and only if the 
following two conditions hold: (1) Aj and Eo are linearly disjoint 
over^ and (2) the field Ai(E2) and Ei are linearly disjoint over Aj. 


El Ei(E2) 



Proof. Assume (1) and (2). Let {uf) be a basis for Eo/^. By 
(1), the Ua are linearly independent over Ai. Since these elements 
are contained in At(E2), and Ai(E2) and Ei/Ai are linearly dis- 
joint over A|, by (2), the tia are linearly independent over Ei. 
Hence Et and E2 are linearly disjoint over 4>. Conversely, 
assume this holds. Then it is clear that Ai and E2 are linearly 
disjoint over 4>, that is, (1) holds. Also the hypothesis implies 
that, if (wo) is a basis for Ei over Ai, (t'^) a basis for Ai over 
(tf.,) a basis for Eo over 4>, then {uaVQwf) is a basis for E1E2 over 
4>. This implies that, if we have a relation 'ZciUa — 0, r, e EoAi, 
then every r, = 0. Now suppose we have = 0, 5, e Ai(E2)* 

Then we can write 5, = r,-, d e EoAi and we obtain ” 

0, Ci = 0 and di = 0. Thus we have shown that the basis («a) of 
Ei/Ai is Ai(E2)-independent. This implies that Ei and Ai(E2) 
are linearly disjoint over Aj. 

We now embark on the study of linear disjointness and sepa- 
rability. We assume that P is an extension field of a field 4* of 
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characteristic p 0 and we shall operate in an algebraic closure 
A of P (which contains an algebraic closure of ^). We consider 
the subset 4*^ * of A of elements 7 such that t'’ e4>. This is a 
subfield over4>. We shall be interested in linear disjointness of P 
and<t>'’ * over4>. In studying this question it is useful to note the 
following simple criterion: A set {pi,P 2 , p, e P is 

independent if and only if (pi^, P2'’> is 4>-independent; 

for, suppose we have 2^,p, = 0, c Then 2a, p,^ = 0 for 

a* = in «?>. On the other hand, if 2a, p,^ = 0, a, in then, 
since A contains an algebraic closure of 4>, ctx = 0x^y in 
Then 2j(3,^p,P = 0. Hence (2/3, p,)^ = 0 and 2^,p, = 0. Also it is 
clear in both situations that a,- = 0 if and only if = 0. We shall 
now establish the following criterion. 

Theorem 9. 1/ P is an algebraic extension of ^ {possibly infinite 
dimensional)y then 1^ is separable over 4> if and only if P is linearly 
disjoint to over^. 

Proof. We recall that an algebraic element p of P over <I> is 
separable if and only if pe4>(p^) (Lemma 2 of § 1.9). Suppose 
first that P and are linearly disjoint over 4> and let p e P. 
Let [4>(p) :^] = «. Then (1 , p, p‘, • • ■ , p" is a basis for 4'(p) = 
^[p] and hence these elements are 4>^”'-independent. This im- 
plies that the elements l,p^', p^^', - are ‘i>-independent. 

Since there are n of these and they are contained in ‘5>(p), they 
form a basis for 4>(p). Evidently this implies that p c 4>(p*’] so p 
is separable over ‘i>. Conversely, assume P separable over4> and 
jpi, •••,p„} be a finite ^’-independent subset of P. We may 
imbed this set in a subfield E/4> which is finite dimensional, and 
we can choose a basis (pi, ■ ■ y Pny Pn+\y '--yPo) for E/<^. Any 
element e of E is a 4>-linear combination of the p„ 1 < j < q. 
Then is a 4>-combination of the pf. The same holds for = 
(«*)**, •• '. On the other hand, since < is separable, 

« e4>(e'’) = 4>[<*’]. Consequently, « itself is a <I>-linear combination 
of the pf. Since |E:‘I>1 = q this implies that (p,^, P2'’, • • - .p,^) 
is a basis for E/4>. Hence \pfy ■-■yPn^\ is 4>-independent and 
iPi> -- »Pnl is <I>p“*-independent. Since Ipi, ■•■,p„) was an 
arbitrary finite 4>-independent subset of P, this proves that P 
and<I>^ ‘ are linearly disjoint over <I>. 
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We prove next the following 

Theorem 10. If P is purely transcendental over 0, then P is 
linearly disjoint to ^ * over <I>. 

Proof. Our assumption is that P = where B is an alge- 
braically independent set. We have seen also that P is linearly 
disjoint to ‘ over 4> if and only if the subalgebra ^[5] of poly- 
nomials in the elements of B is linearly disjoint to To prove 

that the latter holds, it suffices to give a basis for which is 

4>^~‘-independent. For this we take the basis M consisting of the 
monomials in e B. Now it is clear that, if and m 2 are dis- 
tinct monomials, then mf and m 2 ^ are distinct monomials. Hence 
it is clear that the set of p-th powers of the elements of A/ is a 

^-independent set. We have seen that this implies that M is 
‘-independent. Hence $[5] is linearly disjoint to and 
the proof is complete. 

We can now prove our main result which is 

MacLane’s Criterion. If P/4» is separably generated {of 
characteristic p), then P and ^ ‘ are linearly disjoint over On 
the other hand, if P is finitely generated over # and P and are 
linearly disjoint over^, then P is separably generated over^* 

Proof. Suppose first that P is separably generated over <l>, 
which means that P has a transcendency basis B over O such that 
P is separable algebraic over S = 4>(5). Then, by Theorem 10, 
2 and are linearly disjoint over Also, by Theorem 9, P 
and ‘ are linearly disjoint over S. Hence P and SC^***"*) 
which is a subfield of ‘ over 2 are linearly disjoint over 2. 
The lemma now shows that P and*!^ ‘ are linearly disjoint ovcr^. 

Next we assume P = ^ 2 , -slm) and P and are 

linearly disjoint over 4>. We may assume also that $ 2 » ' 

is a transcendency basis. Suppose we know already that 
• • • , I, are separable algebraic over • • •, If s = m, then 
f^i> is a separating transcendency basis. Hence we 

suppose that is inseparable algebraic over 2 = ^(fi, • ■ •, ^r)- 
Let f(x) be the minimum polynomial of over 2. If we 
multiply / by a suitable polynomial in we obtain a 

polynomial F{^i, ■ • e x] which is irreducible 
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and satisfies f, + ,) = 0. Since /is 
inseparable it is a polynomial in x^; hence /-Tf,, a-) is a 

polynomial in x^. We assert that there exists a 1 < / < r 
such that F is not a polynomial in Otherwise, the monomials 

€i> b, ■ • fr, Jf which actually occur in F are all p-th powers 
and this implies that f., x) = //a., . . 

[€i> ■ ■ ■, ^r, .v]. Then //(f,, ■ • $, + i) = 0, so the mono- 
mials , occurring in H are linearly dependent 

over . The assumption of linear disjointness of P and 
therefore implies that the same monomials are ‘^-dependent. This 
implies that Is a root of a polynomial /i(x) e 2[xJ, /i(x) ^ 0 
of lower degree than /, contradicting the fact that / is the mini- 
mum polynomial of + , over 2. This shows that we may suppose 
that F(ii, is not a polynomial in 7'he relation 

■ ' ' > fr> ^s + i) = 0 shows that f i is algebraic over 4 >(f 2 > ■ • ■ > 
ir, f.+i). Since ^ 2 , ' ■ are also algebraic over this subfield, it 
IS clear that {fa, + is a transcendency basis. 

We shall show that is separable over 2' = '^>(^ 2 , * • ■ > ft 1 ) 
We recall that F(^,, is irreducible in ■ ■ 

Hence X 2 , ■ • Xr,y) is irreducible in X 2 , - ■ av,^], 

indeterminates, and consequently this polynomial is ir- 
reducible m 4 >(x2, ■ • j)[.v] where <P(x 2 , ■•■yXr.y) is the field 

of fractions of 4>[x2, • Since ^ 2 , ■ • are alge- 
braically independent over 4>, ^(^ 2 , ■ • - . fr, f. + ,) ^^(x 2 , ■ - , 

>) under a 4>-isomorphism such that X, — » f,, 2 <i <r,y —» 

It follows that F{Xy^ 2 i f. + i) is irreducible in ^({ 2 , 

fr, f. + i)lA*] and so this is a multiple of the minimum polynomial of 
fi over 2^ Since this polynomial is not a polynomial in 
IS separable algebraic over 2'. Also I < f < j, are separable 
algebraic over and, since f, is separable alge- 

braic over 2', IS separable algebraic over 2^ If we re-number 
the t's we now have a transcendency basis f,, ■ , f such that 

f>. 1 J -f- 1> is separable algebraic over^f^,, . 

This establishes the inductive step to show that we can choose 
fi, --^fr among the generators fi, so that every is 

separable algebraic over 2 = ^ Then is a 

separating transcendency basis for P,<t>. I'fiis completes the 
proof of the second assertion of the theorem. 
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It is important to note for future use that, if P = ^(li, * * *, 
is linearly disjoint to over 4>, then we have shown that a 
separating transcendency basis can be extracted from the set 
{ li, ^ 2 ) ■ • • , 1 • We note also the following 

Corollary (F. K. Schmidt). 1/ ^ is perfect y then any field of 
algebraic functions ■ has a separating transcendency 

basis over 

This is an immediate consequence of MacLane’s criterion since 
P is certainly linearly disjoint to 

The results which we have proved, particularly Theorem 9, 
make it natural to extend the notion of separability to arbitrary 
(not necessarily algebraic) field extensions in the following way. 

Definition 3. ^ field P is separable over if it is either of charac- 
teristic 0 or if it is of characteristic p ^ 0 and P is linearly disjoint 
to ^ ‘ over 4>, 

Theorem 9 shows that this is equivalent to the usual notion of 
separability if P is algebraic over <I>. Also MacLane’s criterion 
shows that, if P is finitely generated over 4>, then it is separable 
over 4> if and only if P is separably generated over The follow- 
ing theorem gives two other properties of separability which are 
familiar in the algebraic case. 

Theorem 11. (1) If P is separable over^ and E // a subfield of 
P over 4>, then E is separable over ‘i». (2) If P is separable over E 

and E is separable over then P is separable over 

Proof. We may assume the characteristic is p 0. (1) This 

is clear since the linear disjointness of P and implies the 
linear disjointness of E and (2) We are assuming that ^ ^ 

is linearly disjoint to E over ^ and E^"* is linearly disjoint to P 
over E. Then E(<I>p *) which is a subfield of E*' ^ is linearly dis- 
joint over E to P. The lemma now applies to show that ^ 
and P are linearly disjoint over <i>. Hence P is separable over 4>. 

We close the present discussion with two negative results. 
First, we recall that, if P is separable algebraic over ^>, then P 
is separable algebraic over any intermediate field. This fails in 
the general case since, for ^ transcendental, is separable over 
^ of characteristic p ^ 0, but 4>($) is not separable over 
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Next we note that a field may be separable over 4* and not sepa- 
rably generated. An example of* this is given in ex. 1 below. 


EXERCISES 

1. Let ^ be of characteristic p ^ 0 and let P = ‘jKf, f'"*, • • •) where f 
is transcendental over 4>. Show that P is separable over 4> but not separably 
generated over 4». 

2. Let be the subfield^of the algebraic closure of P 3 ^ of elements f 

such that £$ and Jet ^ Show that P is separable over 4* if 

and only if P and are linearly disjoint over 

3. Let E/4> and A/4> be subfields of P/4> such that E/4> is purely transcen- 
dental and A/$ is algebraic. Show that E and A are linearly disjoint over 4>. 

4. Let P = f. A where 4> is of characteristic p ^ 0, T are alge- 
braically independent and t** = 4 - i). Show that P is not separably gener- 

ated over E = <!>({, 77 ). 

5. (MacLane). Let 4> be a perfect field of characteristic p ^ 0, P an imperfect 
extension field of <l> such that tr. d. P/^ = 1. Show that P is separably gener- 
ated over 4>. 

6. Derivations. We have found it useful to introduce the usual 

formal derivative of a polynomial in considering multiple roots 
(§ 1.6). The mapping of the polynomial algel -a 4>[jf] into itself 
defined by: /(x) —* /'(x) the formal derivative of /(x)y is an 
example of a derivation in the algebra More generally it is 

convenient to consider derivations from a iubalgebra into an 
algebra. This general notion, which is of great importance in 
algebra, is given in the following 

Definition 4. 1/ is a subalgebra of an algebra ©, a derivation 
D of into © is a linear mapping of 81 into © such that 

(8) {ab)D = {aD)b + a{bD), a, ben. 

If n SSy then we speak of a derivation in 8(. 

We shall be interested mainly in derivations in fields of alge- 
braic functions. In this section we consider some general results 
on extension of derivations and on the algebraic system consisting 
of all the derivations of an algebra into itself. We begin our con- 
siderations by noting first that the study of derivations is equiva- 
lent to the study of a certain type of algebra isomorphisms. This 
will enable us to derive the main facts about derivations as con- 
sequences of corresponding results on homomorphisms. For this 
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purpose we introduce the algebra X with basis (1, /) over the. 

base field ^ and multiplication rule /^ = 0. Thus X = 

X an indeterminate, and / is the coset x + (x^). If 33 is an arbi- 
trary algebra, then we form the algebra ©0 2. If we identify © 
in the usual way with the subalgebra of elements ^ 0 1 and X 
with the subalgebra of elements 1 0 « e 2, then we see that 

the elements of © 0 2 can be written in one and only one way 
in the form 3o H- e ©, the generator of 2. We have = 

tb and in general the multiplication rule in © 0 2 is 

(9) (^0 H- bit){c{i + ciO = ^0^0 + (^0^1 + I , 

biy Ci e ©. The algebra © 0 2 is called the algebra of dual numbers 
over ©, 

Now let D be a derivation of SI into ©. Then we can use this 
to define a mapping s — j(Z)) of SI into © 0 2 by 

(10) a — ► a' = a -f- {aD)t. 

Evidently j is linear. Furthermore, if ^ e 81, then 

a»b‘ = {a + {aD)t){b -H {bD)t) 

^ ab-\~ {a(bD) 4- {aDWt 
= ab 4- aab)D)t 
= (ab)\ 

Hence j is a homomorphism of the algebra 21 into the algebra of 
dual numbers © 0 2. The homomorphism s has a simple charac- 
terization. For this we introduce the mapping ir: a bt a, 
^ c ©, of © 0 2 into ©. It is clear that this is a homomorphism 
of © 0 2 into © which is the identity mapping on the subalgebra 
©. Now we see that, if <7 e 81 and s is defined by the derivation 
D of SI into © as before, then = {a {aD)ty = a. Evidently, 
this requirement guarantees that s is an isomorphism. 

Conversely, let s be any homomorphism of H into © 0 2 such 
that a"^ = ( 2 , e 31. Then a* = a bt, Oy b z ^ and b is uniquely 
determined by a. Hence we have the mapping D: a — * by and 
we may write a* ~ a {aD)t. It is clear that the linearity of s 
implies the linearity of D. Also since {abY = a’b’ for any a, b in 0, 

{a + {aD)t){b 4- {bD)t) ab {a{bD) + {aD)b)t "" 

= ab~^ {{ab)D)t, 
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Hence we have {ab)L> — {aiy)b + a{bD) so Z) is a deriv'ation. We 

can therefore state the following 

Theorem 12. If SI is d subaigebra of © and I) is a derivation of 
81 into ©, then s\a —* a Sr {^TDt is an isomorphism of SI into the 
algebra of dual numbers © ® I over © such that a'' = a. Con- 
versely, any homomorphism of SI into © ® X satisfying this condition 
has the form a a S~ iaTy)t where D is a derivation of SI mto ©. 

^ We shall now obtain some simple consequences of this connec- 
tion between derivations and isomorphisms. First, let H be a 
set of generators of the subalgebra SI of the algebra © and let Z), 
and be derivations of SI into ©. Suppose xDx = xDz for every 
® Then x*' =* x** for the associated isomorphisms = /(Dj), 
■^2 = •r(Z) 2 ) of 81 into © ® I. It follows that a*' — for every 
c 9 so = j 2 and D\ = D^. This shows that, if two deriva- 
tions coincide on a set of generators of 81, then they are identical 
on 81. We remark next that, if j is a homomorphism of SI into 
© ® 5 such that x*^ = ;if for x e i a set of generators, then a*' = 

for all e SI. Hence s defines a derivation in the manner in- 
dicated. 

An element c of 81 such that cZ) = 0 is called a D-constant. 
Evidently c is a Z)-constant if and only if r* = c for the isomor- 
phism s = s{D). It follows from this — or directly — that the set 
of Z)-constants is a subalgebra of 81. In particular, I is a £)- 
constant for every derivation D. If SI is commutative and 4> is 
of characteristic p, then every p-th power in SI is a Z)-constant. 
For, in any commutative algebra the basic property (8) for D 
implies that = ka'‘~'^{aD). Hence if Xr = p, then (( 2 *')Z) = 0. 
We note also that, if 81 = P is a field, then the set of Z)-constants 
of P forms a subfield P of P. This is clear from the consideration 
^ “ •f(Z)) or it follows directly, by noting the rule for the deriva- 
tive = ~{yD)y~'^, which follows by taking the 

derivative of the relation 'yy”' = 1. If p e P and y e P, then 
(Tp)Z> m y{pD) for the derivation D. This shows that D c 
®r(P, S) the set of derivations of P/P into ©/P. In considering 
a particular derivation Z) of a field, it is often convenient to shift 
from the original base field to the field of constants P of D or to 
some subfield E/^ of P/^. 
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We shall now carry over to derivations the two basic results 
I and IV' on extensions of homomorphisms of commutative rings 
which we derived in the Introduction. We remark that these 
results are valid for algebras over a field and we shall use them 
in this form. Our first result on extension of derivations is 

Theorem 13. Let V be a field over % a subalgebra of P/# 
{containing 1 ), M a multiplicatively closed subset of non^zero elements 
of SI containing 1 , and let 81 a/ be the subalgebra of ^ of elements of 
the form ab~^y <2 e 81 , b z M. Let D be a derivation of 81 into P. 
Then D can be extended in one and only one way to a derivation of 
SIa/ into P, 

Proof. Let s be the isomorphism a a {aiy)t of 81 into 
P ® X. If a ^ Oy then a^ = a (aD)t has the inverse a~^ — 
since 

(a + {aD)t){a-^ - a-^aD)t) = 1 + {aD)a-^t - a-^{aD)t = 1 . 

By I of the Introduction, s can be extended to an isomorphism 
of 8l,\/ into P. The extension is unique and maps a*{b*)~‘^. 

We have 

a’{b^)-^ = (<2 + {aD)t){b-' - b-H^D)t) 

= ab-^ + ({aD)b-^ ~ ab-^{bD))t. 

This formula shows that, if s denotes the extension of s to SIa/, 
then {ab~'y^ = {a*{b‘)~^y = ab~'. It follows that s defines the 
derivation: 

(11) ab-' -> {aD)b-^ - ab~\bU) 

of SIa/ into P. The argument shows also that this extension of 
D is unique. 

Next we consider a subalgebra SI of P/^ and an extension of this 
which has the form SI[$i, ^2, * •,!«], €.■ elements of the field P. 
We suppose we are given a derivation Z) of 81 into P and elements 
Vii ’ 72 > ’ ' • yVm of P. We seek conditions on D and the 77, • which 
insure that D can be extended to a derivation D of 8I(fi, ^a, • * *> 
such that == i = 1 , 2 , Since 81 and the $,■ 

generate 8I[$i, • • *, it is clear that, if the extension exists, then 
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it is unique. As before, we consider the isomorphism s'. a — » a -\- 
{,aJy)t of ST in P ® I satisfying = a. Then D can be extended 
to a derivation of , fm) into P so that if and only 

if J can be extended to an isomorphism of • • • , f,,] into P 0 I 

so that (i ~h Tiit. Clearly the condition is necessary and, if 

it holds, we have = a and for the extension s. Hence s 

will give rise to a derivation of S(f$i,£ 2 , ■ ■ , ^mj> as before. The con- 
ditions for the extension of s have been given in IV' of the Introduc- 
tion. We recall that the set ^ of polynomials /(xi, X 2 , • • •, x„) e 
■*’ 2 > ■ • x-„], X, indeterminates, such that /{^i, { 2 , • • , $„) = 

0 is an ideal in 8I(X|, X 2 , • • x„J. The condition IV' for an exten- 
sion j of j such that = f,, 1 < / < is that^(f,, Tm) 

= 0 for every ^ e X, a set of generators of .ft. Hence we see that 
D can be extended to a derivation of into P such 

that — + rjiy I = 1, 2, • • • , w, if and only if 

4- + *72^ ' ’ 'y^m + = 0 

for every ^ in a set J. of generators of the ideal If of polynomials 
/(^i, • • *,0 e 9[xi, ■ ■ x„] such that /(fj, ■ • {m) = 0. 

We proceed to work out these conditions in detail. Let a e 31 
and consider the monomial A/(xi, • • •, Xm) = <7Xi*'x2** • • • x,„*". 
Then 

^2 + V2^y ■ • 1 + Vm^) 

= + T7l/)*‘(t2 -f »72A** • ■ • (fm 4- Jim/)*"- 

— (<2 + (aD)/)((i 4- *7l/)*'(^2 + »72/)** ■ ■ ■ (fm 4- Jim/)*" 
= • ■ ■ U*" 4- (<?D)f,*‘^2** ■ ■ • ^m*"/ 

H- - ■ ■ €m*"J7i 

+ >t2a^*‘6**“'f3** ■ ■ ■ 

H f- ^m**il** ■ ■ ■ 

If we define the formal partial derivative of / = • •• 

•Vm*" relative to x, as 


a f 

— = 2/r.-<2*,...fc^Xi*‘ • • • x,*‘“‘ 
dxi 



172 


STRUCTURE THEORY OF FIELDS 


and denote its value at (^1,^2, ‘ • -jlm) by > then the 

above calculation shows that * 

^’(^1 + Vl^y ’ ’ ’y Vm^) 

where, in general • • •, x^) is the polynomial obtained from 

/ by replacing the coefficients by their images under D. Hence 
if / E 21[a;i, • • • , Xmli then we have 

( 12 ) /"(fi + 171 ^, ^2 ~h V2f> • • 4 - Vm^) 

= /(^1» • ■ W + + 23 Vi^' 

1 \dXi/xj^^, 

It is now clear that /'(fi + 771/, • • + rj^i) = 0 if and only if 

/(Si, ■ ■ Sm) = 0 and 

(13) /"(f., •••,«„)+ ,. = 0. 

The criterion which we gave can now be stated in the following 
manner. 


Theorem 14. Let ?I i^e a subalgehra over ^ of the field P/<I> and 
l^^ Si, S 2 , • • • , Sr^i, ^ 1 , f) 2 ) ‘ ■ yilm be elements of Vy D a derivation of 
St into P . Let^i be the ideal of polynomials /(a'i, ■ • • , x^) e SI[a'i, • • 
Xm] such that /(ti, • • =0 and let X be any set of generators 

for Theyi D can be extended to a derivation D of 9t[^i, ■ ■ Sm] 
into P such that = 77,, / = 1, 2 , ■ • ^ and only if 

(1-1) ,. = o 

.-,1 \OXi/^j^^, 


for every g c X. If the extension exists, then it is unique. 

A special case of the result is the following: If the are alge- 
braically independent over 3 (, then there exists a derivation D 
extending D on 31 and mapping — > 77,- where 771, ■•■jVm are 
arbitrary in P. This is clear since in this case the ideal = 0 , 
so the condition for extension is trivially satisfied. 
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We consider next an arbitrary algebra 35 , a subalgebra SI, and 
the set S) of derivations of 8 l/ 4 > into ^ 4 ». If Di,D2 z 

3 !!)^( 8 l, S 3 ) and a; e 4 >, then a.Di and Di -H D2 are linear mappings 
of SI into S8. Moreover, if iZ, ^ e SI, 

{ah){aDi) = a{{ab)Di) = oL{{aDi)b + a{hDi)) 

= {a(c.D,))b + a(HaD,)) 

{abUD, + D 2 ) = {ab)Di + {ab)D2 

= (a(D\ + D2))^ + a(^(Di + ^ 2 ))* 

This shows that aDi and Dj + D2 are derivations. Hence 
2 )*(Sl, S 3 ) is a subspace of the space I?4»(8I, S 3 ) of linear mappings 
of 8 r/ 4 > into ©/<!>. Next let c be an element of the center of S 
and, as usual, let cr denote the mapping x —^xc = cx in S 3 . We 
assert that, if D is a derivation of SI into ©, then Dcr is also a 
derivation of SI into For, it is clear that Dcr is linear and we 
have 

(ab)DcR = {iaD)b + a{bD))cR 

- {aDcR)b + a{{bD)cR). 

Hence Dcr e S). 

Next let S 9 = SI and let Xj*(SI) = X'*( 2 I, SI) the set of derivations 
in SI. Let Di, D2 e X)«»(Sl). Then DjD2 is a linear transformation 
of the space SI. However, 

iab)D,D2 - {a{bD,) + {aD^)b)D2 

= aibD.Dz) + (aD2)(bDi) + (aD^)ibD2) + {aD,D2)b. 

Since (aD2){bDi) + (aDi){bD2) may be ^ 0, it is clear that 
^\D2 need not be a derivation. The "obstruction” {aD2){bDi) -f- 
(aDi)(^£)2) is symmetric in Di and D2 so we obtain the same 
obstruction for These cancel off if we form \D1D2] = 

— DaDj. Hence it is clear that [Z),£)2] eX«(SI). The expres- 
sion [DxD^] is called the Lie or additive commutator of D\ and O2. 
Our result is that T*(SI) is a subspace of the space of linear trans- 
formations of SI closed under Lie commutators, that is, if Z>i, D2 e 
®*(8I), then [D1D2] e D*(SI). A subspace of tV(?I) having this 
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property is called a Lie algebra of linear transformations. The Lie 
product [Z)iZ) 2 ] is bilinear but it is not associative. The basic 
properties which it has are 

(15) [DD] - 0, [[D^D2]Ds] + [[D2D^]D,] + [lDsDt]D2] = 0. 

The first of these is clear and the second follows from a straight- 
forward calculation which we leave to the reader. We note next 
the following Leibniz formula for the ^-th power of a derivation: 

(16) = i: (aD'XiD'‘-‘), k = l,2,---. 

SmO \ f / 


This is readily proved by induction on k. Now suppose the base 
field is of characteristic p ^ 0. Then a = 0 for / = 1,2, • • • , 
/> — 1 and any a e SI, so in this case, (16) for k — p reduces to 


(17) {ab)ry^ = {aL^)b + a{bD^), 

which shows that X)*(8I) is also closed under p-th powers, that is, 
if D e 2)*(SI), then IP e I;*(8I). A Lie algebra of linear trans- 
formations in a vector space over a field ^ of characteristic p 5*^ 0 
having this extra closure property is called a restricted Lie algebra 
of characteristic p. 


EXERCISES 

1. Let SI be an algebra over ^ and let e SI. Verify that the mapping a —* 

\ad\ = a4 — da \zz derivation in 2. Such a derivation is called an inner deriva- 
tion of SI. Prove that, if Id denotes the inner derivation determined by d^ then 
laxdi+tn^i = oi\Idi + ciddt, in 4* and =* [/di/d*]. Show also that, if $ is of 

characteristic p 9^ 0, then Id? = (/d)»*. 

2. Let SI be a subaigebra of an algebra ©. Verify that a mapping D of SI into 
© is a derivation if and only if the mapping 



if SI into the matrix algebra ©2 of 2 X 2 matrices over © is an isomorphism. 

7. Derivations, separability and ^-independence. We shall 
now take up the study of derivations in a field P/4>. We note 
first that, if SI is a subalgebra of P/4>, then any derivation D of 
Sl/^* into P/4> has a unique extension to a derivation Z) of the sub- 
field E of P generated by 81. This is a special case of Theorem 13 
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since E = for M the set of non-zero elements of 21. Suppose 
next that E is a subheld of ?/<!> and £> is a derivation of E into 
P/^. Let I e P. Then if $ is transcendental over P, D can be 
extended to E[^J so that = 77 is any element of P. This is a 

consequence of Theorem 14. Moreover, D can be extended to 
the field E(^) so that = i). Next assume f is algebraic over E, 
so E(|] = E(f) and let f{x) be the minimum polynomial of f over 
E. Then the ideal Si in E(Ar] of polynomials h{x) such that /i(^) 
= 0 is the principal ideal {/{x)). Hence Theorem 14 shows that 
D can be extended to a derivation of E(|) such that f if and 
only if 

( 18 ) /^(€) + rah - 0 , 

/\x) the usual derivative of /(x) (cf. V of Introd.). If $ is sepa- 
rable, then /'a) ^ 0 and (18) gives ij — — /^(i)/'C$) ”*■ Hence 
there is only one choice possible for ij to give an extension of Z). 
Thus we see that, if E({) is separable algebraic over E, then a 
derivation of E/4> into P/^ can be extended in one and only one 
way to a derivation of E($) over 4>. In particular, if D = 0 on 
E, then the only extension of Z) to a derivation in E(^) is Z) = 0 
on E(€). If ^ is inseparable, then /'($) = 0. Hence D can be 
extended to a derivation in E(^) if and only if /^($) = 0 and, when 
this condition is fulfilled, then ij is arbitrary so D can be extended 
to E(f) in such a way that {Z) = n is any chosen element of P. If 

/(x) = + aix^~^ H , then /^(x) = {aiD)x^~' + (a 2 D)x’^~^ 

+ and since /(x) is the minimum polynomial, the condition 
/®(€) — 0 holds if and only if every or.D = 0. Thus, a necessary 
and sufficient condition for the extendability of D to E({), { in- 
separable algebraic over E is that the coefficients of the minimum 
polynomial of { over E are Z)-constants. We shall need this 
criterion particularly in the case /(x) = x^ — a. Then the con- 
dition is simply that aD = 0. 

Now let P = • • •jfm) a finitely generated extension 

field of * (that is, a field of algebraic functions). Let ^ be the 
ideal in ^[xi,x 2 , - of polynomials /{xiyXz, • •,>:„) such 

that /($:, ^ 2 , • • •, t„) = 0 and let I be a basis for If D is a 
derivation of the algebra 4 *[ti,€ 2 , • • into P/4>, D has a 

unique extension to P/^. Theorem 14, applied to the derivation 
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Z) = 0 on shows that there exists a derivation D of |2> • * * , 
^m]/^ into P/<I> — hence of P/4> into itself — such that = !?,> 
i = 1,2, • • • , w, if and only if 



for every g tX. 

We have considered the system ^♦(P) of derivations of 
in the last section and we have seen that this is a Lie algebra of 
linear transformations which is restricted in the characteristic 
p 9^ 0 case, and !X^*(P) is closed under right multiplication by 
elements p/?, p e P. Hence we see that X*(P) is a subspace of the 
right vector space ?*(P) over P (see § 1.1). We shall now in- 
vestigate 3)4.( P) as right vector space over P for P = 'i>(^ j, I2, • • • , 


For this purpose we introduce the right vector space P^"*^ of 
m-tuples (pi, p2> ■ ' • , Pm)> pj- E P, with the usual addition and 
multiplication by elements of P. Jf Z)e 5: = X-^CP), then we 
map D into the element ($,D, • • •, f„Z)) e P<'">. This map- 

ping is P-linear and so its image is a subspace of P^”V F* 

= 0, 1 < i < m, then Z) = 0 since the are generators of 
P = ^2, • • •) fm)- This shows that the kernel of the mapping 

P X onto is 0 and so the mapping is a P-linear 

isomorphism of onto X'. 

Next we shall give a description of the subspace X' of P^”’ in 
terms of the ideal defined before. We note first that, if /c 
'i*(A:i,.V2, • • - then the mapping 



IS a linear function on P^'^\ that is, an element of the conjugate 
space of P'”* . Let tJX denote the subspace of spanned 

y the elements ^ e i‘, a set of generators for The condition 
(19) on (771, T72, ■ • 77„) is that = 0 for all g e X. Hence we 

see that there exists an element D e X^.(P) such that S.D - Vi, 
^ if and only if (Ti.OtZg = 0 for all g e X. This dearly im- 

plies that X is the subspace of P‘”^ of vectors incident with the 
subspace tiX of (Vol. II, p. 55). We recall that the sum of 



STRUCTURE THEORY OF FIELDS 


177 


the dimensionalities of X)' and dl is m. If we replace i by the 
complete ideal then we have dJi C d^; but, since both spaces 
have the same dimensionality m — [D': P];?, it is clear that dX = 
dit. This shows that dX is the same for any two sets of generators, 
a fact which is easy to see directly also. The result that we have 
obtained is the following 

Theorem 15, Le/ P = 4>(f i, ■ - • , a field of algebraic func- 
tions over '!>. Let X be a set of generators for the ideals of polynomials 
/(^l» ^ 2 > • ■ such that /(i,, $ 2 > ■ ■ - , fm) = 0 and let 3:*(P) be 

the right '^-vector space of derivations in Py<l>. Then 

(21) [!r^(P):P] = m - [^3E:P1 ;j 

where dX is the set of linear functions dg^ g e X^ defined by (20). 

^ ^2> • • • ygr], then it is clear from the definition of dj 

ahd from the relation between dimensionality and determinantal 
rank (Vol. II, p. 22) that \dX'. PJ/? is the rank of the matrix 


:• I : 1 

% 

V . . 1 . 

f(-) 

\dx 1 / 


■ (~) 

(22) 


♦ 

♦ 







\dX2Ki<~U 



Hence the rank of this “Jacobian" matrix and (21) give the di- 
mensionality of T«(P) over P. 

;We shall now look at these questions in a different way from 
the point of view of the structure of P/^ and we prove first the 
following 

I^emma. Let P = ^(^i, f 2 > • ■ > {»»)• Then 0 is the only deriva- 
tion of P/<t into itself if and only if P is separable algebraic over 4>. 

Proof. If p is a separable algebraic element of P and Z) is a 
derivation of P/4>, then we have seen that pD = 0. Hence it is 
cl^r that, if P/^ is separable algebraic, then D = 0 is the only 
derivation in P/4>. Next suppose P is not separable'algebraic over 
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We may suppose Is* * * *> €rl is a transcendency basis (r = 
0 if P is algebraic). If P is not separable over ^(|i, $ 2 » * • •> fr)> 
then the characteristic is p ^ 0 and, if S is the subfield of ele- 
ments of P which are separable over^>(^i, ^ 2 , * * *» $r)> then P O S 
and P is purely inseparable over S. We assert that there exists a 
subfield E O 2 such that P ~ E(p), where the minimum poly- 
nomial of p over E is ^ e E. We have [P:2] <00 and 

we can take E to be a maximal proper subfield of P containing 2. 
If <r e P, ^ E, P = E(<r) by the maximality of E. Since P is purely 
inseparable over 2, hence over E, the minimum polynomial of <r 
over E has the form ^ > 0. Then p = ^ E so E(p) 

r> E. By the maximality of E we have E(p) = P, Moreover, 
pp = 0 -^* = 0, so x^ — 0 is the minimum polynomial of p over E. 
Now we have seen that there exists a derivation D of P/E such 
that pD is any chosen element of P. If we take pD 7 ^ 0, jD is a 
non-zero derivation of P/^>. Next assume P is separable algebraic 
over4»(^i, ^ 2 j * * •> fr). Then since P is not separable algebraic over 
<I>, r > 0 , and there exists a non-zero derivation of ^[fi, * • *, ^r] 
over into P over This can be extended to P; hence in this 
case also we obtain a non-zero derivation in P/^. 

We can now prove the following result on the dimensionality 
of !iD*(P) over P. 

Theorem 16. // P = then (®*(P): P^ is the 

smallest integer s such that there exists a subset (f,-,, • • - , of 

^ 2 > * • Ii 7 »| such that P is separable algebraic over^{^i^y • • •, 

i.-.) . 

Proof. As before, we consider the mapping D —* (fiD, 

• • - , kmD) of 3 ) — D*(P) into pf"*\ We know that this is a P 
isomorphism into pt”*VP. Let (£>i, Dzy • • D.) be a right basis 

of 3) over P. Then s < m and the image of 3) in P^”*^ has the 
basis ‘ 1 <j<s. The rank of the s X'w ma- 
trix is j, so we can choose the order of the^*s so that det^^,Z)y) 

7 ^ 0, 1 < ijj < s. Set E = ^($ 1 , ^ 2 j ' • ■ i $«) and let Z) be a deriva- 
tion of P/E into itself. Then D e 3) so D = ^ Dypy, py e P. 

• i-l 

Also = 0 for j = 1, 2, • - j. Since det (|<Z)y) 
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5 *^ 0, this implies that every = 0 so D = 0. We therefore see 
that the only derivation of P/E is D = 0. Hence, by the lemma, 
P is separable algebraic over E = 4>(^,, I 2 , ■ $.)- Next suppose 

U»i> fiM is a subset of the ^’s such that P is separable 

algebraic over , 1 , • • * , . If we re-order the ^’s we may assume 

the given set is {^i, f 2 > • • » We now use these ^’s to map ® 
into by means of the mapping D — + U>Z)), 1 < J < t. 

Again this is P-linear. If (f>D) = 0, then D maps E = £ 2 , 

■ y ?/) into 0 and so D is a derivation of P/E into itself. Since 
P is separable algebraic over E, the lemma shows that D = 0. 
Hence we see that the mapping D — + (^jD) is an isomorphism 
and consequently s = (ID: P]^ < /. This completes the proof. 

Corollaiy. // P = ^2, ■ • *, Mr/; [X*(P);Pk > r = 

tr. d. P/4> afiii equality holds if and only if P is separably generated 
over <I>. 

Proof. The theorem shows that, if j = [X5:P]fl, then we may 
assume that P is separable algebraic over E = 4>(fi, ^ 2 > ■ * > f«). 
Since P is algebraic over E, it follows that Ui, ^ 2 > ■ con- 

tains a transcendency basis; hence s > r. If j = r, then since P 
IS separable over E, the set {^i, $ 2 > • • > ^r} is a separating trans- 
cendency basis. Conversely, suppose P is separably generated. 
Then we know that we may select a separating transcendency 
basis from the set of $’s. We may assume this is {fi, ^ 2 > • • •> 

Then P is separable algebraic over 62 , • • ■ , $r) and the theorem 
shows that r > [35: P]/;. Since we have shown that [35:PJft > r 
always, we see that (D: P]/i = r. 

In the remainder of this section we shall assume the charac- 
teristic of the field P is p 5 *^ 0. We shall see that the theory of 
derivations in this case is closely connected with the study of 
purely inseparable extensions of a simple type. We assume P 
*s purely inseparable (algebraic) over <l>. If p e P, then the mini- 
mum polynomial of p over 4’ has the form x^* — 0 (Lemma 2, 

§ 1.9). We call e the exponent of the purely inseparable element p. 
Evidently the exponent is 0 if and only if p e 4>. If there exists a 
maximum k for the exponents of the.elements of P, then we say 
that P is of exponent k over 4>; otherwise, the exponent of P/4> is 

infinite. 
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We shall be interested particularly in purely inseparable exten- 
sions of exponent <1. P has this property relative to if and 
only if C where P" is the subfield of p-th powers of elements 
of P. Hence it is clear that, if P is any extension of 4> of charac- 
teristic py then P is purely inseparable of exponent <1 over *= 
^(P'’). We shall now say that an element p e P is p-dependent in 
P over <I> on the subset S of '9 \i p e4>'(^) where = 4>(P*’). We 
indicate this relation by p <pS (assuming P and are fixed in 
our discussion). We proceed to show that this is a dependence 
relation in the sense of § 3. First, it is clear that, if p e*?, then 
PE^X^); hence p <pS. If p <pS we have pe^'(S) and, since 
^'(S) is the union of its subfields where F is a finite subset of 
Sy then p <pF for some finite subset F of S. If p and 

every c e S \s contained in ^'{T)y then pe^'{T). Hence if p <p ^ 
and every <rtS satisfies a- <Cp T, then p <p T, It remains to 
check the exchange axiom. This states that, if pe4>^(,5') and 
P ^^'(S - (tr)) for some a- in S, then <7 e4>'((6’ — {tr}) U {p)). 
Set T = — jff j and consider the subfields ^'(Ty p, o-), p), 

ff), for which we have the diagram: 


^'(Typy a) 


nr. 



mTy a)) 


Wehave$'fr,p) and <r) 3 Also p '' e $'(70 

and It follows that I$'(T, o-) :$'(r)] = p [4>'(Typ): 

^'(T)]. Since p 0 $^(r,o-), $X7',p,o-) ^^'(Tyo) so [^'(TyPy<r): 

$ (T)] - p. It follows that $'(r, Py ff) = $'(r, pY = $'(r, ff) so 

^ ~ {o'}) U {pj. This completes the verifica- 

tion or the axioms for a dependence relation. 

We can now apply the general theory of dependence relations. 

Accordingly, we call a subset 6* of if ^ <p6* - {tr\ 

for every a t S. The general basis theorem implies that there 
exists a p-independent subset 5 of P such that every element is 
p-dependent on B. The latter condition is equivalent to P = 
$ (B). The set B is called a p-basis for P over $. Any two p~ 
bases have the same cardinal number. 
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If F = {pi,p 2 , is a p-independent set, then e 

and Pi 4. $'(pi, p 2 , • • - , p,_i). Hence [4>'Cpi> ■ ■ ■ , p.) ^‘J^'Cpi, ■ ■ - , 
P»-i)] — P and [^"(pi, ' • ' y Pm)'-^'] = p”. It follows that the p”* 
elements 

(23) Pi*‘p2** ■ ■ ■ Pm*", 0 < ^,- < p, 

form a basis for 'l>'(pi,P 2 , • • y Pm) over <l>'. Conversely, if this 
condition holds, then it is immediate that is a p-independent set. 
We shall find it useful to apply this criterion in the following 
equivalent form: is p-independent if and only if the only relation 
of the form 

(24) 2Q;*,...Jt^l*‘ • * • Pm*” = 0, 0 < ^, < p 

with the ot*s in is the trivial one in which every cxti' • • k„ = 0. 

We note also that any p-independent subset can be imbedded 
m a maximal p-independent set B and such a set is necessarily a 
basis. 

We return to the consideration of derivations in any field P/4> 
of characteristic p. If E is a subfield of P and £) is a derivation 
of E/$ into P/4>, then = 0 for any e in E. The 

set of D-constants is a subfield P of E over ^ and the remark just 
made shows that P 3 4>(E*’). If -y c P and € e E, then (y()D = 
y{fD). This shows that D is a derivation of E/P into P/P. Since 
^(E*^) C P, every derivation of E into P '<J» is a derivation of 
E/4>(E*') into P/<f>(E^) and the converse is clear. Hence, in con- 
sidering the derivations of E over into P over <!>, we may as well 
replace ^ by <I>(E^) and so we may assume E^ C 4>. In other 
words, we may assume E is purely inseparable oj exponent < 1 over 
4>. It is now an easy matter to determine the derivations of E 
over«I> into P over*!*. This is given in the following 

Theorem 17. Let P be an arbitrary field of characteristic 9^ 0, 

4* a subfield and E an intermediate field. Let B be a p-basis of E 
over 4*. Let 6 be an arbitrary mapping of B into P. 'Fhen there 
exists one and only one derivation D of 'E, over 4* into P over 4> such 
that eD = 5(e) for every e e jff. 

Proof. As we indicated, there is no loss in generality in assum- 
ing E is purely inseparable of exponent < 1 over 4>. .Also, we may 
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suppose E ZD which means that B is non-vacuous and the ex- 
ponent of E/4> is exactly one. Let e e 5 and set Bt = B {e}. 
Then « t^{Bt) so the minimum polynomial of € over ^{Bt) is of 
the form — /3. Hence there exists a derivation Z)« of E = 
^{Bty e) over ^(5,) into P/4> sending « into the element 5(c). If 
B' = {«!, 62 , • • •, €r| is a finite subset F of Bj then Dp = + 

Z>„ + • • H- D^, is a derivation of E/€> into P/^ such that 
eiDp == 5(e,), / = 1,2, * •, r. If G is a finite subset of B con- 
taining Ff then the restriction of Da to ^(F) coincides with the 
restriction of Dp to ^{F). Now if ^ is an arbitrary element of E, 
we can choose a finite subset F such that ^e^(F) and we can 
map ^ — > ^Dp. Then it is clear that ^Dp is the same for any 
finite subset such that ^e^(F). Hence the mapping D:^ — > 
^Dp is single-valued. It is immediate that Z) is a derivation of 
E/4» into P/4> such that eD = 5(e) for every t e B. Since E — 
<I>(5), D is unique. 

Let X'*(E, P) denote the set of derivations of E/4> into P/'J>. 
We consider ^'♦(E, P) as right vector space over P as we did 
before for ^^.(P) (cf. § 1.1 and p. 176). Then we have 

Corollary 1. [3?*(E, P):P]je < so // only if E/$ has a 

finite p-basis. Then [5)^(E, P): PJ^ = |5|. 

Proof. Let B be a p-basis for E over Let A(5, P) be the set 
of mappings of B into P which we consider as a right vector space 
over P in the obvious way: (5, + 52 )(, 9 ) = 5,(^) + 62 ( 10 ), 5,- e A, 

e 5 and (5p)(/3) = 5(/3)p, 5 e A, /3 e 5, p e P. We now map 
®*(E, P) into A(fi, P) by sending D z. T'*(E, P) into its restric- 
tion 6 to B. This mapping is linear and, since E = ^(5), Z) — > 5 
is an isomorphism. Moreover, the theorem shows that the map- 
ping is surjective. Now it is clear that [A(5, P):PJ« is infinite 
(even uncountable) if B is infinite. Moreover, if B is finite, say, 
B = then the r-mappings 5, such that 5,(/0j) = 

5,7 (the Kronecker 6 , 7 ) form a basis for [A(5, P): P]/?. Hence r = 
[A(5, P):P]ft = (T'*(E, P):PJ«. 

In the special case P = E = ^(^ 1 ,^ 2 , this corollary 

gives, in addition to Theorem 15 and 16, still a third way of 
evaluating [T 4 .(P)i P]« in the characteristic p 7 ^ 0 case, namely, 
this dimensionality is the number of elements in a p-basis for 
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P/4>. A second consequence of Theorem 17 is the following 

Corollary 2. Every derivation of E /<t> into P can be extended to 
a derivation of P/$ if and only if the elemefits of any p~basis B of 
E/4> are p-independent in ?/<!>. 

Proof. If the condition holds, then B can be imbedded in a p~ 
basis C of P over 4>. If Z) is a derivation of E/^ into P/‘I>, then 
the restriction 6 b of D to B can be extended to a mapping 6 r of 
C to P. The corresponding derivation D' of P/4> into itself is an 
extension of D. On the other hand, suppose B is not />-independent 
in P over and let 0 be an element of B which is p-dependent in 
P on Bff ^ B — j/3|. If D' is any derivation in P such that 
— 0 for all 0 ' t B 0 y then since 0 e4>(PP, 5^), 0 D' — 0. The 
theorem shows that there exist derivations D of E over 4> into P 
over ^ such that 0'D = Oy 0' e B^ but 0D ^ 0. Clearly, such a 
derivation cannot be extended to P. 

Our next two corollaries will deal with the special case E = P. 
The proofs are quite similar to those we have just given so we 
leave these as exercises. 

Corollary 3. Let P be any field of characteristic p ^ 0 over 
Then an element p e P /V in = 4>(P^) if and only if pD = 0 for 
every derivation D of E over^. 

Corollary 4. A subset S of E is p-independent if and only if for 
every p e S there exists a derivation D of E over 4> such that pD 0 
and <tL> = 0 for every a p in S, 

We shall now specialize our results by taking 4» to be the prime 
field ^0 (= /p). A derivation of E/<t>o into P/4>o will simply be 
called a derivation of E into P. We remark that, if Z) is a mapping 
of E into P such that (€i + < 2 )Z) = eiZ) + « 2 Z) and (<i« 2 )£^ = 
+ <i(« 2 Z)), then D is a derivation of E into P in the 
present sense, since {oit)D = oi{tD) for a e#o is a consequence of 
the first property. We note also that <I»o(E*’) = E**. Hence Corol- 
lary 3 gives a criterion for an element to be a p-th power. We 
shall now investigate the criterion given in Corollary 2 that the 
derivations of E into P be extendable to derivations in P. We 
proceed to show that the condition given is equivalent to sepa- 
rability, in the general sense, of P over E. First assume the con- 
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dition: every /»-basis of E (over $o) is ^-independent in P. Let 
Pi) P 2 ) • • • , Pn e P and suppose we have = 0 for «»• 0 in E. 

If 5 is a p-basis for E, then we can write €, = • • • 

where the e B, 0 < kj < p, yikr -kr^^- We have 
■ • • j9^*^ = 0 where 

Y»fci • • •jfcrP*^ e P^. 

f 

Since the are p-independent in P we have 5*,...*, = 0. We 

can write - Vik,- -kr in E. Then 0 = 5*,-..*, = 

S Viki-- gives 23 Viki - krPi = 0 for all kj. Since the «,• ^ 0 
% % 

one of these relations is non-trivial, so we have shown that any 
non-trivial relation of the form S^.p,-^ — 0, «,• e E, p,- e P implies 
one of the form 27;,p, = 0, iji e E. This is equivalent to sepa- 
rability of P/E. Conversely, assume P separable over E and let 
0ii02f be elements of E for which we have a relation 

= 0, 7*,..-*. = Vk,:-k/ e P^0 < kj < p. 

n 

Let jpa) be a basis for P/E and write Vki - kr = 23 ^*i - *riPi) 
X’s in E. Then we have *“* 

0 = = 23m'P»*’ 

% 

where p,- = 23 Since P is separable over 

k 

E, '^pip^ = 0 implies every p,- = 0 so 

• jS,*' = 0, 1 = 1, 2, - • - , w. 

If some 7*i - *p ^ 0, one of the X*, 0 and so we obtain a 
non-trivial relation with coefficients in E^ involving the powers 
• • • /3r*'. This implies that, if (j3i, ^ 2 * • • > 0r] is p-depcnd- 
ent in P, then it is p-dependent in E. It is clear that this implies 
the condition of Corollary 2. This corollary therefore gives the 
following 

Theorem 18. The following two conditions on a field P/E of 
characteristic p are equivalent: (I ) P/E is separable, (2) every deriva-- 
tion of E into P can be extetided to a derivation in P, 



STRUCTURE THEORY OF FIELDS 


185 


EXERCISES 

1. Let P = 4>(p) where e but ^ Show that \p^\ is a p-independent 

subset of E but [p^] is not a p-independent subset of P/<I>. 

2. Let £ be a p-basis for P over ^ of characteristic p 5^ 0. Show that for 

every positive integer M, P ~ B). 

In ex. 3, 4, P is purely inseparable of exponent one over ^ and (Pt'J>j — p"* < 

3. (Baer) Show that there exists a derivation D of P <#> such that the only D~ 
constants are the elements of 4>. (Hint: Let E be a proper subfield of P and sup- 
pose we already have a derivation D in E/4> satisfying the condition. Let 
p e P, J* E. We can choose a /3 € E which is not of the form eD, e in E and ex- 
tend D to E(p) by specifying that pD = 0. Then the only Z)-constants of E(p) 
are the elements of 4».) 

4. Show that the D in ex. 3 can be chosen so that D is nilpotent. 

5. (Faith) Let P be a field of algebraic functions over <f» (any characteristic) 
and let E over 4* be a subfield. Show that (!!)♦(?) :P]« > (X)^(E) : E)/?. 

6. Let P = ^({i, is, • • • , {m)> 4> of characteristic p 5^ 0. Show that tr. d. P '4> 
does not exceed the number of elements in a p-basis for P/4>. 

7. Let P and 4* be as in ex. 6. Show that, if (Diy D 2 , • • • , Dr) is a right P-basis 
for !De(P), then the elements pi, ps, • • • , Pr form a p-basis for P over 4» if and only 
if the matrix (piDj) is non-singular. Show also that, if pi, ps, • • • , pr is a p-basis, 
then the elements Di, Ds, • • - , D, form a right P-basis of 5)^(P) if and only if 
(piDj) is non-singular. 

8. Let P = <&(ii, $ 2 , ■ • im). Show that P /4> is separable algebraic if and 
only if there exist m polynomials gi(xi, •••,x„), ■ ■ ■ , gm(xi, xt, • ' • , x^) in 
♦(■’fi. xt, • • •, >fml such that ^,(|i> 6. ’ • ^"i) =0 aod the Jacobian 



9. Let D be a derivation in P/4», F the subfield of D-constants. Prove that 
tbe elements pi, P2, ■ • • , Pm are F-dependent if and only if the IVronskian deter- 
minant 

Pi P8 

PiD piD 

• # 
piZr"-^ PiZ?"-* 

8. Galois theory for purely inseparable extensions of exponent 
one. In this section we shall develop a Galois theory for purely 
inseparable extensions of exponent one in which the role of the 
Galois group of the classical theory is taken by the Lie algebra of 
derivations. 

First, let P be purely inseparable of exponent <1 over ^ and 
suppose P has a finite />-basis 5 = {pi, P 2 > ■ Pmj over4>. Then 


Pm 

Pm£> 


PmD 


m — I 


0. 
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[P:#] = and the elements pi*‘P 2 ** * * • Pm*"> 0 < form 

a basis for P/<I>. We have p/ = /3,- e^*. As before, we let ®4.(P) 
denote the set of derivations of P/^» and we recall that ©♦(P) is a 
restricted Lie algebra of linear transformations in P over This 
means that !I) 4 .(P) is a subspace of the space ?*(P) of linear trans- 
formations of the vector space P over such that, if Di, D 2 e 5)*(P), 
then [DiDz] = DiDa - D 2 D 1 e D*(P) and Z)/ e 3)*(P). We 
have seen also that D^(P) is a right vector space over P relative 
to Dp = DpR for p in P. Also we know that [T>*(P):P]j 2 = tn 
(Cor. 1 to Th. 17) and, if p is an element of P such that pD = 0 
for every Z) e 3)4.(P), then pe*l» (Cor. 3 to Th. 17). This last 
result gives one half of the Galois correspondence which we shall 
establish. 

To obtain the second half of this correspondence we now sup- 
pose that P is any field of characteristic p 0 and we do not 
specify any subfield as base field. As at the end of the last sec- 
tion, we consider derivations in P, which can be defined either as 
derivations of P over its prime field or as endomorphisms D of 
(P, +) such that (p<r)Z) = {pD)a + p(<rZ)), p, <r c P. We suppose 
now that we are given a set D of derivations in P with the follow- 
ing closure properties: (1) 2!) is closed under addition. (2) 2) is 
closed under Lie commutation [D^Do]. (3) 2) is closed under p-th 
powers. (4) 2> is closed under right multiplication by elements 
pRi P € P. The conditions (1) and (4) amount to saying that 2> is a 
subspace of the right vector space of endomorphisms of the addi- 
tive group (P, H-) considered as a space over P relative to Ap — 
Apr. Any set of endomorphisms of (P, +) which satisfy (1) to 
(4) will be called a restricted V-Lie algebra of endomorphisms of 
(P, +).* We can now state the following theorem. 

Theorem 19 (Jacobson). Let P be a field of characteristic p 9 ^ 0 
and let be a restricted Y*-Lie algebra of derivations in P such that 
= w < 00 . Then: {\) if ^ is the subfield of ^-constantSy 
then P is purely inseparable of exponent <1 over and fP:^] = 
p”; (2) if D is any derivation of P over^^ then D e 2); (3) if (Di, Z) 2 , 

• •• , Dm) is any right basis for 2) over P, then the set of monomials 

• It should not be inferred from this terminology that 2 ) is an algebra over P as base 
field. One of the conditions for an algebra is that IDiDjlp = (Dip, Da] «= [Dj, D2P] and 
this docs not hold for every p (see equation ( 26 ) given subsequently). 
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(25) Di*>Z)2** • ■ ■ DJ”, 0 < ki < p, (Di° = 1) 

is a right basis for the ring S*(P) of linear transformations of P over 
^ considered as a right vector space over P. 

Proof. The idea of the proof we shall give is basically the same 
as that we used for the Galois theory of automorphisms: we shall 
use the given set D to define a set of endomorphisms 31 satisfying 
the hypotheses of the Jacobson-Bourbaki theorem (Th. 1.2). Jn 
the present case we let 8t be the set of right P-linear combinations 
of the endomorphisms given in (25). Then it is clear that 31 is a 
right vector space over P and that (31: P]* < oc. It remains to 
show that 81 is a subring of the ring of endomorphisms of (P, -f-) 
and for this it is enough to show that 1 e 31 and that 81 is closed 
under multiplication. The first of these is clear since 31 contains 

=1. To show closure under multiplication it is 
enough to prove that every product e 3l 

for p e P; for, if this holds, then one sees easily that every product 
• ■ - Z)p,*"p)(Z)/* • ■ • Drf’”<r)y cr e P, is contained in 31. If D 
is a derivation in P, the condition (^p)Z) = (^D)p + ^{pD) can 
be written in operator form as: 

(26) PftZ) = Dpn + (pZ))ft. 

This implies that (D,*' ■ • ■ DJ”p)Dj = £),*> - ■ . DJ^DiP + 

Df' ■ ■ • D„.*"(pDj). Hence to show that SI is closed under multipli- 
cation it is enough to show that £),** ■ ■ • D.f-'Dj r 31 for everyy = 

1, • ‘ , OT and 0 < < /> — 1. We shall now assign an (apparent) 

degree N = ki k 2 ‘ to the monomial - • - 

and we shall show that £),*> - • ■ is a right P-linear 

combination of monomials (25) of degree <N + 1. This is clear 
if W = 0 so we assume it holds for every D/' ■ ■ ■ of degree 
2/< < N. ^ Suppose first that> = m. Then k„, < p - 1, Z),*' • ■ - 

is one of the monomials (25) of degree + 1 so the 
result holds in this case. If Xr„ = p — 1, then 

— Z?!** - ■ and = 2;Z),p,>, since D is closed 

under />-th powers. Hence 





m 





so the induction hypothesis applies to show that Df' ■ ■ • 
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is a right P-linear combination of monomials (25) of degree 
<N I . Thus we have the result \f j = m and so we can now 
make an additional induction hypothesis, namely, that the result 
asserted holds for ■ Dm^”Di for all / > J. Since N = 2^,- > 

0, some ki 0 so we may assume kr 0 and k, = 0 if s > r. 
Then we have • ■ • Dj^”)Dj = (Z)i*‘ * * ■ Dr^)Dj, \f j > r, 

the product is a monomial (25) so the result holds in this case. If 
j = r, the argument given before for j = m\s applicable to prove 
the assertion. Hence it remains to consider the case: j < r. 
Since 35 is closed under commutation, DrDj = DjDr + ^DhVhrji 
vhrj e P. Then 

• • • Dr^~^D,Dr + E ^1*‘ ■ ■ • 

k 

and every £)i*‘ • • • Dr^'~^Dh is a P-linear combination of monomi- 
als (25) of total degree <A^. Also this holds for Di** ■ • • Dr^'~^Dj- 
and, since r > jy multiplication on the right by D, gives a 
P-linear combination of terms (25) of total degree <N + 1. 
This completes the proof of our assertion and shows that 81 is a 
subring of the ring of endomorphisms of (P, +), It is clear from 
the definition of 91 that [9I:P]ff < p”* and equality holds only if 
the monomials (25) are right P-independent and thus form a 
basis. We can now apply the Jacobson-Bourbaki theorem (Th. 
1.2) to 9( and we obtain the following conclusions: If $ is the sub- 
held of elements a of P such that = /iuR for all e 31, then 
1P:4>] = [91: P]r and 9t = S*(P). Now it is clear that = -^cxr 
holds for all .V e 91 if and only if aRD = DaR for all D in 2), and 
since ccrD = DaR + (aD)/? the condition for this is aD = 0 for 
all D i' V. Hence we see that ^ is the subfield of 55-cons^ants. 
If p is any element of P, then p^ is a 3)-constant. Hence P is 
purel> inseparable of exponent <1 over so we have [P:^l — 
p"*' where w' is the number of elements in a p-basis of P/4», and 
m' < m since [P:4>] = [9I:P]ft < p”‘. Also we know that, if 
3>i.(P) is the set of derivations of P/4>, then [T^*(P): Pj^ = If 
a c4> and e 35, then (ap)0 = a(pZ)) + (aZ))p = «(pZ)) so Z) e 
354.(P). Thus 35 C 35i.(P) and, since [35:P]/e = w, we must 
have 35 = 354.(P) and m = tn'. Then 35 contains every deriva- 
tion of P/^ and [P:'i>] = p"*. This completes the proof. 
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We can now establish a Galois type correspondence between the 
following two collections determined by an arbitrary field P of 
characteristic />: Let be the collection of subfields ^ of P such 
that P is purely inseparable of exponent <1 over «!> and [P:4»J < » 
and let ^ denote the collection of derivation algebras X) in P 
which are restricted P-Lie algebras of finite dimensionality over 
P. If X e let C(X) be the subfield of X-constants, and, if 
•J* e let X*(P) be the set of derivations of P/4>. Then C(X*(P)) 
= and Xc-(®)(C(X)) = X. In particular, we obtain a 1-1 cor- 
respondence between the collection of intermediate fields of P, 

P purely inseparable of exponent <1 over <t>, [P:<i»J < » and the 
restricted P-Lie subalgebras of the Lie algebra X+CP) of deriva- 
tions in P over <I>. 

EXERCISES 

I. Let be the polynomial ring in indeterminates x^y over a field of 

characteristic p, SI any algebra over 4>. Use the identities (*• — yY ^ x^ — y^ and 


(27) 


(28) 


2 x^y> in 4>(Ar,^} to prove the following identities in SI: 

p—. 

(• • • [^a]a] ■ ■ • a\ = [^a^] 

I • • • • <7] = a^baK 


(Hint: Note that \ba] — b{an — ai) where and at are the right and left multi- 
plications determined by a in SI. Specialize the Indicated identities by taking 
” on,y = at in the commutative algebra of linear transformations generated 
by an and <»l.) 

2 . Let SI be as in ex. 1 , SI(jr| the polynomial algebra over SI in an indeterminate 
X. Let a, ^ e SI and write 

(29) (43 -f- bxY = o** + 2 Si{ayb)x^ -h b^x^. 


Use the fact that "Zaix' 
(30) 


ZioiX* ‘ is a derivation in 81{ar) and (29) to obtain 




^ (43 + ^x )‘^(43 -h bxY = 22 «*(<», b)x*~^. 

Use this relation and (28) to prove the following identity 


(31) 


(a + bY ^ a^-\-bP+ 22 ' 

1 


where istia, b) is the coefficient of in 


■p ~ 1 


(• • • II^, 43 bx\a bx\ • • • 43 + ^xj. 
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3. Let P = ^(pi, • • •, Pm), ^ of characteristic /> Ojpf — /3< e 4>, [P:#] = p^. 
Let D be a derivation in P/^ such that # is the subfield of D-constants (see ex. 3 
in § 7). Show that the minimum polynomial of Z) as linear transformation in P 
over 4> is a p-polynomial of the form 

(32) xP" + + . . . -f e 4>. 


Show that there exists an element p e P such that (p, pD, • • • , pD^"”^) is a basis 
for P over 4». (This is an analogue of the normal basis theorem for separable 
normal extensions.) Show that every element in the algebra ?#(P) of linear 
transformations in P over can be written in one and only one way in the form 


(33) lao + ZVi + DVj + • • • + <ri e P. 

4. Let P, be as in ex. 3, S)*(P) the set of derivations of P/$. Let § be a 
subspace of the right vector space D*(P) over P which is closed under p-th 
powers. Prove that 5 is ^so closed under commutation so 5 satisfies all the 
conditions of Theorem 19. 


5. Show that if D is a derivation in P and t? c P, then = 
(vD^->)r. 




Let Z) be a derivation in an algebra 21 and let 2((^ D] be the set of formal 

m 


polynomials 23 E 31. Equality, addition, and multiplication by elements 

0 

of 4> are defined as for ordinary polynomials. Multiplication is defined by 


(34) 





/'+*(«, -D^-*)^,-. 


Verify the associative law and hence show that 2l{/, D] is an algebra. 

7. Let D be a derivation in a field P of characteristic p 0, the subfield of 
Z)-constants and assume fP:^J = p”* < «. Then ex. 3 implies that there exists 

a p-polynomial (32) such that D*’" + H h /9„Z) = 0, /S,- e Let 

P[/, D] be the algebra of differential polynomials defined as in 6. Verify that if y 
is any element of 4>, then 7r(y) = -f + * • • + //3m — y is in the center of 

P|/> Let (x(y)) denote the ideal generated by ir(y). Show that, if 21^ — 
P(/, Dl/(7r(y)), then (21y:4»I = p^"*. Show that 21o = ?*(P). 

8 . Same notations as 7. Let p be any element of P. Show that there exists an 
automorphism of P(/, D\ such that / — > / 4- p and 17 — * ij for every 77 e P. Note 
that fp, t] = pt ~ tp = pD by (34) and deduce from this and (31) that (/ p)P = 
/** 4- (p’’ + pD^~^). More generally prove that 


(35) {t 4- p)^ = /P* 4- p^J 

where 


(36) pi^i = P*^ 4- 4- (pD^-Y-' 4- • • • 4- pZ^ “L 

9. Continuation of ex. 7 and 8. Show that the automorphism of P[/, Z?] such 

that / — » / -j-p, 77 —* 77 , T7eP, sends the ideal generated by 7r(y) into itself if and 
only if p satisfies 

(37) 


ptP-1 + + . . . + ^ 0. 
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10. Continuation of ex. 7 through 9. Prove that there exists an automor- 
phism of sending every ^ 70 ? into itself and sending D — » D + Ip, p e P, 

if and only if p satisfies (37). Use this to prove the following analogue of Hil- 
bert’s Satz 90: An element p satisfies (37) if and only if it is a “logarithmic deriva- 
tive” (aD)<r“* of some a in P. 

11. Prove the following analogue of the result that the first cohomology 
group //’(C, P*) = 0 in the Galois case (cf. § 1.15). Let P be a purely insepa- 
rable extension of exponent one over 4‘, (P:^l = p"* < 00 and let X be the re- 
stricted P-Lie algebra of derivations of P over <t>. Let D — ► m(D) be a P-linear 
mapping of X into P (thus an element of the conjugate space X* of X) such that 

(38) pCD'^) = pCD)*- + p(D)D*’-*. 

Then there exists a <r in P such that m(D) = {<jU)<j~^ for all D. 

12. Show that, if 81^ is as in ex. 7, then 21^ = 2b if 

(39) 6 - Y = plp"l + /3,p[p"-‘l +732plp’"-*l H h /3„p 

(as in (37)) for some p e P. Hence use ex. 7 to show that 21 = if there exists a 
p C P such that Y — p^*** + + • • • + /3mp. (The conditions given here 

are also necessary.) 

13. Apply ex. 1 to prove the following result on polynomials with integer co- 
efficients: Let g(x) be any such polynomial and define gk{x) — gk^\(x)g'ix), 
^^i(<>f) = g(x) where ' is the standard derivative. Show that for any prime p, 
gp-i{x) s tjfAr**) (mod p) where Tj( 4 f) is a polynomial with integer coefficients. 

14. Let Y and 5 be elements of which are not p-th powers in <J» of charac- 
teristic p 5 ^ 0. Use ex. 12 (both necessity and sufficiency) to prove that 

(40) (xo** + *p_i) + Jfi*’Y + x^y'^ + h Xp_i''Y*’“' = 5 

has a solution for x,- e 4> if and only if 

(41) (Yo^ +>p-i) - + = Y 

has a solution for yi e 4>. 

15. Let Z) be a non-zero derivation in a field P of characteristic p. Show that 
the operators 1, D, • • •, D**"’ are right linearly independent over P and that, if 
Pi e P, then po + Dpi 4- • • • + D'’“‘pp-i is a derivation only if every pi = 0, 

i ^ 1. Show that, if p e P, then (Dp)* = D*p* -f D(p£)*“* + ^ D'pi where 

2 

Pi e P and E — Dp (= Dpn). Use these results to prove the following formula 
which Is due to Hochschild: 

£»■ = (Dp)** = D'-p" + DCp£P“»). 

16. Investigate the possibility of a Krull type Galois theory for purely in- 
separable extensions of exponent one of infinite dimensionality. 

9. Higher derivations. The notion of a derivation can be 
generalized in the following way. 

Definition 5. Let % be a subalgebra of an algebra © over^. Then 
a sequence of mappings = {Do = 1, D,, ■ ■ - , D„| 0 / 21 into 



192 


STRUCTURE THEORY OF FIELDS 


SB is called a higher derivation of rank m of % into SB if every Di is 
^Mnear and 

(42) = i: J = 0, 1, - - ^ 




holds for every a^b z%. A higher derivation of infinite rank is an 
infinite sequence (Do = 1, Di, '• ‘ \ of linear mappings of SI into 
SB such that (42) holds for all j — 0, 1, 2, • - 

Clearly, if (Do, Di, D 2 , * * ■ ) is a higher derivation of infinite 
rank, then the section (Do, Di, • • *, D^} is a higher derivation of 
rank m and any section (Do, Dj, • • •, D,j, q < m, of the higher 
derivation (Dq, -••,Dm) is a higher derivation. The mapping 
D\ is a derivation of SI into SB. 

Let SI — SB = #[jf] where x is transcendental and let D,- be the 
linear mapping in 81 whose effect on the basis (l,XyX^, ■••) is 
given by 


(43) 


x”*D 


• = (’) 


-m— » 


where we agree that = 0 if i > m. Then 


and 


„ , _ (m n\ 

= (^ . j 


+« — y 




,m +n — y 


( / ) (^- _ y) = ( ^ > we have (^”D.)(Ar"Dj_,) 


— ^m+n 


This shows that (1, Di, D 2 , • • •) is a higher deriva- 
tion of infinite rank in 4>[.v]. 

If is of characteristic 0, then (43) shows that /!D.- = Dj* 
where Di is the usual standard derivation in Thus D,- = 

1 . 

~Di*. More generally, if Di is a derivation in any algebra of 
» • 

characteristic 0 and we define D,- = ~ Di% then (1, Di, D 2 , • • • ) 

S • 

is a higher derivation of infinite rank in SI. This follows im- 



STRUCTURE THEORY OF FIELDS 


193 


mediately from Leibniz’ formula: {ab)Ty = 

which gives {ab){D^/jy) ^ Z{aD'/iy),{b]y-^/{j - i)\). This is 
(42) for D, = ^ 

The device we used for reducing the study of derivations to 
homomorphisms can be generalized so as to apply to higher deriva- 
tions. Let be the algebra over with basis (1, /, • • •, /”*) 

such that =0. Hence X‘”*’ ^ + Let = 

If D<”” = {1,Z)„ . -,0,.} is a higher derivation 
of rank m of SI into 33, then we introduce the mapping of 

SI into as 

(44) a ^ a-\- {aD{)t + H -f 

Evidently / = is linear. .Also 

= i: {aDdr i: ibu.v 
0 0 

= i; i: {aDd(bDi-i)t’ 

0 i«0 

o 

= {ahy. 

This shows that r is a homomorphism of SI into We have 

the homomorphism irlao + ait -i- ait"^ + ■ • -{- — » a^y a^ e ® 

and = a for every « e 81. As in the special case of derivations, 
this property is characteristic of the homomorphisms s obtained 
from higher derivations of rank m. 

Similar considerations apply to higher derivations of infinite 
rank. The place of the algebra is now taken by the algebra 
®[M) of power series 

(45) ao “h ait + a2t^ + • ■ ■ 

where the at e Sd (cf. Vol. I, p. 95). As before, if (1, D,, • ■ ) is 

a higher derivation of infinite rank, then the mapping a -\~ 

{aDi)t 4- {aDi)^^ + • • is a homomorphism of i into ©[(/J) such 
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that = a for all « e SI where tt is the homomorphism Xoit* —* 
uq. Conversely, if a a‘ is a. homomorphism of 81 into ©[[/]] 
such that = <2, <2 e 81, then we write a’ = a (aDi)t + 
{aD 2 )t^ + • • • and (£)o = 1, D\, D2, • • • } is a higher derivation 
of St into SB- 

If {Z), } is a higher derivation of rank m (infinite rank) of SI into 
58, an element ^ e St is a constant relative to the higher derivation 
if aDi — 0 for all i > 0. This simply means that a* = a for the 
homomorphism associated with the higher derivation. Hence it is 
clear that the set of constants is a subalgebra of the algebra 21. 

Our purpose in this section is to give just an introduction to 
higher derivations and to examine briefly higher derivations of 
purely inseparable fields. We suppose now that P/^ is a field of 
characteristic p ^ 0. Let E be a subfield of P/$ and let = 
{1, Diy • • ', Dm] be a higher derivation of rank m of E/^ into 

P/4>. In general, if Dj = Z)2 = ■ • • = = 0 but D, 0, 

then we shall say that the higher derivation is of order q and 
is called proper if D\ 0. If the order is 9, the associated homo- 
morphism s = of E into P*"^ has the form 

(46) e 6 + (eZ),)/^ + + • • • + 

where tD, 0 for some e in E. We shall use this to prove the 

following 

Theorem 20. Let P/4> i>e a field of characteristic p 5*^ 0, E <3 sub- 
field of P/'i>, a higher derivation of rank m and order q of E/^ 
mto P/4>. Let r be the subfield of D^”*^ -constants of E and let p* be 

the smallest power of p > — . Then E is purely inseparable of 

„ <l 

exponent e over P. 

Proof. We have to show that e*** e P for every e e E and that 

there exists an e e E such that e''*”" ^ P, The first is clear from 
(46) since 

(O' = (6')''* = (« + UDf)t^ +-•■)'” 

= (6 D,)*'Vp‘« -I e**'. 

Hence e P. Now choose e so that tZ), 9 ^ 0. Then (e*’"*)' = 

e** + (^Z),)** /p « Since p'’~^q < ot it is clear that 

(e^*"*)* 9 ^ Hence ^ P. 
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We consider next a purely inseparable simple extension field 
P = 4>(^) where -- o: is the minimum polynomial of ( over 4>. 
Let {D.) be the higher derivation in the polynomial algebra 4>[xJ 
defined by (43) and let = {l,£>i, ■ • j be the 

higher derivation of rank p* — 1 which is a section of this higher 
derivation. We have (x^' — a)Dj = 0 for 1 < ^ < p* — 1 which 
together with the defining relations (42) imply that the principal 
ideal 3 = — «) is mapped into itself by every Dj. Hence 

every D, induces a linear mapping, which we denote again by Dj, 
in P = 4>(^) ^4 *[ai:]/ 3. The conditions in for D/ go over to 
the same conditions (42) for the Dj in 4>(^). Hence we obtain a 
higher derivation in 4>(^) such that 

(47) rO. = m = 0, 1. ■ ■ -.p’ - 

We shall now show that the subfield P of {Z), 1-constants for 
£)(p*-i) jg ^ Thus suppose 4> C r. Then the minimum poly- 
nomial of ^ over r is x'*' — 0 with / < e and 0 in P. Then e P. 
On the other hand, the definition (47) gives = 1. This 

proves our assertion. 

We assume next that P is a purely inseparable extension of 
which is a tensor product of simple extensions. P,, Pg, • P,., 

P.; = 4>($,). This means that P = <{*(^,, ^ 2 , ■ * €r) and the mono- 
mials ^i*'$ 2 ** ■ ■ ■ 0 < -ti < form a basis for P over 4>. 

If we set = 4>($„ ■ • f,+ ,, ■ • , then P = and 

<I>i n 4>2 n • • • n = *1*. There exists a higher derivation in P 
whose constants are the elements of <J>,. Hence it is clear that ^ is 
the subset of P of elements which are constants relative to all the 
higher derivations of finite rank in P over4>. 


EXERCISES 

1 . Let { D, j be the higher derivation in at transcendental, defined by (43). 
Show that 

Ax + «) = /(a) + C/Di)(a)x + C/D*)(a).v2 + - . . . 

2. Let 4»(xi, A- 2 , •••jAmI be the algebra of polynomials in indeterminatcs a-,- 

over a field <I>. I f (^i, • • • , k„) Is a sequence of non-n^ativc integers ki we de- 

fine a linear operator D*, in 4 >(ai, jf 2 , •■‘,x„] by its action in the basis 
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• • • Afw"*) as follows: 

0 if any ki > rti 

••• = (I|)(Is) '** (^'”) *i"*“**^»"*”** *** *«’*"“** 

if ki < iii 

Show that, if /(xi, jfj, • • • , Jfm) e x*, • • • , a:„] and oti, otj, • • • , a« 8 then 
J{xx + ofi, AT* + a*, • • •, + a!„) = 23 

ki 

3. Let J{x\y be a homogeneous polynomial of degree » < m in 

^[^i> XmV Suppose there exists an a = (ai, orj, • • •, am), «» e such 

that(/jD*,t,...*J»/-a, == 0 if Si:,- < n — 2 and 

Show that the equation /{x\, Xi, • • • , x,^ * jS has a solution in $ for any /3 e 
Use this to prove that 

AT* + + 2 * — 3Ay'Z = /3 

is solvable in any field of characteristic ^ 3. 

4. A higher derivation in SI of infinite rank is called iterative if Z)<Z)/ = 

^ “ higher derivation = {D,} is called iterative if AD/ = 

( "I" A+/ for i j < m and DiD/ = 0 if f > m. Verify that the higher 

derivations defined by (43) and (47) are iterative. 

5. Let P = 4'({) where is of characteristic p ^ 0 and the minimum poly- 
nomial of k over is x^* — a. Show that the subfields of P/4> are the fields 

) where 0 </ < e, and that the indicated # 4-1 subfields are distinct. 

6. (Weisfeld). Let be a field of characteristic p ^0, ^ ^o(Qf,/5, y) 

where a?, 0^, e and these elements are p-independent over #o((^*^oI — P^* 
Let P = 4>(|, 7j) where kf =«,’?’’= + 7 - Show that [P:<I»I = p*. Show 

that I4»($):4»l = p^ (4>(77):4>] = f and 4‘(f) 0 ^(ij) = Show that P 5^ 

f) and P ^ ^>( 77 , f) where f is any element such that f** C 4>. Hence show 
that P/<J» is not a tensor product of simple extensions. 

7. Show that { D, j is a higher derivation if and only if anD, = 2^ D^aDj-^it, 

i mO 

7 “ li ■ ■ ■ • Show that, if Di ^ 0 in the higher derivation { 1, Di, Dj, • ♦ 
Dm} , then the endomorphisms (1, Di, • • •, Dm) in (P, 4-) are right P-independent. 

8. Let be an iterative higher derivation of rank p* — 1 in a field P of 

characteristic p. Assume D^*~’* is proper and that is the subfield of con- 

p*— 1 

slants. Show that every linear transformation in Pover^has theform S DiPi = 

"ZDipm, Pi e P, and that P = <J(f) where the minimum polynomial of f over 0 is 
x* — a. 

9. Continuation of 8. Show that a sequence of linear transformations (</o» 

in P/4> satisfies = 21 <f,<pD/_),y = 0, 1, • • •, p* — I, if and 

(-0 
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only if there exists a vector (<ro, ci, • • •, <7o = 1, e P such that di = 

Diffa -|- Di—\<Tx + • • • + l<r,. Use this to obtain necessary and sufficient condi- 
tions that a vector (<ro, <ti, • • • , be a "logarithmic derivative" in the sense 

that there exists a p e P such that cr, = p-‘(pD,), / = 0, 1 , • • • , p' - I. 

10. Tensor products of fields. In Chapter I we considered 
tensor products of two fields, one of which was finite dimensional 
over the base field. We saw that it was necessarv to know the 
maximal ideals of P 0 «*' E in order to survey the composites of 
the field P/^ and E/<f> where fP:4>] < ac. In this section and the 
next we shall obtain the extension of these results to arbitrary 
fields. We shall first collect a number of results for the case in 
which one of the fields is algebraic. In our statements, sepa- 
rability will mean separability in the general sense defined on p. 
166; pure inseparability will be used for an extension which is 
purely inseparable algebraic. Also we shall say that a subfield 

is algebraically closed (separably algebraically closed) in P if 
every algebraic (separable algebraic) element of P/<f* is contained 
in 4>. We can now state the following 

Theorem 21. Let P/4> and E/4* be extension fields of 4>. 

(1) // P/<1> is separable and E/4* is purely inseparable, then P 
0* E is a field. On the other hand, if P ^4* is not separable, then 
there exists a purely inseparable extension E/^ of exponent 1 such 
that P 0 » E contains a non-zero nilpotent element. 

(2) If P/^ is separable algeln-aic, then P 0^. E has no non-zero 
nilpotent elements for arbitrary E/'<t, and P 0i. E /j « field if ^ is 
separably algebraically closed in E. 

(3) The elements of P 0^ E are either units or nilpotents if 
either P/4* is purely inseparable and E/4> is arbitrary, or P. 4 > ts 
algebraic and 4> is separably algebraically closed in E. 

Proof. In (I) and the first part of (3) we may assume the 
characteristic is /> 0. In all cases we write P 0 E for P 0 + E 

and we identify P and E with subalgebras of P 0 E = PE. 
These are linearly disjoint and consequently they satisfy the 
various linear independence properties which we have noted for 
this relation. 

(I) Assume P/4> is separable and E 4> is purely inseparable. I'he 

separability implies that, ii pi,p 2 , ■ ■ ■ , Pm are 4>-indepcndent cle- 
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merits of P, then the elements ' ' •> are 0-independ- 

m 

ent for every <? = 0, 1, 2, • • Now let z = S P»<^» e P 0 E 

1 

where the p,- e P and jt,- e E. We may assume the p* are ^-inde- 
pendent and, if 2 0 , then we may assume also that every tr, 9 ^ 0 . 

Since E/^ is purely inseparable there exists a positive integer e 
such that = a,- e 4> for 1 < i < m. Then = Sa,p,-^* e P 
and, if 2 0, then the a, 7 ^ 0 and 2 ^* is a non-zero element of P. 

Hence 2 ^' and consequently 2 has an inverse. Thus P 0 E is a 
field. Next assume P/4> is not separable. Then there exist ele- 
ments pi, p 2 , • • •, Pm in P which are ^>-independent but for which 
there exist 7 , 0 in such that 27 , pd* = 0. Not all the 7 ,- are 

p-th powers in$ so an extension field of the form E = < 7 - 2 , • • •> 

o-m), = 7 ,-, is of exponent 1 over The element 2 = Sp,cr,- of 

P 0 E is not zero since the p,- are ^-independent and the <r, e E. 
On the other hand, 2 ^ = 2p,^ff,-^ = 27 , p,** = 0. 

(2) Assume P/4> is separable algebraic, E/4> is arbitrary. We 
have to show that P 0 E has no non-zero nilpotents and that 
P 0 E is a field if ^ is separably algebraically closed in E. If 

m 

2 eP®E, 2 = 2 Pi^i where the pj e P and Ci e E. Since P/4> 

1 

is algebraic, the generate a finite dimensional extension and we 

replace P by this extension in proving our result. 
Hence it suffices to assume that [P:<I>I < 00 . Then the sepa- 
rability of P implies that P = 4>(i9) =4»M/(/(;v)) where /(x) is 
separable and irreducible in^f^:]. As we saw in Chapter I (p, 87) 
P 0 E ^ EfAr] /(/(^)). Hence our result will follow if we can 
show that E[a:]/(/(a:)) has no non-zero nilpotents and this is a 
field if «i> is separably algebraically closed in E. Now we have 
seen in Chapter 1 that E[a.-]/(/(a-)) is a direct sum of fields, and it 
is easy to verify that an algebra having this structure contains no 
non-zero nilpotent elements. This proves the first statement. 
Next assume E[.v], (/(x')) is not a field. Then /{x) = £-(:if)A(x) in 
E[Arl where deg^ > 0 and deg A > 0. Let be a splitting field 
over ^ of /(x) and let /{x) = n(x — w.) in Q[x]. Since the w.' 
are roots of /(x), they are separable algebraic over It follows 
that the coefficients of g{x) and ^(.v) are separable algebraic over$. 
These are elements of E and thev are not all contained in 4> 
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since f{x) is irreducible in Thus is not separably alge- 

braically closed in E. 

(3) Assume first that P/4> is purely inseparable and E is 

m 

arbitrary. Let 2 = ^ p,<r»- e P <S> E where p, e P, <r, e E. Choose 

1 

e > 0 so that p,"' = a, e Then e E. Either z^‘ 

= 0 or z^* has an inverse in E. In the latter case 2 is a unit in 
P ® E. Next assume P/# is algebraic and is separably alge- 
braically closed in E. Let 2 <!> be the maximum separable sub- 
field of P/^. The subalgebra 2E of PE = P ® E over is the 
tensor product of 2/<l> and E/4». Since is separably algebraically 
closed in E, we have, by (2), that 2E = 2 ® E is a field. Let 
{pa} be a basis for P/2, a basis for 2/^. Then {p<^<Td\ is a 
basis for P/<I> and these elements are E-independent in P ® E. It 
follows that the elements p* are 2E-independent. This implies 
that, if P and 2E are regarded as algebras over 2, then P(2E) = 
P 2E. On the other hand, P(2E) is the same algebra over 
4* as PE = P E; hence it suffices to show that every element of 
P SE is either nilpotent or a unit. Since P/2 is purely in- 
separable, this follows from the first part of the present proof.* 

Our next task is to obtain some information on tensor products 
of two fields, one of which is purely transcendental. The result 
we shall prove for these in the following 

Theorem 22* Let P be purely transcendental over say^ P = 
4>(5) where B is a transcendency basis and let E/^ be arbitrary. 
Then P E has no zero-divisors y and ij Q is its field of /ractionSy 
then n = E{B) is purely transcendental over E with B as transcend- 
ency basis. Moreovery if is algebraically closed {separably alge- 
braically closed^ in E, then P = ^(B) is algebraically closed {sepa- 
rably algebraically closed') in H = E(5). 

Proof, As usual, we consider P and E as subalgebras of P®^ E. 
Since B is an algebraically independent set, the set M of 
distinct monomials hi > 0 in the 0 t B forms 

a basis for the subalgebra generated by B. Since and 

* The identification of P0« E with P04 (Z0o E) which was used in the proof can be 
established also by general formulas on tensor products. One has the associativity: 
P0Z (200 E) S (P0zZ)®o E (cf. ex. 5, p. 15). Moreover, P0z2sP. Hence 
P0Z (204 E) ^ P04 E. 
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E are linearly disjoint, the set M is E-independent. Hence B is 
algebraically independent in E[5]. Then we know that, if F is a 
finite subset of 5, E[F] has no zero divisors (Vol. I, p. 106). Hence 
E(5] is an integral domain and so it has a quotient field Q whose 
elements have the form PQ~^ where Py Q eE[B]. Thus we see 
that fi = E(5) and, since B is an algebraically independent set 
over E, clearly 12 is purely transcendental over E with 5 as a 
transcendency basis. We observe next that 12 contains the sub- 


algebra 12i of elements of the form Pq~^ where P e E[5] and q e 
4'[5]. We proceed to show that this subalgebra can be identified 
with P E. First, we have the identity isomorphism of E[5] C 
12 into E[5] C P E and this can be extended, by I of the 
Introduction, to a unique isomorphism of 12j = fPq-'IPe Ef5], 
q 0 in 4*[5]} into P E, since the element q~^ exists in P = 
Let 2 be any element of P E and write z = Sp.-e,-, 
p, e P = <^('5), €, e E. We can write p, = piq~^ where qe 
<I>[5]. Then 2 = = P^~^ where c £[5]. It follows 

that 2 is in the image of the isomorphism of 12 ], so 12 ] is isomorphic 
to P 04 . E. Hence if we identify P 0 ^. E with fit and observe 


that 12 is also the field of fractions of 12 , since 12 , 3 ^[ 5 ], we ob- 
tain the first statement. 7’o prove the second we shall show that, 
if 12 = E(^) contains an element which is algebraic (separable 
algebraic) over <I>(5) which is not contained in ^(B)y then E con- 
tains an element which is algebraic (separable algebraic) over 
not contained in 4>. Clearly, if an element of the type indicated 
exists in 12 = E(fi), then it exists in E(^) for a finite subset P of 
B. Hence we may take B finite and an induction argument shows 
that it is enough to prove the following result: Let E/ 4> be arbi- 
trary and let ? be transcendental over E. If E($) contains an ele- 
ment which is algebraic (separable algebraic) over and not 
contained in 4>(^), then E contains an element which is algebraic 
(separable algebraic) over <l> and not contained in 4 >. Thus Fet 17 be 
an element of E(t) which is algebraic over 4>(^) and let x" + 
^i.v ■ 4- dri be its minimum polynomial over 4>($). We 

can write di = />,<? * where p,-, q r ‘I >[^1 (e.g., q can be taken to be the 
product of the denominators of the d.)- Then H = qrj is alge- 
braic over4'(i) with minimum polynomial 

4- ■ • ' -f- pK- If H ~ PQ~^ where P and Q e E[$] and are rela- 
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tively prime polynomials, then the equation for //gives 

pn = _ p^pn-2Q2 

If Q is of positive degree, then Q has an irreducible factor and the 
displayed relation shows that this is a factor of P'', hence of P^ 
contrary to the assumption on P and Q. It follows that is a 
unit and so H z E(^J. We now write // = <o + + < 0 ^^ -f • • • + 

where the e E and we shall show that the relation 0 = 

+ />i(^)//a)"-‘ + •■ • + />n(6), H = //a), />. = e 
implies that the coefficients ey are algebraic over 4>. Thus let 
or c<I> and consider the homomorphism of Ef^J over E into E send- 
ing^ — ♦ a. Such a homomorphism exists since ^ is transcendental. 
As usual we denote the image of Q{^) by (?(a). Then we have the 
relation //(at)" + pi(o:)//(a)"“* + ■ • • + Pn{oc) = 0. Since the 
pi{a) c^y this shows that the element 0 = H(a) is algebraic over 
’*>. Suppose first that 4> contains m -h 1 distinct elements ai, 

m 

o( 2 y ■ Then //(or*) = ^ = 0k is algebraic over 

y — 0 

4> for k — 1,2, + Since the Vandermonde determinant 

det (ttfc') 5*^ 0, these equations for the «y have a unique solution 
which is given by the usual determinant formulas. These show 
that the e’s are algebraic over <*». If does not have m + 1 ele- 
ments, we have to modify this argument slightly in the following 
manner. \( p is the characteristic, we choose r so that p' > m 
and we let E be a splitting field over K o( x^' — 1. We let ^ be 
the subfield of E of elements which are algebraic over 4>. Evi- 
dently this contains m -)- 1 distinct a*. We now make the argu- 
ment with these elements using £ in place of E, ^ in place of 4>. 
Then we can conclude as before that the «y are algebraic over 
hence, over 4». Now it is clear that, if the v we started with 
then H and consequently not every €, in // = 

is in <P. Thus there exists an € in E algebraic over ^ which is not 
contained in E. Next assume and 7 } is separable over 

4>(0. Then H and is separable algebraic over <t>($). Then 

the €. are algebraic and the field 4>(e,. contains a 

separable algebraic element not in ‘fr. Otherwise, the charac- 
teristic is p and we have e4> for some e = 1,2, • Then we 
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have e contrary to the separability of H over ^(^). This 
completes the proof. 

We are now ready to handle the “mixed” cases in which the 
fields need not be either algebraic or purely transcendental. We 
prove first the following extension of a part of Theorem 21; 

Theorem 23. If P/4> is separable and // arbitraryy then 
P E has no non-zero nilpotent elements. 

Proof. It is clear that it suffices to prove this result under the 
.additional assumption that P is finitely generated. Then P is 
separably generated, so that P has a transcendency basis B such 
that P is separable algebraic over We now consider the 

subalgebra 4>(^)E = E generated by ^(5) and E and 

we regard this as well as P as an algebra over the field ^{B). One 
sees easily that, if |pa} is a basis for P over ^{B)y then the only 
relations of the form 3r,p,- = 0 , d e^(B)E are the trivial ones for 
which every r,- = 0. This implies that P 0 * E = P ^{B)E.* 
We now apply Theorem 22 to the factor 4>(5)E = <^(5) 0 * E. 
According to this result ^(5)E can be imbedded in a field = 
E{5). Then P 04.(5) cf>(5)E is a subalgebra of P 04.(5) where 

is a field over 4>(5) and it suffices to prove that P 04-(S) has 
no non-zero nilpotent elements. Since P is separable algebraic 
over4>(5), this follows from Theorem 21 (2). 

We assume next that P is arbitrary and that ^ is separably 
algebraically closed in E. Let 5 be a transcendency basis for P 
over 4>. As in the foregoing proof wc have P 04 . E = P 0 *( 5 ) 
and this is a subalgebra of P 04.(5) 12 where 12 is a field 
Ei^}. By I heorem 22 we know that 4>(v6) is separably algebrai- 
cally closed in 12 . Since P is algebraic over 4>(5), Theorem 21(3) 
shows that every element of P 04.(S) 12 is either nilpotent or a 
unit. Now let z be any element of P 0 * E C P 04.(5) 12. Either 
s is nilpotent or it is a unit in P 04 ( 5 ) 12. In the latter -case z is 
not a zero divisor in P 04 E. We can therefore state the following 

Theorem 24. 1/ P is an arbitrary extension field of a field and 

is separably algebraically closed in E then every zero divisor of 
P 04 E is nilpotent. 

* A more sophisticated argument can be used to establish this. See the footnote on 
p. 199. 
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Clearly the last two theorems have the following immediate 
consequence. 

Corollary 1. Let P and E be extension fields of ^ such that (1) 
either P/4> or E/<I> is separable^ (2) is separably algebraically 
closed in either P or E. Then P E is an integral domain. 

In particular, we see that, if P/'t’ is separable and 4> is alge- 
braically closed in P, then P 04> E is an integral domain for any 
E/#. An extension P/<t> satisfying these two conditions is 
called regular. If 4> is algebraically closed, then it is perfect so 
any extension P/^ is separable. Moreover, it is clear that <I> is 
algebraically closed in P. Hence every extension of an alge- 
braically closed field is regular and consequently we have 

Corollary 2. If ^ is algebraically closed^ then P 0'fr E is an 
integral domain for arbitrary extension fields P and of 

11. Free composites of fields. We recall that a composite of 
two fields E and P over^ is a triple (P, j, /) where P is a field over 
‘t> and s and t are isomorphisms of E over <1’ and P over respec- 
tively into P such that P is generated by the images E* and P' 
(§ 1.16). The composites (P, j, /) and s\ t') of E and P are 
equivalent if there exists an isomorphism u of P onto P' such that 
s' = uSy t' = ut. In § 1.16 we studied composites of a finite di- 
mensional extension P and another extension. In algebraic 
geometry one is interested in composites of fields which need not 
be algebraic but one restricts the notion in the following way. 

Definition 6. A field composite (P, J, t) of E,/^ and P/4> is 
called free if for any algebraically independent subsets C and D of 
E and P respectively y the sets C', are non-overlapping and C" U D' 
is algebraically independent in r/<I>. 

Since any algebraically independent set cm be imbedded in a 
transcendency basis, it is clear that the condition that (P, /) is 

free is equivalent to the following: for every pair of transcendency 
bases B and B' of E/4> and P/<t, respectively, and B'^ are non- 
overlapping and B* U B'‘ is algebraically independent. We now 
observe that the word “every*' can be replaced by “some” in 
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this criterion. Thus suppose there exists a transcendency basis 
B for E/<i> and a transcendency basis B’ for P/0 such that 5* and 
B'^ are non-overlapping and 5* U B'^ is algebraically independent. 
We assert that this implies that the composite T is free. It 
clearly suffices to establish the condition of the definition for 
finite sets, C, D. Now we can find a finite subset of B such that 
C is algebraically dependent over 0 on F. Since is a subset of 
By F^ is algebraically independent in T over P^ Hence F^ is 
algebraically independent in 0(F*, Z)‘) over 0(DO. This implies 
that the transcendency degree of 0(/^% C*, D‘) over 0 is / d 
where / is the cardinal number |i^| and d = |Z)| (cf. ex. 3, § 3). 
Since the transcendency degree of 0(/'*, C*) over 0 is / and C* is 
algebraically independent, the transcendency degree of 0(F% C^) 
over 0(0 is / — r where r =1C|. It follows that the tran- 
scendency degree of 0(/^% C\ Z)‘) over 0(C% £)') does not exceed 
f — c. This and the formula for the transcendency degree of 
0(F*, C% D^) over 0 imply that the transcendency degree of 
0(C% £)') over0 is at least {/ -\~ d) ~ {/ — c) ^ d c. It follows 
that C®, D' are not overlapping and C* U is algebraically in- 
dependent. We state this result as the following 

Lemma 1. Let (r, j, /) be a field composite of the fields E over 
0 and P ourr 0. Suppose there exists a transcendency basis B for E 
over 0 and a transcendency basis B' for P over 0 suck that B\ B'* 
are non-overlapping and U B’^ is algebraically independent. 
Then (P , s, t) is a free composite of E/0 and P/0. 

\^ e remark also that if the condition of the lemma holds for B 

and B , then B* U 5'' is a transcendency basis for P. For, it is 

clear that the elements of E" and of P' are algebraic over 0(5* U 

B ). Since P is generated by E* and P*, it follows that P is 

algebraic over 0(5'* U 5'^). Hence B* U B'*^ is a transcendency 
basis. 

e can use the criterion of the lemma to prove the existence of 
a free composite for any two fields E and P over 0. Let B and B' 
be transcendency bases for E and P over 0 respectively. If B 
and B’ are finite, say B = - B’ = \vu - then 

we construct the polynomial algebra 0[.v,, X 2 y • • •, Xm+„] in » 
indeterminates .V 2 , • and we form the field of frac- 
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tions ^(xi, X 2 , • • • , ■’fm-fn)- We have an isomorphism s of <P(B) 
into 4»(xi, X 2 , • • • , ^m+n) such that x,, / = 1,2, •••,;« and 

an isomorphism / of 4>(5') into ^ 2 , • ••.ATn.+n) such that 

Tff- — ► y = 1 > 2, • • • , ?/. Now let Q be an algebraic closure 

of4>(;ci,X2> • • •> •’fm+n)- Then we know that the isomorphisms s 
and / can be extended to isomorphisms j and / of the algebraic ex- 
tensions E and P of 4>(5) and 4>(5') into 12 (cf. ex. 1, p. 147). From 
the lemma, then, if P is the subheld of ii generated by E* and P', 
(r, /) is a free composite of E and P. If either B or B' is inhnite 

a similar procedure can be employed, or we can modify it slightly 
by dehning 1-1 mappings of B and of B' into the one of these, say 
B, which has the larger cardinal number, in such a way that the 
images are disjoint. These mappings can be extended to iso- 
morphisms j and / of 4>[5J and 4>(5'] into Then they can be 

extended to isomorphisms j and / ot 4>(5) and 'P(B') into 'P^B), 
which can then be extended to isomorphisms s and t of E and P 
into an algebraic closure of^{B). Then (P, /), where P is the 

subheld generated by E* and P^ is a free composite of P and E. 

We shall now extend the considerations of § 1.16 to obtain a 
survey of all the composites and all free composites (in the sense 
of equivalence) of two given helds E and P over <i>. As before, 
we form the tensor product E P and we identify E and P with 
their images in E 0* P. Let 'C be a prime ideal in E P (Vol. 
1, p. 173); hence (E P)/'iJ is an integral domain as well as an 
algebra over We can imbed this in its held of fractions P. Let 
j denote the canonical homomorphism e — » « -f- of E (C E ® P) 
into (E P)/"!). Since E is a held and 1* = 1, this is an iso- 
morphism. Also since (E <8>i. P)/*?? C P, we can consider s as 
an isomorphism of E/<t> into P/<t>. Similarly, we have the iso- 
morphism /:p — » p + ^ of P into r. Now E and P generate 
E 0 P. Consequently E* and P' generate the algebra (E 0 P) ik 
Since P is the held of fractions of (E 0 P)/i^ we see that the 
held P is generated by its subhelds E* and P'. Hence (P, j, /) is 
a composite of E/4> and P/4>. 

Next let be a second prime ideal in E 0* P and let (P', s\ /') 
be the corresponding composite constructed in the manner just 
given. Suppose (P", j', /') is equivalent to (P, /). 'J'hcn we 

have an isomorphism « of P onto P' so that = su, /' = /n. 
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Thus u maps e* = c + ^ = c + p* = p + ^ p 4- 

Consequently the restriction of u to the subalgebra E'PV? 
sends 2€,p,- + ^ > 2€,pj -f- *33^ for €< e E, pi e P. It follows as in 

§ 1.16 that 2t,pv c implies ^Cip,- e Hence ^ and if we 

repeat the argument with u~^ we see that Q '5p. Thus we see 
that distinct prime ideals in E 0* P give rise to inequivalent com- 
posites of E/*!* and P/4>. 

Now let (r'j s\ t') be any composite of E/<I» and P/<I>. Then we 
can combine the isomorphisms s\t' of E/4> and P/4> into T* to 
obtain the homomorphism Se,p,- hif pf of E 0* P into F'. 
The image under this homomorphism is the subalgebra E*'P*^ 
generated by E*'/*^* and P‘V^- This is an integral domain. 
Hence if ^ is the kernel of the homomorphism, then (E 0 P)/^ = 
E*'P'' and (E 0 P)/i3 is an integral domain. Hence ^ is a prime 
ideal in E 0 P so this can be used to construct the composite 
(r, /) as before. Now the homomorphism of E 0 P onto 
E"'P'' gives rise to the isomorphism « of (E 0 P)/il3 onto E*'P‘' 
such that Se,p, + > St/'pi* • This has a unique extension to 

an isomorphism u of the field of fractions F of (E 0 P)/i3 onto 
F'. We have €•*“ = (« + iP)** = e*', c e E and p‘“ = (p + ^)“ = 

p'',peP. Hence « is an equivalence of (F, j, /) and (F', j', /'). Our 
considerations therefore establish a I-l surjective mapping from 
the set of prime ideals "ip in E 0^, P to the set of equivalence 
classes of composites in E/<i> and P/‘J>. 

In § 1.16 we established a 1-1 surjective correspondence be- 
tween the set of maximal ideals in E 04‘ P for [P:4>] < « and 
the equivalence classes of composites of E/^ and P/<I>. We can 
now see that this is a special case of the present more general 
considerations. We recall that an integral domain which is a 
finite dimensional algebra is a field (Introd., p. 8). This im- 
plies that any prime ideal in a finite dimensional algebra is maxi- 
mal. It P/4> is finite dimensional, then E 0* P can be considered 
as a finite dimensional algebra over E. Hence the prime ideals 
in this algebra are maximal and the present correspondence re- 
duces to the earlier one for [P:4>] < 00. 

It remains to sort out the prime ideals in E 0 P for which the 
corresponding composites (F, j, /) are free. Let B and B' be 
transcendency bases tor E and P respectively. W'e know that 
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the set M. of monomials in the fS v B are 4>-independent. A similar 
statement holds for the set .V/' of monomials in the d' t B\ Mf)re- 
over, if M = {m.l and A/' = {«;!, then the set of products 
{m.nj] is 4>-independent. This implies that the sets B and B' are 
not overlapping and B U B' is an algebraically independent set. 
The same statement can be made about the images B' = Id + 'IM 
and B'‘ = {/3' + only if no non-zero element of the 

subalgebra 4>[5 U B’\ is mapped into 0 in the canonical homo- 
morphism of E ® P into (E ® P) 'IL This is equivalent to the 
condition that ^[B U B'] n it = 0. Hence we obtain our first 
condition: The composite (P, j, /) determined by the prime ideal 

in E ® P is free if and only if <P[B U B'] D it = 0. It is con- 
venient to change this slightly b>' replacing U j b\ the 

subalgebra ^(B)^(B') generated by the subfieids 4>iB) and 
of E and P respectively. It is easily seen that the elements of 
this subalgebra of E ® P have the form where Pv 

U B’]y It is clear that ^B U B'\ is an 

integral domain and this and the form of the elements of<l>(Zf)^{5') 
imply that <1>(5)4>(5') is an integral domain. If Pq-^r~'- 0 is 

in it n 'I>(j 5)<S>(5'), then P 0 and P v ^{B)HB') 0 it. Hence 
iJ n 4>(5)‘5>(5') 0 implies it 0 MB U B'\ ^ 0. Since the con- 

verse is clear the foregoing condition gives the following 

Lemma 2. T/te composite field (P, /) defined hy a prime ideal 

^ E ® P is Jree if and only if V H MB)MB') = 0 zv/iere B and 
B' are transcendency bases for E, 4> and P respectively. 

We recall that if o is a commutative ring and W is a subring, then 
an element ^2 c o is called integral overO) if there exists a polynomial 
^(;c) e &[x] such that ^(x) has leading coefficient 1 and g{a) = 0 
(Vol. I, p. 181). We have proved in Voi. 1, p. 182, that, if is 
Noetherian, then the set of bJ-integral elements of o form a sub- 
ring containing W. We shall see later (§ 5.13) that this result is 
valid also for any commutative integral domain o. However, the 
Noetherian case is adequate to prove the following result which 
we require. 

Lemma 3. Let B and B' be transcendency bases for E/4> and 
P/4> respectively. Then every elemetit of E P is integral over 
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Proof. Since E and P are algebraic over^(^) and ^(5') respec- 
tively, it is cleat .that the elements of E and of P are integral over 

Since E ® P is generated by E and P, the result will 
follow if we can show that the set of ^(5)$(50-integral elements 
is a subring. Hence we have to show that, if a, are ^(B)^(B')- 
integral, then so are a — /3 and a/3. Since any pair a, 0 are both 
integral over a subalgebra where F and F' are finite 

subsets of B and B', it suffices to prove this for B and B' finite. 
In this case we can apply Hilbert’s basis theorem for polynomial 
rings (Vol. I, p. 172) to conclude that4>(5)[5'] is Noetherian. We 
shall show next that ^(B)^{B') is Noetherian. Thus let 3f be 
an ideal in ^(B)^(B'). Then 3' = 3 n ^{B)[B'] is an ideal in 
4>(5)[5'], so it has a finite set of generators Pi, P2, 

Any element of 4>(P)«J>(P') has the form Pq~' where P e$(P)fP’] 
and g e^[P'], If this element is in 3, then P = (Fg^^)g e 3' so 
P = 'L^iPi where AiE^{B)[B'], Hence P?“‘ = 2:(^,7“*)P.-. 
This shows that Pj, P2, ■••,P„ is a set of generators for 3* 
Hence 4>(P)4>(50 is Noetherian. It follows that a — ^ and a/3 
are <i>(P)<I'(P')-integraI and this completes the proof. 

We can now prove the following 

Theorem 25. The composite (P, t) of E and P over $ de- 
termined by the prime ideal S? in E P is free if and only if all the 
elements of are zero divisors in E P. 

Proof. In view of Lemma 2 one has to show that 

^ n 4)(P)^(P') = 0 

for B and B' transcendency bases for E/^ and P/«^ if and only 
1 every element of ip is a zero divisor. Suppose first that ^ con- 
tains only zero divisors and let P e '5 0 ^{B)^{B'). Then P is 
an element of 4>(P)4>(P') which is a zero divisor in E ® P. We 
shall show that P is a zero divisor in ^{B)^{B’). For this pur- 
pose we choose a basis |«„1 for E over <J>(5) and a basis M for 

over^{B ). Then it is easily seen that every element of E 0 P 
can be written as a sum e <f>(5)4>(fi') and 

— 0 onl> if every = 0. (We leave this as an exercise.) Since 
P is a zero divisor in E ® P we have an element ^ 0 

such that P(^Qa 0 naVii) = 0. Then XPQapUaVff ~ 0 and since 
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PQa 0 e <i>(5)4>(5') we have PQaff — 0 and some ^ 0. Thus P 
is a zero divisor in Since 'i>{B)^{B') is an integral 

domain, this implies P = 0. Hence ^ D ^{B)^{B’) = 0. Con- 
versely, suppose n 4>(5)4>(^') = 0. Let P be any element of 
Then Lemma 3 implies that there exists a relation of the form 
P” + CiP"“' H- + • ■ ■ H~ = 0 where the c, e 4>(P)4*(P')- 

We may assume n minimal. This relation shows that c„ = — P” 
— f,P”~' _ . . . — Cn-iP c '53 0 ^(B)4>(B'). Hencecn = 0. Then 
we have PCP"”* + CxP^~^ + • • • + c„_i) = 0 and since n was 
minimal + cxP’'~~ + ■ ■ ■ + c„_i ^0. Hence P is a zero 

divisor and we hav^e shown that any P e is a zero divisor. This 
completes the proof. 

The set of nilpotent elements of a commutative ring o forms an 
ideal called the fniDradical of o (Vol. I, p. 173). If is a prime 
ideal in o and z e 3L then z"* e 'J3 for some integer m. This implies 
that 2 e '53. Hence '3? is contained in every prime ideal '53 of o.* 
We have shown in the last section that, if E is any field over ^ 
and4> is separably algebraically closed in P, then the zero divisors 
of K 01 - P are nilpotent. This and the result just noted implies 
that the radical 3? of E 0 P is the only prime ideal in E 0^ P all 
of whose elements are zero divisors. Hence we can conclude from 
Th. 25 and the fact that every composite of E and P over 4> is 
equivalent to one determined by a prime ideal in E 0 P the follow- 
ing 

Theorem 26. IJ E is an arbitrary extension field of 4* and is 
separably algebraically closed in P, then in the sense of equivalence 
there is only one free composite of E/4> and P/4>. 


* Wc shall &ec in Chapter V that 9? is the intersection of all the prime ideals of o. 
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VALUATION THEORY 


The notion of a valuation of a field arises when one attempts to 
assign magnitudes to the elements of a field. The classical case is 
that of the absolute value | a | in the field of real numbers or in the 
field of rational numbers. Of basic importance for the study of 
arithmetic properties of the rational and more generally of number 
fields (finite algebraic extensions of the rationals) are the p-adic 
valuations of the field of rational numbers. For a given prime p 
the valuation ippic^ of the rational number a indicates the power 
of p which divides the rational number a. Valuations play a 
fundamental role also in the study of algebraic function fields. For 
these it is necessary to generalize the notion somewhat so that it 
becomes equivalent to the notion of a place, which was first intro- 
duced by Dedekind and Weber in giving a purely algebraic defini- 
tion of Riemann surfaces for algebraic functions. Valuation 
theory forms a solid link between algebra and analysis. On the 
one hand, it permits a precise study of algebraic functions and, on 
the other hand, it leads to the introduction of analvtic notions 
(convergence, integration) in the study of arithmetic questions. 

Ve shall begin our discussion with real valued valuations. One 
can distinguish two types of these: archimedean and non-archime- 
dean. The latter lead to the extension in which the values are 
taken from an ordered commutative group rather than the field of 
real numbers. We shall determine the valuations of the simplest 
types of fields and consider in some detail the problem of extension 
of valuations. Applications to the Hilbert Nullstellensatz and to 
the study of the integral closure of a commutative integral domain 
will be given. 
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1. Real valuations. We shall consider first valuations which are 
real valued and we shall call these real valuations. It is possible 
to give a development of the theory which gives at the same time a 
development of the real number system from the point of view of 
convergence. This adds a small complication, so we shall avoid it 
and assume familiarity on the part of the reader with the basic no- 
tions on real numbers which will be needed. 

Definition 1. A real valuation ^ of a field cf* is a mapping a — > 
^(a) oj into the field of real numbers such that 

(i) > 0, = 0 // and only ;/ a = 0 

(ii) = ^(a)v>(0) 

(iii) ^(a + ^) < ip{cx) 4- ^(^)* 

Examples. 

(1) <t> the field of complex numbers, tpia) the usual absolute value V a- + 

of the complex number a = a + a, b real. This gives a valuation on 

any subfield, in particular, on the field of real numbers and on the rational field. 

(2) the field of rational numbers. Let p be a prime integer. I f a 0 in 4’, 
we write a = a>* where k 0,±\, ±2, • • • and a' is a rational number prime 
to p (notation; {oc',p) = 1) in the sense that its numerator and denomin.itor in 
some representation are prime to p. The integer k is uniquely determined by a 
and we write Vp{a) =* k, *Pp{ct) = p~*f^°^. .Also, we set »'p(0) = », 

Then (i) is evident and (ii) and (iii) are valid. This is obvious if either a = 0 or 
3 “ 0. Suppose a ^ 0, /3 5 *^ 0, and let a = 0 = d'p' where (a', p) = 1 = 

03',p). Then oe/3 = and {a'0\p)=\. Hence Vp{a0) = k + I = 

Vvia) + »'p(/3), so .pp{a0) = iPp{Q)<fip(0). U k < f then a+0 = pHo' + *) 

and Vp{(x-^0) > min {vp{a), Vp{0)). Hence ,f>p{a + 0) < max (s9p(a). ^,.(3)) 
which is a stronger relation than (iii). Hence tfipioi) is a valuation. 1 his is called 

the p-adic valuation of the rational field. 

(3) P = <*>(x) the extension field of <I> by a transcendental element x. Let 7r(x) 

be an irreducible polynomial in 4>[x). If a is a non-/cro rational expression, we 
write a = ir(x)*a' where k is an integer and a' is a rational expression which is 
prime to ir ((o'.tt) = 1) in the sense that it has a representation with numerator 
and denominator prime to tt. We set MrCa) = k and s^t = d where r is a real 
number, 0 < r < 1. .Also we set v, (0) = = 0. One checks as in exam- 

pie 2 that is a valuation. .A classical case of this type of valuation is that 
in which 4> is the field of complex numbers and 4‘(Ar) is identified with the fieltl 
of rational functions on 4». Here nix) has the form x — r and v, (afx)) describes 
the bchavi<ir of the rational function a(x) in the neigliborhood of the point x ■= r. 
One sees that, if v,(a) = k > 0, then a has a zero of order k at r and, if i't(q:) 

—k, k > 0, then a(x) has a pole of order X- at at = r. If i^.ftt) = 0, then a has 
neither a zero nor pole at x = r. It is of interest also to consider the behavior 
of a(jf) at infinity. This can be done by introducing another valuation in 4‘(.v). 
If a(x) 0, we write or(x) «= (0o + 0ix + • • • -p 0mX’^)(yo + 7 i^ + • • ' + 7 -.-v")“‘ 
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where 0m ^ 

+ - (D"' 


0, Yn 0. Then a(x) = (0 q H (- (3„)(yo 

+ • ' • + 7n)”‘ and flt(Ar) has a zero of order n — m at infinity if 


w — w > 0, a pole of order w — wifw — «>0, and has neither a zero nor pole 
at infinity if « = ot. We define = « — m, ^«(a(x)) = r"-™, 0 < r < 1, 

»'«C0) = CO, v5ae(0) = 0. This gives a valuation. This procedure is applicable to 
any <l»(Ar), a* transcendental. 

(4) Any field <i> with <p(a) = 1 if a ^ 0 and ^(0) = 0. Such a valuation is 
called trivia/. We remark that the valuations ipr and of example 3 are all 
trivial on «J>. 


We now list some immediate consequences of the definition of a 
real valuation. We note first that (ii) implies that ^(1) = 1, 

— 1) = 1, and^( — a) = (p(a). Also = <p(a)~^ if a 0, 

and <p(t) = 1 if f is a root of unity. This implies that the only 
valuation in a finite field is the trivial one. Also we note that 

(1) |v?(«) — <pO)| < ip{a — 0) 

where ( I is the ordinary absolute v'alue. All these assertions are 
readily established and we leave their verification to the reader. 

Definition 2. The real valuations v?i and ip 2 are called equivalent 
U ‘ii^’iCo:) > 'P\{&) holds for or, c 4 > if and only if > ^2(^3). 

It is natural from the point of view of convergence which we 
shall consider in § 4 to identify valuations that are related as in the 
foregoing definition. This relation leads to the following some- 
what surprising consequence. 

Theorem 1 . If c-, is equivalertt to ^2. /hen there exists a positive 
real number s such that sP2(a) = v?i(a)Vor all a e 

Proof. \\ e may assume that one of the valuations is non-trivial 
and, since the conclusion is symmetric in and ^’ 2(^1 = 
we may suppose that is non-trivial. Then there exists an ao in 

^ such that 0 < < 1 = ^,( 1 ). xhen also 0 < < 1, 

so ip 2 is non-trivial. Moreover, we can write *p 2 (ao) — ^i(«o)* 
where j > 0. In fact, this relation is equivalent to j — 
log ¥’ 2 («o)/Iog v?](oro) which is positive since log^t(ao) < 0 and 
log V’ 2 («o) < 0. We wish to show that 

( 2 ) log ^’ 2 ( 0 :) _ log <Pi(a) 

log <P 2 {cxq) log <pi (oro) 
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if a is any element in such that 0 < ^i(a) < 1 and so 0 < <p 2 (a) 
< 1, The two ratios in (2) are positive. Let m and w be positive 
integers such that w/w > log W/log v^iC^o). Then ;r7 log ^i(ao) 
<n log^iCa), log soiCofo”) <logV’i(«“) ^ind <^i(o'o"’) < 

Hence < ^ 2 ( 0 :") so, if we re-trace the steps, then we see 

thatm/w > logv? 2 («)/logv=* 2 (c^o)- By symmetry (<,02 is non-trivial), 
if m/n > log ^ 2 (a)/log <p 2 {<xo)y then m/n > log v7i(a)/log ^,(ao). 
Since these relations hold for all positive rationals r = m/riy we 
have the equality (2). Hence 

log y? 2 («) _ log V> 2 (q:o) ^ ^ 

log ^i(a) log ^i(ao) 

and ^ 2 (a) = holds for all a with y>i(a) < I. By taking a""* 

we see that this holds also if ^i(a) > 1. Moreover, it is clear 

that, if = 1 = ^i(l), then ^ 2 (ot) = 1. Hence v» 2 (a) = 

^i(a)' for all a. 

Definition 3. A real valuation is called archimedean if v?(w) > 1 
for some integer «(= wl = 1 1 • • • H-1, n times) in the prime 

field. Otherwise the valuation is non-archimedean. 

If ^ has characteristic /> ^ 0, then any n 0 in the prime field 
is a root of unity; hence = L Consequently, every valuation 
of a field of characteristic p is non-archimedean. We note also 
that any valuation which satisfies + /3) < max (¥>(<»), ¥>(/3)) is 
non-archimedean. For, this can be extended by induction to 
give d- tta + • -far.) < max (s<>(ai), •**, ^(«n)) and this 

implies that v?(«) < y>(l) = 1. The converse of this result is valid 
also since we have 

Theorem 2. If is a non-archimedean real valuation^ then 
¥>(« d- /3) < max (y>(a), ¥>(0)) for every or, /3 in 4>. 

Proof. We have 

via. + /3)" = via’- + + • + ^") 

< viaY + viaY-'^vm H + viff)" 

< (« d- 1) max (y>(a)", ¥'(/9)"). 
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Hence we have ip{a “h ^ “h 1)'^” max (^£>(a£)j Since 

lim (w + 1)^^" = 1, this implies that 

fV-*« 

(3) <p(,a + (3) < max (v>(a), ^(jS)). 

EXERCISES 

In these exercises “valuation” will mean “real valuation.” 

1. Show that, if ^ is a valuation and j is a real number such that 0 < r < 1, 
then a — > <p(a)* is a valuation. Show also that, if ip is non-archimedcan, then 
ce —*• <p{a)* is a valuation for any s > 0. 

2. Establish the following properties of non-archimedean valuations: 

(4) ¥j(a + ^) = v>(a) if vKa) > ip(0). 

(5) If ai -f- as H h a» - 0, then ^a.) = ^(a^) for some i 9^j. 

3. Let ^ be a valuation in P such that^ is trivial on a subhetd ^ of P such that 
P is algebraic over Show that ^ is trivial on P. 

4. Let ^5 be a non-trivial valuation of 4> and let /3 be a non-zero element of ^ 

such that^K^) < 1. Show that^(a) < 1 if and only if < 1, « = 1, 2, • - • . 

Use this to prove that, if ^ is a valuation such that <p{y) < 1 implies ^(7) < 1, 
then also tp(y) > 1 implies ypiy) > 1 and tpiy) — 1 implies ^(7) =* 1. Hence 
show that <p and 4' ^te equivalent. 

5. Show that, if fpu<pi, are inequivalent non-trivial valuations of a 

field <i», then there exists an a in ^ such that ^i(a) > 1 and <Pi(.cc) < 1 for / = 
2, 3, • ' • yfi. (Hint: The case w = 2 is an easy consequence of ex. 4. Using this 
and induction one obtains /3 such that > 1, fpiiP) < 1, i = 2, • • •, » — 1, 
and 7 such that ^1(7) > 1, tpn(y) < L If ^»03) < 1, one can take a = ^*7 for a 
sufficiently large integer k. If (pnifi) > 1, one can take a = 7^*(1 + for k 
sufficiently large.) 

2. Real valuations of the field of rational numbers. We begin 
by determining the archimedean valuations of the rationals. The 
result is the following 

Theorem 3. archimedean real valuation of the rationals is 

equivalent to the absolute value valuation. 

Proof (Artin). Let n and n' be integers > 1 and write w/ = 

+ + • • ■ + atw*, ^ < ai < w, tfjt 7 ^ 0. Then, 

(p{n ) < (p{ao) 4“ (p{ai)<p{n) -f- ■ • • + 

Since 0 < tpial) < ai < «, this gives 

<p{n’) < 77(1 -b <p{n) 4 h ^(//)*) < n{k 4- 1) max (1, v»(«)*)* 

We have «' > w* so ^ < log w'/log n and 
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(6) rriax ^1, V5(«) y 

If we replace n' by («')% ^ ^ positive integer, we obtain from ( 6 ): 

vin'Y < l^max(l,¥.(n) " )• 

Taking r-th roots we obtain 

(7) vw) < [” Clog r 0] ' 

Since Urn (ra 4 - = 1 if a 5 ^ 0 , (7) implies 

( log n’ V 

1 , v(w) j- 

Since <p is archimedean, n' can be chosen so that v?(> 7 ') > 1; hence 

by (8), 

log n* 

(9) 1 < <p{n') < 

Hence <p{n) > 1 , so we can interchange the roles of n and n' to ob- 
tain 

1 1 

( 10 ) 

for any two positive integers «, n' . Then log v 5 («)/log « is a posi- 
tive real number s independent of n and <p{n) = n*. It follows 
that ^(a) = I a I • for every rational number a. Evidently v?(a) is 
equivalent to the absolute value valuation. 

Theorem 4. Any non-trivial non-archimedean real valuation of 
the rationals is equivalent to a p~adic valuation for some prime p. 

Proof. We have *p{n) < 1 for every integer n. If = 1 for 
every integer, then tp is trivial. Hence there exist non-zero integers 
b such that tp{_b') < 1 . Let ^ be the collection of integers b satisfy- 
ing this condition. This set is an ideal in the ring of integers I 
since q>{fx — bf) < max pibf)) < 1 if biv. and p^nb) = 

< 1 if w e /, ^ e Also ^ is prime since <p{n) = 1 — 
v>(w0 implies <fi{nn') = 1. Hence ^ = (p) where p is a prime. 
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We can write (p{p) — where j > 0 since 0 < <p(j}) < 1. Let 
n be any integer and write n = where ^ > 0 , (»',/») = 1. 
Then n' i ^ so <p{f7') — 1; hence tp(rj) = p~^“. It follows that <p 
is the j-th power of the p-adic valuation determined by p. 

3. Real valuations of #(x) which are trivial on We suppose x 

is transcendental in P =* ^(x) and we shall determine the real 
valuations <p which are trivial on Since the prime field is con- 
tained in = 1 for every integer 5 *^ 0 in the prime field. 

Hence (p is non-archimedean. We distinguish two cases: 

I. <p(x) <1. In this case (p(/{x)) < 1 for every /{x) — ao + 

ctiX + • • H- anX*^ e This is clear from the non-archimedean 

property of <p. From now on we assume ip is non-trivial and this 
implies that there exists a polynomial /(x) such that <p(/) < 1 . 
Let 'ip be the subset of of polynomials f such that ^(/) < 1. 

As in the proof of Theorem 4 one sees that ^ is a prime ideal, iP = 
( 7 r(x)), in 4>[x]. We have s£>( 7 r(x)) = r, 0 < r < 1. If f{x) — 

where ( 7 r(jc-), ^(x)) = 1 , then v’(/) = Hence ip is the 
valuation tp^ discussed in example 3 of § 1. 

II. ip{x') > 1. Let/(x) — ao acix + ■ ■ • + where ^ 

0. Then tp(amX”*) = ip(x)^ > ip(aiX') for i < m. Hence ip{/) = 
ip{x)”* (cf. ex. 2 in § 1). If we set v’(a') = 0 < r < 1, then 

<p(/) = It is easy to check that is a valuation as de- 

fined in example 3 of § 1. 

4. Completion of a field. One of the most important aspects of 
a real valuation is that it leads to the introduction of metric space 
notions for a field. The most convenient form for these is based on 
sequences and convergence. The basic definitions are patterned 
after those of ordinary analysis. 

Defimtion 4. Let ^ be a field with a real valuation ip. A sequence 
|a*|> ^ = 1 > 2 , • • • is said to converge in 4> {Relative to tp') if there 
exists an a in 4> such that for any real e > 0 there exists an integer 
N = N{t) such that 

( 11 ) ip{a. — a„) < « 

for all n > N. Then a is unique and is called the limit of {«*)• If 
Oi = Oy [ak] is a null sequence, A sequence { a* ) is called a Cauchy 
sequence if for any e > 0 there exists an integer N == such 
that 


( 12 ) 

for all m, n > N(€). 
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V’(«m — «n) < « 


Convergence of series 22 *5 defined as usual by the conver- 

1 * 

gence of the sequence {j*) of partial sums j* = ^ For ex- 

1 

ample, in the rational field with the p-adic valuation, the series 

90 

converges to 1/(1 — p) since 



if n is sufficiently large. 

It is easy to see, as in the real case, that any convergent Sequence 
is a Cauchy sequence, but the converse need not hold. This leads 
to the following 

Definition 5. ^ field 4> is said to be complete xitn respect to a real 
valuation ip if every Cauchy sequence oj elements oj ^ is convergent 
in 4». 

We shall now carry out for any held with a real valuation p a 
construction of a completion $ of 4>. This is a field ^ with the 
following properties: 

1. ^ is an extension field of ^ and has a real valuation ^ which 
is an extension of the valuation p of <I>. 

2. $ is ^-complete. 

3. The subfield 4> is dense in $ in the sense that every element 
of ^ is a limit of a convergent sequence of elements of <f». 

We consider first the set C of Cauchy sequences {a*} of ele- 
ments <xk e 4*. We shall show that C is a ring relative to the com- 
positions {a*} -f {^*} = |afc + /3fc), |a*} {/3t! = {a*/3*). For this 
and a later application we require the following 

Lemma 1. If {a*}, {/Stl e C, then {a* + 0k\ and e C. 

1/ \otk\ c C and is not a null sequence y then there exists t? > 0 and an 
integer N such that p{an) > ^ for all n > N. 

Proof. Given « > 0, determine so that p{oc„ — a„) < «/2 

if m, n > Miy and IV 2 such that p(/3p — / 3 ^) < e/2 \f py q > N^. 
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Let = max (A^i, N2). Then fp{otjn. + M < ¥>(ocm — 

ocn) + <pWm - 18O < e/2 + e/2 = € if OT, 77 > N. Hence ja* + 
0k] e C. We note next that there exist positive real numbers s, t 
such that <p{ak) < r for all ^ and ^(j3jfc) < / for all k\ for, we have 
tp{am — ccy) <1 if 777 > and N is sufficiently large. Hence 
fp{<Xm) — <p{oeN) < v^Com ” <xn) < 1 SO <p{a^ < <p{oLf/) + 1 for all 
m > N, Then if j = max (^(at) + 1), * = 1, 2, • • •, A/, then 
v?(orfc) < J for all k. Similarly we can find / > 0 such that' <p{0k) < 
/ for all k. Then 

(13) tp{ot„0„^ — Otn0n) 

” ““ ” 1 “ 

< *p{am)<p{0m — 0n) H- <p{0n)<p(ctm “ ««) 

< Sip{0n — /3n) + “ Ofn)- 

If we take A^i so that (p{0n — 0n) < e/2r for m,n> A^i, and 
so that <p(am — ««) < e/2^ for m, n > N^y then (13) shows that 
<fi(a„0ni — <Xn0n) < < if 77 > A^ = max (A^i, A^2)- Hence 
r C. Now suppose (or*} e C and this is not a null sequence. 
Then there exists < > 0 such that tp{ock) > € for an infinite number 
of k. Also there is an N such that ^(am — «»») < e/2 for all m, 
n > N. There is a > N such that ^(op) > «. Then if 77 > p, 

‘p(an) = <p{ocp — {ctp “ ««)) > <f{otp) “ ^(oTp — a„) > t/2 — 

This completes the proof. 

To see that C is a ring under the indicated compositions we re- 
call that the set of unrestricted sequences of elements of # is a 
ring under component addition and multiplication. This is just 
the complete direct sum of a countable number of copies of 
The 0 element of the ring is jO} and the identity is {IJ where here 
we write ja} for the sequence {a*! with a* = a for = 1, 2, • • *. 
We call this the constmtt sequence {«}. It is clear that the set of 
constant sequences is a subring of the ring of sequences and this 
subring is isomorphic to <i> under the mapping a — ► {a}. Lemma 
1 implies that the set C of Cauchy sequences is a subring of the 
ring of sequences and evidently C contains the ring of constant 
sequences. Thus w'e see that C is a commutative ring with an ele- 
ment 1 ~ 1 1 j and C contains the subring of constant sequences 
which is isomorphic to <f*. 
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We consider next the subset Z of C consisting of the null se- 
quences. ' We have the following 

'Le mma 2, Z is a maximal ideal in C. 

Proof. It is easy to see that the difference {a*! — {dtl = 
{ttfc /3*| of two null sequences is a null sequence. Now let {a*} 
be a null sequence and let {>*} be a Cauchy sequence. The proof 
of Lemma 1 shows that there exists a positive real j such that 
<p(.yk) < s for all k. If e > 0 we choose N so that ^(an) < t/s for 
all w > iV. Then ^(a„ 7 „) < e for all n > N, so {atytl is a null 
sequence. Hence Z is an ideal in C, To show that Z is maximal 
we have to show two things: Z ^ C and, if B is any ideal in C con- 
taining Z and an element {a* i ^ Z, then 5 = C. The first of these 
is clear since no constant sequence ^ {0} is contained in Z. Next 
let B be an ideal in C containing Z and containing the element 
(a*l t Z. Lemma 1 shows that there exists a positive v and an 
integer p such that <p{cxn) > v for all n > p. Let = 1 if ^ 
and 0k ctk \f k > p. Then la*} - {/3*} c Z. Consider the 

sequence (/3*~'}- We have “ 

0n) < \ - aO if OT, « > p. This implies that I^*“* } e C. 

Since {a*} - {0k] eZ^ B and {a*} e S, |/3*} c B. Hence 1 - 
{0k~^ 1 1^*1 e B and so B = C. 

Lemma 2 implies that the difference ring $ = C/Z is a field. 
We proceed to show that ^ is a field with a valuation which has the 
properties of a completion of 4». 

Theorem 5. Let ^ be a field with a real valuation ^ and let $ = 
C/Z the difference ring of the ring of Cauchy sequences with respect to 
the ideal Z of null sequences. Then $ is a field which contains a sub- 
field isomorphic to ^ such thaty if is identified with this subfieldy 

then $ is a completion of 4>. 

Proof. We have seen that the mapping « — * {a} is an iso- 
morphism of with a subring of C. T he canonical homomor- 
phism {a} — > joj + Z is an isomorphism since the only con- 
stant sequence contained in Z is iOj. Hence we have the iso- 
morphism a {a} -f- Z of 4> into $ = C/Z. From now on we 
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shall identify a. with \a] + Z, with its image in We show 
next that $ has a valuation ^ which is an extension of the valua- 
tion <p in Now let jccfc} e C. Then {v»(a*)| is a Cauchy se- 
quence of real numbers since [^(am) — <p(<Xn) | < — ocn) and 

{a*) is a Cauchy sequence. Hence, by the completeness of the 
field of real numbers with respect to the absolute value valuation, 
lim <p(ak) exists. Next let {a*') be another Cauchy sequence such 
that {ajfe} -h Z = + Z. This means that <p(ctn — ofnO < « 

for a given € > 0 provided n > N(€). Then |v?(an) — <p(oin)\ < 
<p(an — dn) < € if « > A^(«)* Hence lim ^(a*) = lim <fi{ock), so 
this real number is independent of the choice of the element {a*} 
in the coset + Z. We now set = lim ^(a*) and 

we proceed to show that {5 is a valuation in First, it is clear 

that >0. If ^ = jajtj + Z and = 0, then lim ¥>(«*) = 
0; hence jor*} is a null sequence, so {at) c Z and A = 0. If 5 — 
{/3 a) + Z, then AB = (aA/^A) + Z and ^(AB) — \innp{aic0k) = 
lim <p{ak)fp{0k) = <p{A)ifi{B). Also A B = (afc + ^t)-hZ and 
ip{A B) = lim <p{ak + fik) < lim (¥>(«*) Tf <p(Pk)) — + 

^(5). Hence ^ is a valuation. If A = a e so A {aj -h Z, 
then (^(A) — lim ^(a) = v’(«); hence is an extension of the 
valuation ^ on 4>. We shall show next that is dense in Let 
A = {a*) Z be an element of Let a*' be the constant se- 
quence all of whose terms are a*. Then we have identified Ak — 
dk + Z with ock. We assert that lim Ak = A, For, if « > 0 is 
given, we can find such thatv3(a„ — a„) < eifm^n > N. Then 
lim v?(am — an) exists and this is < e. On the other hand, ^(A — 

Am) ~ lim <p{ccm — On), so (^{A — Am) < € if m > N. Hence 

n-K 

lim Ak = A and is dense in It remains to show that $ is 
complete. Let \Ak\ be a Cauchy sequence of elements of For 

each k we can choose a* e C $ such that (?{Ak “ «*) < 

Then <p{am - a„) = ~ Am Am - A^ -i- A„ - a„) < 

^{dm — Am) + ^{Am ~~ A i?>{An — Q:„) < <^{Am 
11 . 

^ Since \ Ak\ is a Cauchy sequence, this shows that {a*} 

is a Cauchy sequence of elements of <I>. If we now go back to the 
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original <i> and take the element A = {a*} -f- 2, at in the original 
then we see easily that lim — A. 

From now on we shall write ^ for the valuation ^ in 

We now take up the question of uniqueness of the field 
More generally, let^„ i — 1, 2, be a complete field with a valua- 
tion tpi and let be a dense subfield. Suppose s is an isomorphism 
of onto <l >2 which is isometric in the sense that ^ 2 («*) = v?i(a), 
a e 4>i. Let A and let {at} be a sequence of elements of 
such that lim at = A. Then {at'| is a Cauchy sequence in <i> 2 , so 
it has a limit B. If jatM is a second sequence such that lim at' = 
Ay then lim (at — at') = 0, lim v^iC^t — at') = 0; hence lim 
— at") = 0 and lim (at* — at'*) — 0. This implies that 
lim at'* = B. Hence the mapping s:A — ♦ 5 of into #2 is 
single-valued. It is easy to check that this is a homomorphism. 
Clearly j = j on Similarly, we can extend to a homo- 

morphism of $2 into^i which is defined in the same way as s. 

Then one sees that A* * ^ = A for all A and * = B for 
all B 0 $ 2 * This implies that 1 is surjective and an isomorphism. 
We remark finally that, if Ji and S 2 are isometric isomorphisms of 
$1 onto ^2 which coincide on 4>i, then Jj = S 2 . The proof is clear. 
We have therefore established the following 

Theorem 6. Let i — Xy'ly be a complete field with a valuation 
•Pi and a dense subfield of Let s be an isometric isomorphism of 
4>i onto 4>2. Then s has a unique extension to an isometric isomor- 
phism of $1 onto $ 2 * 

This result implies, in particular, that, if and $2 are com- 
pletions of the same field ‘I>, then there exists an isometric isomor- 
phism of ^ 1 / 4 * onto $ 2 /'*>. We just have to apply the theorem to 
the identity mapping in 4>. In this sense the completion is unique 
and we have the right to use the term: the completion of the field 
4> relative to the real valuation ip. 

EXERCISES 

1. Let 4> be a field with a real valuation p. Show that the sum, product, and 
difference are continuous functions on 4» in the usual sense. Show also that the 
mapping a — » a~‘ is continuous on ‘l»*, the set of non-zero elements of <I>. 

2. Let $ be the completion of 4». Show that the identity mapping is the only 
continuous automorphism of $ over 
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S. Some properties of the field of />-adic numbers. We look 
first at some properties of any field relative to a non-trivial non- 
archimedean real valuation *p. If ^ is such a field, then the subset 
0 of elements a e ^ such that *p{pi) < 1 is a subring of for, if a, 
^ e 0 , then <p(ai8) == ^(a)<p(/3) < 1 and ^(a — &) < max (y)(o:), 
¥>(/3)) < 1* The ring o is called the valuation ring of The subset 
p of 0 of elements 0 such that <p(,0) < 1 is an ideal in o, since 
fp{0i) < 1, <pi 02 ) < 1, < 1 imply <p(0i — /Sa) < 1 and 

(p{a0i) < 1. The elements « in o which are not in p satisfy <piot) = 
1; hence = 1 and e o. Conversely, if a is a unit in o, 

then <p{a) < 1, ^(a“*) < 1 and ^(a)^(a“‘) = 1 imply that ^(a) 
= 1, so a p. Thus we see that p is the set of non-units of o. This 
implies that any ideal of o properly containing p contains a unit 
and so coincides with o. Hence p is a maximal ideal in o. If q is 
any ideal properly contained in o, then q contains no units of o; 
consequently q C p. Hence p is the only maximal ideal of o. The 
difference ring o/p is a field which is called the residue field of ^ 
relative to (p. 

The set F = l<^(a), a 0 in 4>j is clearly a subgroup of the 
multiplicative group of positive real numbers. F is called the 
value group of p. The valuation is called discrete if F is a cyclic 
group. It is easy to see that a subgroup F 1 of the positive reals 
is cyclic if and only if the subset F" of elements < 1 has a maximal 
element. This element is a generator of F. Let tp be discrete and 
let fl- be an element of ^ such that <p{Tr) is the largest element < 1 in 
F. Then tt e p the maximal ideal of the valuation ring o and, if 0 
is any element of p, then <p(0) < tpM, (p{0Tr^^) < 1, so 0ir~^ — 
a eo and 0 = a-rr. Then p is the principal ideal (tt). Conversely, 
if p is a principal ideal: p = (tt), then any 0 tv has the form ott, 
a e 0 , so fp{0) — ip{a)(p{7r) < <p{7r). Hence <p(7r) is the largest ele- 
ment < 1 in F and <p is discrete. Since <p{v) is a generator of F, 
we have for any non-zero a in 4>, tp{a) = <p{‘ir)’' for some integer k. 
Then if e = a7r”*, yj(e) = = 1, so € is a unit in o. 

Consequently, any non-zero element of has the form ex*, k = 
0, il, =t2, • • • where e is a unit in o. 

. Let ^ be any field with a non-archimedean real valuation tp and 
let $ be the completion of relative to (p. We shall now show that 
the value group of 4> and $ are the same and in a certain sense the 
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same statement can be made for the residue fields. Let a e^. 
Then the density of 4> in $ implies that there exists an a in 4> such 
that tp{a. — a) < ¥>(«)• Since the valuation is non-archimedean 
we have — ^)) “ max {<p{dt)y <r’(“ a)) 

^(a). Thus we have an a e ^ such that ^(a) — ^(d) and clearly 
this means that ^ and$ have the same value group F. Next let o 
be the valuation ring of$, ^ its maximal ideal of non-units. If o 
and p are the corresponding subsets of then o = 5 D p = 

p n If a e 0 we choose a e so that tpia — a) < 1. Then d — 
a e p and so a e o. Hence a = a (mod p) which shows that o + 
p * 5. We have the standard isomorphism: 


B/P = (O + p)/p ^ o/(o n p) = o/p. 

By means of this isomorphism we can identify the residue field of$ 
with that of 

The theory of convergence of series in a complete field with a 
non-archimedean valuation is strikingly simple. The complete- 


ness implies that a* converges if and only if for any e > 0 there 

exists an integer N such that v5(«m-t-i + • • • + am+fc) < < if w > yV 
and k = 1,2, • ••, Since the valuation is non-archimedean, 
+ •• • + am+k) < maxsp(am+.). Hence the condition is 
equivalent to i = 1, 2, ■ ■ - . This is 

equivalent to lim On = 0. This shows that a series converges if 

« m 

and only if its «-th term converges to 0. Since a* = 

1 1 


<o 


< max („?. “0) 


4- 2 have 
since <p\ a, ) can be made arbitrarily small by taking m large 

enough, we have <p(^ock)= *P E«. if m is large enough. If, 

Vi/ Vi/ / ”■ \ 

in addition, we have v>(«i) > V’(«2) > ‘ then oftj 

= ^(ai). Hence it» this case. 

We now consider the special case of the field which is the 
completion of the rational field Rq with respect to the p-adic valua- 
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tion fpp{a) = for a = p^a', (a', p) — 1 . The field is 
called the field of p~adic numbers. Evidently the value group of 
/?o relative to tpp is the cyclic group generated by hence the 
same result holds for R^^'^ and the valuations of and R^^^ are 
discrete. Let 6 be the valuation ring of R^^^. The elements of o 
are the p-adic numbers a such that <fip{dt) < 1 and these are called 
p-adic integers. It is clear from the definition of (pp that the ra- 
tional numbers <x which are/»-adic integers are those which can be 
written in the form m/n where (w, p) ^ \. If o is the valuation 
ring of P its maximal ideal, then 0 = 60 Rq, p = ^ 0 Rq. We 
have seen that 6 = o + p. Hence, if ot is any/)-adic integer, then 
there exists a rational number m/n with («, j>) = 1 such that a — 
m/n € p. There exist integers < 2 , b such that na pb — Then 
mjn = ma + p{bm/n) so mjn = ma (mod p). Hence a = ma 
(mod p), which shows that we have 6 = / + p, where 7 is the 
ring of integers. It is clear that p 0 7 = (p). Hence the residue 
field 6/p ^ I/(p) is just the field of p elements. 

Let d be a p-adic integer. Then our argument shows that there 
exists an element a of I (that is, an ordinary integer) such that d — 

E p. If a = b (mod p), then a — b e p and so d — ^ ep. This 
shows that for every p-adic integer d we can choose uq in (0, 1, 2, 

■ ■ • , p — 1 j such that d — <2o e p. We assert that dj — — (d — ao) 

P 

is a p-adic integer. We note first that p is an element of p such 
that tp{p) is maximal. Since the value groups of Rq and R'^^ are 
identical, it follows that p is an element of p with maximal ip{p)’ 
Consequently, the ideal p is principal with p as generator, so if 
satisfies < 1 , then /3 = -yp where 7 is a p-adic integer. In 

particular, d — = pdj where dj e 6. Hence di = — (d — ^lo) 

e 6. V\ e can repeat the argument with di. Thus we can find ai = 

1» 2, • • • , p 1 such that dj — e p and dt2 = ~ (ai “ Ui) e 6. 

Then a = Uq -j- pa^ = _|_ a2p^. Continuing this process 

we obtain 

d = ^0 + Uip -)- a 2 p^ -j- . . . ^kp^ -f djfc+ip*"*"^ 
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where 0 < < p — 1 and ajt+i e o. Then at+iP*'*'* — ► 0 and 

so we have 

(14) 5 = flo + + ■ • ■> 0 < < /> — 1. 


Conversely, consider any series of this form. We may suppose 

this is H where m > 0, Then 

this series converges. If a is its limit, then (Pp{a) = <Pp{p”*) ~ 
p”". Hence az 6. We see also that d is a unit in o if and only if 
m = 0. Hence the units of o are the elements (14) with ao 0. 
We have seen that the ideal p is the principal ideal generated by p. 
It follows that every element of has the form p*« where « is a 
unit and k = 1, =tl, ±2, •. Hence every element has the 

form p*(<?o + ^ip + • • •) where 0 < < p — 1. 

Let U be the multiplicative group of units in 6. We wish to 
analyze the structure of I/, and first we shall show that U con- 
tains a subgroup isomorphic to the multiplicative group of non- 
zero elements of //(p)» that is, a cyclic group of order p — 1. Let 
a be one of the numbers 1,2, • ■ • , P “ L We know that 
-|- xp where x z I. It follows by induction that 


(mod p*) so 



e/C 



It follows that 



is a well-defined element of This is a limit of the sequence 


where 
= a 





Now in any field with a valuation one can prove as for the 
reals that lim ak = a, hm ^ imply lim (a* ± M = d =t /3 

and lim a^l^k = ol& (cf. ex. 1, § 4). Hence lim implies 

lim (fa**^)'’ = Ta**. Since we have lim and 

lim (fl"*)" = lim = Ta'’* But evidently lim = fa- Hence 
we have = fa. Also fa “ ^ (mod is clear from (15), and 
since a 0 (mod 5), fa ^ 0. Hence == L The same argu- 

ment shows that, if <2 5*^ ^ in the set {1,2, • • • , p — 1 } , then 
fa 9^ fb. Hence we have constructed p — 1 distinct (p — l)-st 
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roofs of 1. This is all we can have in a field. We know also that 
{fo} is a cyclic group (Lemma 1, § 1.13). 

Let i e U, so that i ~ a -h a\p 4- . where 0 < <? < p 

and 0 < < 2 ,- < p. Then fa s « (mod p) and «i ~ = 1 

(mod 5). We shall call a p-adic integer a \-unit {Kinseinheii) if it 
is congruent to 1 modulo p. We have shown that every unit in 
5 has the form i = «ifa where ii is a 1-unit. Let Ui be the set of 1- 
units. Then Ui is a subgroup of U. To see this, let ^2 e so 
g,- = 1 + h, Pi e p. Then we have rjifis = 1 + -h ^2 + P 1 P 2 ^ 
1 (mod 5),_since /3i + ^2 + P 1 P 2 e p. Also, it is easy to see that 

1 - 3i 4- ^ 1 " =(14- Clearly, 1 - 4 - 

= 1 (mod p). Hence = (14- ?i)“‘ e Ui, 

In order to study the subgroup Ui of U more closely we find it 
convenient to introduce the exponential function in the field of^ 
adic numbers. We define this by means of the series: 


(16) 


X X* 

exp X = I 1 h 

^ II 21 


which we shall show converges for all x e p if p 2, As in § 1, we 
write ipp{x) = p~''p^^^ and we know that Pp{x) is an integer. The 
condition Vp{x) = / > 0 is equivalent to: x e p^ For a rational 
number, Vp{x) is the power of p which divides x in the sense that x 
~ where (y, p) = 1. In order to prove convergence of (16) 

we evidently need a formula for Vp{kf), For this we note that j 

of the numbers 1 , 2 , ‘ , k are divisible by p where, as usual [z] 
denotes the integral part of the real number z. (These are p, 2p, 


P-) Similarly, 

divisible by p-, j are divisible 


of the numbers 1 , 2 , • • •> ^ are 
by />*, etc. This implies that 


■ [|] - [i] - m - 


Hence + 1 


We now 
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assume p 9 ^ 2. Then if Vp(x) = / > 1 and ^ > 0, Vp{x‘‘/k\) > 

k(^l L_^ > 0. We can include = 0 in this by taking 

i'p(O) = 00 . The inequalities show that e S if ^ > 0 and 

lim x^/k\ = 0. Hence (16) is convergent and exp Jf is defined for 
all xe^. Moreover, since x’^/k \ e p for X: > 0, exp x is an element 
of 0 and exp x = 1 (mod p). Hence exp x e f/,. If x 0 and 
*'p(^)=/>l, then y^{x^/2\) ^ 2/ > / and, if k > 2, then 

vp{x^/k[) > k(^/ > A It follows that, if x e / > 1, 

then 


(17) 


exp^f - 1 - 


We shall now show that, if y e then 


(18) 

Let 


Since 


exp (x y) == (exp x)(expy). 





(x -^y)^ 
k\ 


i (. 4- 




XnYn 


z 

l+k<2n 
l>n or 
k>n 


x^ y‘‘ 

71 Ti 


The inequalities noted before imply lim iZ 2 n X^Yn) — • 

Since lim X^ — exp x, lim Yn = expy, lim Zzn = exp (x 4- y), 
this gives (18). This equation and the fact that exp x e Ui 
establish a homomorphism of the additive group (p, +) into Uy. 
We shall show that the mapping x — ► exp x is in fact an iso- 
morphism of (p, -H) onto U^. To see that the mapping is an iso- 
morphism, it suffices to show that x 0 implies exp x 5 *^^ 1 . Thus 
suppose J'p(x) = / 5 ^ Qo, so X e p*, ^ Then it is clear from (17) 

that exp X 3 ^ 1 . 

Next consider any element of U\, This has the form 1 4" 

> e p. Set X\ = y and consider (1 4 ” ^) exp ( Xi). By (17), 



exp (— .afi) = 1 — -f- 2 i where Zi e hence 

(1 4- y) exp (~xi) = (1 -h xt)(l - Xi zj) 

= 1 4- (zi — xi^ + xiZi) 

= 1 4- ^2 

where X 2 = Zi — Xi^ -h XiZi e Suppose we have already deter- 
mined elements Xij X 2 , * • *, .v* such that x^ e p* and 

(1 -hy) exp (-xi -X 2 xi) = 1 + xt^j 

where e p*+^ Then 

(1 + y) exp (-xi ~ X2 Xk+i) 

= (1 -hy) exp (-Xi -X2 AT*) exp (-Xk+i) 

^ (i + xjt+i) exp (-A?jfc+i) 

= (1 + - Xt+i H- 2*+i), 

where e and (1 + + 2 ,^.) == 1 + 

where ^-*+2 — 2*+i — Xk+i^ + Art+iZ^+i e p*'*'^ This shows that 
for any integer « > 1 we have at,, , ATn, x.- e p‘, such that 

(1 +J)-) exp (-E*.) = 1 (mod P’*+‘). Then x = x* is an 

element of f and we assert that exp x = 1 + Let X„ = xt. 

Then exp (-x) exp = exp (X„ - x) = 1 (mod p"+*) since 
An — Af e p"+^ Now one verifies as for p that, if Zi = 1 (mod 
p" *) and 22 = 1 (mod p"’^^), then Zi 22 = 1 (mod p" '*'*). Hence 
we can conclude from (1 +^) exp (-X„) ^ 1 (mod p"+‘) and 
exp i-x) exp ^n s 1 (mod p"+^) that 

(1 +y) exp (-x) = 1 (mod p”+^). 

Since n is arbitrary, this gives (1 + y) exp (-a:) = 1 and y = 
exp X as required. This shows that x — + exp a;, a: e p is surjective 
on C/j. Hence we have proved the following 

Theorem 7. Lei p ^e the maximal ideal in the ring 6 of p~adic 
integers, p ^ 2, and let Ui be the group of elements = 1 (mod p). 
Then the exponential mapping x — + exp a: is an isomorphism of the 
additive group (p, +) onto the multiplicative group Ui of \-units of^. 
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Remark. It is natural to establish the fact that .v — • exp v is 
surjective by giving the inverse function log (\ -f- v > = .v — 

— H — * • • , which is defined for all _>’ c p (ex. 4 belov. >. I'hen 

^ sJ 

one has to show that exp (log (1 4- jk’)) = 1 + .>’• The details of 
this are somewhat lengthy. For this reason we have preferred the 
above proof that x — > exp x is surjective since it does not re<]uirc 
the explicit definition of the inverse. The reader ma> refer to 
Hasse’s ZahlentheoriCy Berlin 1949, pp. 188-199, for a complete 
treatment of these questions. 

It is clear from Theorem 7 that the group U\ has no elements of 
finite order. Hence if Z denotes the group of (/> — 1 )-st roots 
of 1 which we constructed before, then L\ O Z = 1. We ha\e 

seen that every element of the group of units f ’ of d is a product of 

an element of Z and an element of L'j. Hence we have i' = I i X 
Z (direct product). 

As an application of these results we consider the quesri<m of 
solvability of equations of the form x'^ = m in /)-adic fields here 
w is an ordinary integer prime to p and p ^ 2. 1 hen m r i and 

we can write m = where rj e L\ and m = a (mod />), 0 < < 

p. It is clear that, if = m for a v then ^Ppicc) = 1 , so if a 

solution of x^ = m exists in y then this solution must belong to 
V. Hence it has the form Xt6 where ft is one of the ip l)-st 
roots of 1 and X e t/j. It follows from U = C’l X Z that X" = 
tb* = fa. We now note that the equation x‘ = i) has a sedution 
for any Ux. Using the isomorphism of C’, with (p, -h), it 
suffices to see that the mapping x- — ► 2Ar is an automorphism of the 
latter group. This is clear since 2~^ c U and x- — ► 2“‘.v maps p 
into itself and is the inverse of the mapping x” — > 2x'. Hence we 
see that the equation x'^ = ni is solvable in R^^^ if and only if 
fb* = f« is solvable. It is easy to see that the condition for this is 
that x^ = m or x'^ = a (mod p) is solvable, that is, m is a qu.ulratic 
residue modulo p. Hence x'^ = m is solvable in R'^\ p ^ 2 
(m, p) = 1 if and only if x- = m (mod p) is solvable in integers, 


that is, if and only if ^ ^ = 1 where ^ ^ is the Tegendrc ss mbol. 
For example, if p = 5 and w = —1, then 2'^ = —1 (mod 5) so 
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Hence V" — 1 exists in the 5-adic field. On the other 
“1, so V 3 does not exist in this field. 


EXERCISES 


1. Obtain the 5-adlc expansion of the form (14) for the 5-adic integer §. 

2. Show that the field of ^-adic numbers is uncountable for any p = 2, 3, 
5, • • •. Use this to prove the existence of p-adic numbers which are transcen- 
dental over the rational subfield. 

3. Use the binomial expansion of (1 — 2x)^ to obtain a conveigent series for 
— 1 = j(l — 10)^ in the 5-adic fidd- 

y2 yS ^ 

4. Define log (1 + y) — y ~ ^ ^ ' series converges 


for all ^ e p if p ^'L. Show that log (1 +^i)(l + J's) = log (1 +^i) + 
log(l +y2),yi e p. 

5. Show that the equation = 4 is solvable in the field of 5-adic numbers. 

6. Show that in the field of 2-adic numbers the exponential mapping is an 
isomorphism of p* onto the group of elements of 0 which are « 1 (mod p®). 


6. HenseVs lemma. There is another, more powerful, method 
for handling equations in p-adic fields and more generally in com- 
plete fields with a discrete non-archimedean real valuation. This 
is based on a fundamental reducibility criterion for polynomials 
which is known as 


Hensel’s lemma. Let ^ be a complete field relative to a non- 
archimedean discrete real valuation tp. Let 0 be the valuation ring of 
«i>, p its maximal prime idealy A = o/p the residue field and let a 
a* = a + p the canonical homomorphism of 0 onto A. Suppose 
f{x) e o[x] has the property that its image f*{x) = y{x)r}{x) in A[;c] 
where {'y{x)y Tj(x)) = \ and the leading coefficient of yix) is \. Then 
f{x) = in oM where g*^^) = 7(^), = v{x)i deg^(j:) 

= deg yCx-) and g{x) has leading coefficient 1. 

Proof. Let deg/(^:) = deg 7 (x) — r < n. We can choose 

e o[x] so that = 7(-v), bi*(x) = v(x)y deg 

= r, degAi(A:) <n — r, leading coefficient of (at) is 1. Then we 
have f{x) = 5 'i(>^)Ai(x') (mod p) in the sense that the coefficients 
are congruent (mod p). We proceed to determine two sequences 
of polynomials {^jfc(^)l, {Ai(Ar)), k = 1,2, in ©[x*] such that: 
(i) gk{fi) = (mod p*), h)fx) = hk+i{x) (mod p*), (ii)/(^) = 
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gkMhk(x) (mod p*), (iii) deg = r, deg Ak(x) < « — r, 

leading coefficient of = 1. We can begin these sequences 

with the^i(^f) and hi{x) which we have chosen. Hence we may 
suppose that the sequences have already been constructed for 
^ We set -h u{x)ir\ = /i,(x) -f- 

t»(x’)7r*, where p = (ir) (as in § 5). Then (i) will hold for any choice 
of «(x’) and u(x) in o[xl. We seek to satisfy (ii). This requires that 

Ax) ^ [^-(-v) + u{x)ir^][h,{x) + y(jf)7r*] 

= g»{x)h,{x) + li',(x)t)(x-) + A,(A:)«(Ar)]7r' (mod p’ + *) 

or 

(19) fix) — g,{x)h,{x) = U*(^)t)(x) + h,{x)u{x)]Tr^ (mod p’"*"*). 

Since/(jr) = g,{x)h»{x) (mod p’) we can write /(a:) — g,{x)h^{x) ~ 
ir*w(A:) where w(x-) e o(xJ. Since deg /( at) = n and deg g,{x)h^{x) 

< n we may suppose deg 03{x) < n. It is clear that (19) will hold 

if 

(20) .g'.(-v)i'(-x*) + A,(ac)«(x) = to(Air) (mod p). 

Now it is clear from (i) that^,*(x) = = 7(-»?) and /ta*{x) = 

vix), so we consider the equation 

(21) y{x)v*{x) + v(x)u*‘{x) = u>nx) 

in A[x]. Since (T(Af), » 7 (x)) = 1, there exist polynomials a(Ac-), /3(-v) 
in AfA:] such that a(x) 7 (x) + 0{x)r){x) = 1. Multiplication by 
‘*>*('*f) gives polynomials k(a:), X(Ae) such that /c(Af) 7 (Ar) -f- \(x)ij(x) 
— u)*{x). We can write X(x) = 7 (x)/i(x) -h p(x) where deg p(x) 

< r and then we obtain 

cj*(x) = k(x) 7 (x) + ( 7 (x)/i(x) + p(x))? 7 (x) 

= (k(x) d- n{x)r}(x))y(x) + p(x)77(x). 

Then deg p(x)v(x) < n while deg w*(x) < fi. Since deg 7 (x) = r, 
the foregoing relation shows that the degree of (x(x) + p(x)» 7 (x)) 
does not exceed n — r. If we call this polynomial (t(x), we have 

a'(x)7(x) + p(x)t7(x) = co*(x), 

where deg p(x) < r and deg <t{x) < n ^ r. Then we can choose 
u{x) and t;(x) e o[x] so that «*(x) = p(x), v*ix) = a(x), deg «(x) 
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= deg p{x) < r, deg £>(a:) < n ^ r. Then (21) holds and 
^«r+i(^) = gsM + u{x)-n-% h^+i(x) -f- h„(x) + v(x)w‘ satisfy also 
(iii). This completes the proof of the existence of the sequence 
{/(*(^)}> ^ = 1,2, ••• satisfying (i), (ii), and (iii). The 
conditions (i) and (iii) and the completeness of ^ imply that the 
sequences |^a:(^) 1, j/fit(x')! converge to polynomials g(x)y /i{x) in 
the sense that the sequences of coefficients of like powers of x con- 
verge to those of ^(a-), /i{x). Moreover, we have deg g{x) = r, 
deg hix) < ti — r, leading coefficient of ^(x) = 1. It follows also 
from (ii) that f{x) — g{x)h{x) and this completes the proof. 

EXERCISES 

1. Use Hensel’s lemma to prov'e that in the field of p-adic numbers there 

exists a such that = 1 , fo = <7 (mod j3) where a is any integer prime to p. 

Also use this to obtain another proof of the existence of 1 and in the 
5-adic field. 

2. Hypotheses on <!> as in Hensel’s lemma. Let /{x) = aox'^ -j- aix"** + • • • 4- 
(Jn r Of.v] satisfy: <7o, c 0 but there exists 1 < r < w — 1, such that Or t P* 
Then J{x) is reducible in olxj. Use this to show that, if ^'(x) = x" + aix"“^ 
+ • • • + ut„ is an irreducible polynomial in ‘t>(x) and ctn C 0, then all the a,- e 0. 

7. Construction of complete fields with given residue fields. 
Let A be a given held. We consider the problem of constructing 
complete fields with non-archimedean real valuations such that 
the residue field is the given field A. We shall give two construc- 
tions: the first, in which the complete field contains A and so has 
the same characteristic as A; the second, in which A is perfect of 
characteristic /> 0 and the complete field is of characteristic 0, 

A special case of the latter is A = 7^ and the complete field is 
the field of /)-adic numbers. 

We consider first the field ^ = A(^) where | is transcendental 
over A. We introduce the order function v by *'(a(^)) = /(r if o:(^) 
= ^*/^(^)7(s) where d($) and y(^) are polynomials not divisible 
by We define a valuation by <p(a(|)) = c a fixed real 

number 0 < c < 1 (cf. example 3, § 1). Let $ be the completion 
of ^ relative to tp. Since (p is trivial on A, it is clear that (p is non- 
archimedean. Hence its extension to which we shall denote by 
ip also, is non-archimedean. The value group F of and of $ 
consists of the powers of r, so the valuation is discrete. Let 5 be 
the valuation ring of p its maximal ideal, and let o = o fl 4>, 
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p = p n 4>. It is clear that $ is an element of p for which <p(^) = c 
is maximal. Hence, as in the p-adic case, every element a of ^ has 
the form where « e 6, ^ p and k is an integer. We can therefore 
define = k and it is clear that this coincides on <!> with the 

order v which we defined originally in 4>. 

We have seen in § 5 that 5 = o + p and this permits us to 
identify the residue fields 6/p and O/ p. The ring o is the set of 
rational expressions in | with coefficients in A which are finite at 
0” in the sense that a(^) = where ^ and y are poly- 

nomials and y( 0) ^ 0. The argument in the p-adic case showing 
that 6 = / -I- p (p. 224) can be used in the present situation to 
prove that 6 = A[€l + p. Since ^ e p, this gives 6 = A + p and, 
since p 0 A = 0, we have the isomorphism 6 — ♦ 6 + p in 6/ p of A 
with the residue field 6/p, In this sense we can say that A is the 
residue field of 

Now let a be any element of 6. Then 6 = A + p shows that we 
can find 5o e A such that a — 5o c P- Then ai = (d — 6o)f ^ e 6 
and we can repeat the argument with this obtaining e A such 
that di — 5i e p and oc^ — (“i — ^ ^ have d = 5t> + 

aa e 6. As in the p-adic case, we can continue this 

process and obtain 

(22) a = 6o T + • • • + 

where the 5,- e A and d*_(.i e 6. Since *'(d*-t.i$*'^^) > ^ + 1, it is 
clear that the sequence {dt^*) is a null sequence. Hence we have 

(23) d = 6o + + ^2^ H . e A, 

for any d e 6, If ^ is any element of ^ we can write 3 == dS“* 
where A is a non-negative integer and d e 6. Then we have 

(24) ^ = i-*(5o + + ^2^ H ). 

This shows that $ is the set of power series of the form (24) in t 
with coefficients in the field A. It is easy to see that the expression 
(24) for 0 is unique, that is, k and the 5,- c A are uniquely deter- 
mined by Moreover, the addition and multiplication of ele- 
ments of $ are the usual ones for formal power series based on the 
compositions in A. For example, we have (5o d- -[- • •) + 
(«o “b «i£ 4“ * ' * ) = (6o d" eo) “b (^i ~b * 1 )^ ~b • • • for 6,-, e,- in A and 
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f where rjk = 2 It is clear 

\ 0 /Vo / 0 »— 0 

that we have a good hold on the field $ as the field of formal power 
series (24). 

We consider next the case in which A is a perfect field of charac- 
teristic p ^ 0 and we shall use this to construct a field $ which is a 
generalization of the field of p-adic numbers. The construction 
we shall give is based on Witt vectors which we considered in 
§ 3.4. We begin with the definition of the ring ©(St) of fFitt 
vectors {of infinite length) based on a commutative algebra 21 over 
/p. The elements of ®(2l) are the infinite sequences 

(25) (^0, ^1, ^2, • • •), aie%y 

where equality is defined component-wise. We can define addi- 
tion and multiplication by the formulas (22) of Chap. Ill which 
were used to define these compositions in S5m(2l) the ring of Witt 
vectors of length m defined by 21. Then one can verify that Sffi(21) 
is a ring. It is more convenient, however, to adopt an equivalent 
but slightly different approach which is a special case of the defini- 
tion of an inverse limit of rings. In the present case we are deal- 
ing with such a limit for the rings 21 = S33i(2I), ©2(21), • • • with 
the restriction homomorphism R of ©m(21) into We 

associate with the element = (^Zo>^i, ■ • •) of ©(21) its projec- 
tion = (<3o, aiy • • - , am_i) in ©„(21). Then = (^o* ' ' » 

an- 2 ) = On the other hand, let = 0, I, 2, • • • } be 

any sequence of elements where e ©^(21) and = ^m_i, 
w = 1, 2, • • •• Then it is clear that {.^„,} = for a unique 

e©(21). Hence we can identify the elements of ©(21) with the 
sequences e©„(3l) such that Ayfi = A^-x- If ^ = 

\Am\ and B ~ {5^} are two such sequences, we define A B = 

\Am+ B 

m } > - 4B = {AmBm\‘ Since ^ is a ring homomorphism, 
{A^ + B^r = AJ* H- B^^ = A^_^ + and {A^B^)^ = 

AjfiBnf = Am~.\Bjn^\. Hence A B and y/5e©(21). It is 
trivial to check that ©(21) is a commutative ring relative to these 
compositions and that 0 = (0, 0, • •)> 1 = (1> 0, 0, • • •). For a 

fixed niy the mapping 7r„: A — ^ A*"^ is a homomorphism of ©(21) 
onto ©„(21). Since I''* has order p"*, it is clear that the identity 1 
of ©(21) has infinite order in the additive group (©(21), d-). 



VALUATION THEORY 


235 


Let denote the kernel of 7r„». 
of SB(2I) of the form (0, • • • , 0, amy 


Then 9?m is the set of elements 

Hence 


ae 

(26) 91, 3 gjj => gja . n = 0. 

m 1 

We can use the set to define convergence in ®(3I). If 

\A}t\k = 1, 2, ■ * • 1 is a sequence of elements of 2B(3I), then we 
say that \Ak\ converges to the element A of 9B(2I) (.A — ♦ A) if for 
any positive integer m there exists a positive integer .V(m) such 
that A ~ AkC 9lw(m> for all k > N{m). It is easy to see that the 
limit A is unique and that Ak —* Ay —* S imply Ak ± 5* — » 
A ziz B and AkBk AB. Suppose {C*!^ = 0, 1, 2, ■ ■ ■ } is a 
sequence such that C* e A' = 1, 2, • Set Ak = Co + 

Cl d 1- C*. Then hence the 

sequence of elements ^ = 0, 1, ■ ■ •1 where e 

I!IBm+i(SI) can be identified with an element //e3S(a). One 
checks that Ak — > A. Since = Co 4- Ci H- ■ ■ ■ + C^, we 

shall indicate the convergence by writing Ck = A. 

<;»0 

We recall that, if is the ideal of elements (0, rti, • ■ • , ( 2 m-i) in 
aBm(SI), then is nilpotent (Th. 3.12). In fact, the proof of this 
result shows that 91* is contained in the set of vectors of the form 
(0, ■ • - ,0, flfc+i, ■ -yam-i)- This implies that 9Ii* c 9U in ©(SO- 

Hence, if Z e then ^ Z* is defined- Since ( H Z* ) (1 — Z) 

k^O ' 0 / 

00 

= 1 — it follows that 1 — 2 is a unit in ©(SI) with Z* as 

0 

inverse. Since {aoy • • * ' ') = (L * ' ') this implies that, 

if Oq is a unit in SI, then (<ao, • • •) is a unit in ©(SI). 

Now let SI = A a perfect field of characteristic p. The formula 
fli, • • •, ^m-i) = (0, ao'’, in ©m(S0 which 

we established in § 3.4 (Equation (27)) implies that p{an, • • • ) 
= {Oyao^yai^y • • • ) holds in ©(SI). Iteration of this formula gives 


(27) 



Since SI ~ A is perfect, the elements <»,■*** can be taken to be arbi- 
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trary elements of A. Hence we have/)*2B(A) — 9^* where is the 
ideal we defined before. Also (27) shows that, if A 9 ^ then 
p^A 9 ^ 0 for k = 1, 2, - ■ Now let A and B be any non-zero 
elements of 3B(A). Then we can write A = p*C, B = p^D where 
CyD t Then C = (cq, • ■ •) and D = (i/o> ■ ■ ) where Cq ^ 0, 
da 9 ^ 0. Hence CD = {codo, • • •) 9 ^ 0 and AB = p^'^^CD 9 ^ 0. 
This shows that S3}(A) is an integral domain. Let ^ be the field of 
fractions of S[S(A) and consider the subset of 4* of elements of 
the form p^C where C eSB(A) and ;& = 0, ±1, dz2, • • •. Since 
any C r 933(A), i p'^{A) is a unit in 933(A), it is clear that the non- 
zero elements of form a group under multiplication. Since 
is a subring of which contains 933(A), it follows that <t>' = 

If .4 == p^Cy C e 9B(A), ^ then we define the order p{A) — k 
and we define <p{A) = ^(0) = 0. Then v? is a real non- 

archimedean valuation of 4>. The subring 933(A) is the set of ele- 
ments satisfying fp{A) < 1 and is the ideal of elements B of 
such that ip{B) < 1. The residue ring is 9B(A)/9Ii which is 
isomorphic to A. The result we noted before on convergence of 
sequences in 9B(S0 implies that ‘I> is complete relative to the valua- 
tion We leave it to the reader to check this. Since 1 is of in- 
finite order, 4> is of characteristic 0. Thus 4> has all the properties 
we rct]uired; completeness relative to a non-archimedean real 
valuation, characteristic 0, residue field the given perfect field A 
of characteristic p. If we start with A = /p, then the field $ we 
obtain in this way is the field ofp-adic numbers. 

8. Ordered groups and valuations. A non-archimedean real val- 
uation satisfies ^{ol + /3) < max (v5(a), sp(/3)), <p{a&) = ip{a) v?(/3). 
Hence it is clear that in considering such a valuation the addi- 
tion of the reals plays no role. Only the multiplication and 
order of the non-negative reals are involved in the defining proper- 
ties. As we shall see, this leads to a generalization of the concept 
of a non-archimedean real valuation to (non-archimedean) valua- 
tions with values in any ordered commutative group. Besides the 
increased generality which results from this extension, the 
generalization is essentially simpler and more natural than the 
original concept. We consider first the notion of an ordered 
commutative group. 
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Definition 6. An ordered (commutative) group G is a commuta- 
tive group G together with a subset H satisfying the three cotiditions: 
1) 1 ^ 2) */ a e G either a t Hy a = 1 or e //, 3) // closed 

under the multiplication in G. 

If (G, H) is an ordered group, then we let = lb~^ jb e //j. 
Then condition 2 states that G — N U {1} U Moreover, 

these sets are non-overlapping. This is assumed for // and { 1 | in 
condition 1 and it follows for and 1 1 } on observing that, if 
1 e then 1 e // contrary to condition 1. Finally, a z H D 
then a~^ e H and 1 = aa~^ e H by condition 3. This again 
contradicts condition 1. 

The positive reals form an ordered group if we take H to be the 
set of elements < 1. We can take H equally well to be the set of 
elements > 1. In fact, if G is any ordered group, then //“* is 
closed under multiplication and satisfies conditions 1 and 2 of 
Definition 6, so we can obtain another ordered group on replacing 
bi by //“*. In any ordered group G we define a <. b x.o mean that 
nb'~^ c H. This defines a linear ordering in G, that is, we have the 
following properties: 1. ^ ^ < r implies a < c. 2. For any 

pair (< 2 , b)yay b tGy one and only one of the following holds : a < by 
a = by b <. a (as usual we write b > a for a < b). The order in G 
is invariant under multiplication, that is, we have: 3. If a < by 
then ac < be. Conversely, if a relation a < b 'ls defined in a group 
G so that properties 1, 2, and 3 hold, then G is ordered by the 
subset H = \a\a < 1 j. Clearly condition 1 of Definition 6 holds 
for H. To prove conditions 2 and 3 we note first that, \f a < b 
and c < dy then ac < be < bd so ac < bd\ hence, a < b\f and only 
if a~'^ > b~K In particular, a < I if and only if a~^ > 1. Since 
any a satisfies one of the conditions: < 2 <l ,<2 = l,<i>l,itis 
clear that condition 2 of Definition 6 holds. Finally, ^ < 1, 
b < 1 imply ab < 1, so // is closed under the multiplication in G. 
We remark also that the ordering defined by // in the manner 
indicated: a < ^ if ab~^ e // is the same as the original ordering 
since ab‘~^ e // means ab~^ < 1 and this holds if and only if <3 < b. 

If G| is a subgroup of an ordered group G ordered by the set 
// = {alaeGy a > 1), then Gi has an induced ordering defined 
by Hi = Gi n H. This can be verified directly, or it can be seen 
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by noting that the relation > defined in G gives a relation in Gi 
which satisfies the conditions stated before. If G is ordered by H 
and G' is a second ordered group, ordered by /f', then an isomor- 
phism 7 ; of G into G' is called an order-isomorphism if C H'. 
Also G and G' are order-isomorphic if there exists an order iso- 
morphism t) oi G onto G' . In this case one necessarily has Ht] = 
H\ For example, the group of positive reals under multiplication 
with H defined as before is order isomorphic to the additive group 
of all the real numbers ordered by the set H' of negative reals. 
The mapping a log a (natural logarithm) is an order isomor- 
phism of the first group onto the second one. 

If G is an ordered group, G contains no elements 5 ^ 1 of finite 
order; for, \( a < \ {a > 1 ), then < \ (< 2 " > 1 ), so 1 for 

every positive integer w. A consequence of this property of G is 
that for any fixed integer n the mapping jf” of G is an iso- 

morphism of G onto a subgroup of G, which is order preserving if 

w > 1. 

To define general valuations we shall need to consider ordered 
groups V with 0. We define such a system to be an ordered group 
G to which a 0 element has been adjoined: V ^ G K) {Oj. The 
ordering in G is extended to V by defining 0 < a for every a zG 
and we define <20 = 0 for all a. We can now give the following 

Definition 7. Let ^ be a field and let V be an ordered {commuta- 
tive) group with 0. A mapping <p: a <p(a) of ^ into V is called a 
valuation if 

(i) v’Ca) = ^ if and only if cx. — 

(ii) ip\ot&) = ip{a)<p{fi). 

(iii) ip{a. H- /3) < max (v>(a), 

The exact sweep of this definition will become apparent soon. 
At this point it is dear that real non-archimedean valuations are a 
special case in which V is the set of non-negative real numbers. 
On the other hand, it should be noted that the real archimedean 
valuations are not valuations in the present sense. This incon- 
sistency in terminology will cause no real difficulty. We shall now 
give an example of a valuation for which ^is not the non-negative 
reals. 
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Example. In this example we shall find it convenient to use the additive 
notation in the group G. The modifications in Definition 7 which are necessi- 
tated by this change are obvious, so we shall not write these down. The group G 
we shall consider is the additive group of integer pairs {k, 1). We introduce the 
lexicographic order in C, that is, we define {kyl) < (k',l') if either k < k or 
* = and / < I'. One checks that this is a linear ordering preserved under 
addition; hence G is an ordered (additive) group. We let A' = G U |*| where 
the ordering is extended to k' by setting * > (k, 1) for every {k,l) t G. .Also we 
define (*,/) 4- CO = 00 . Now let P = <!>(?,»?), a purely transcendental extension 
of a field where is a transcendency basis for P over l( a £ P and 

a 0, we can write a = where pU. »?) and are ^ly- 

nomials in {, 7 ? with non-zero constant terms, and m and n are integers. Then 
we define <p{a) = (m, n). Also we set (^(0) = «. Then (i) holds. It is easy to 
check that <p(ak) = ip(a) + and <p(a + ^) > min (ip(a), >p(k)). The first of 
these is (ii) in the additive notation and the second can be changed to (iii) by re- 
versing the ordering (writing > for <). Hence our function is essentially a 
valuation. 


EXERCISES 

1. Let G be the additive ordered group of integer pairs (i, 1) given in the fore- 
going example. Let c and e be real numbers such that 0 < r < 1 and e is posi- 
tive and irrational. Show that the mapping (^, D — » r*'*'*' is an isomorphism of 
G into the ordered multiplicative group of positive real numbers P. Show that G 

is not order isomorphic to a subgroup of P. , • i 

2. Let P = 4>(^ 7 j) and a = r^"p(^ vMt v) where p and q are polynomials 
in with non-zero constant terms, as in the example above. Define ^(a) — 

^here c and e are real numbers, 0 < f < 1, ^ positive irrational. Show 
that^ is a non-archimedean real valuation which is not discrete. ^ • 

3. Define a valuation ^ of an integral domain 0 by replacing the field T in 
Definition 7 by the integral domain O. Show that any valuation of 0 into P 
has a unique extension to a valuation of the field of fractions of 0. 

4. Let G be an arbitrary (commutative) ordered group and let 0 = 4>o(G) be 
the group ring over a field 4»o of G (Vol. I, ex. 2, p. 95). Show that 0 is an integral 

domain. If a = 5 ^ 0 i^' ^o, define tp{a) =* min gi (in the 

ordering < defined in G). Define ^(0) = 0. Show that is a valuation of 0. 
Use exs. 3 and 4 to show that if I'' is any ordered group with 0, then there exists a 
field ♦ with a valuation ^ of into k'’ such that i^(4*) — k'. 

9. Valuations, valuation rings, and places. In this section we 
shall establish an equivalence between the concepts of a valuation 
in the sense of Definition 7 and two other concepts: valuation ring 
and place. The first of these, valuation ring, is an intrinsic notion 
in the sense that its definition does not require any system external 
to the given field Moreover, the valuation rings give the link 
between valuations and places. We have already encountered 
these for real non-archimedean valuations. 


240 


VALUATION THEORY 


Now let ^ be any field and let ^ be a valuation with values in 
the ordered group V with 0. We note first that (p(iy — ¥>(1^) = 
^( 1 ) and, since G contains no elements of finite order 9^ 1 , ^( 1 ) 
= 1 . Also = ^(1) = 1, so ^( — 1) = 1 and <p{—a) — 

= <p(cx). From aa~^ = 1 we obtain ip(a~^) = <p(a)~^ 

and fp(a0~^) = Now let 0 be the subset of of ele- 

ments a such that <p(a) < 1. Then, if a, /3 e 0 , ip(a — /3) < max 
{tp{a) y < 1 and fp(<xp) = <p{a)<p(^) < 1. Hence 0 is a sub- 
ring. Now suppose a^Oy then <p{a) > 1 and ¥’(““*) = <p(ce)~^ 

< 1. Hence oi~^ e 0 . We therefore see that 0 is a valuation ring 
(in in the sense of the following 

Definition 8. 1/ ^ is a fieldy a valuation ring 0 in ^ is a subrin^ 
of ^ {containing 1 ) such that every element of 4 > is either in 0 or is the 
inverse of an element of 0 . 

If 0 is the subring of elements a satisfying < 1 for the 
valuation tpy then 0 is called the valuation ring of This is a direct 

generalization of the definition we gave before for non-archime- 
dean real valuations. We shall now show that any valuation ring 
gives rise to a valuation for which the given ring is the valua- 
tion ring. Suppose 0 is a valuation ring in Let U be the set of 
units of 0 , p the set of non-units, p*** the set of non-units 0, 
the multiplicative group of non-zero elements of Then C/ is a 
subgroup of the commutative group and we shall take G' = 
^*/ U for our group. We introduce an ordering in G' by letting H' 
be the set of cosets &U, 0 e p*. It is clear that the product of a 
non-unit of 0 with any element of 0 is a non-unit. Hence if /3i, 
02 e p*, then 0i02 e p*; so if 0iUy 02Uy eH', then {0iU)(02U} 
= 010211 c H'. If 0 U is any element of G' = ^*/Uy then 
0 ^ Oj and \ f 0 ^ p*, then either 0 e U or 0 ^ il and 0 i p*. In the 
first case 0 U — Uy and in the second 0 io-, so 0 ~^ eo and, since 
0~^ e U implies 0 e L/y we have 0'~^ e p*. Hence (0U)~^ — 
0~^U e.H'. Thus we see that G' = H' \J {1} U holds. 

Also \ = U ^ H'. Hence H' makes G' an ordered group as in 
Definition 6. Next we adjoin a 0 to G', obtaining y' = G' \J {0}, 
and we define a mapping tp' of into y' by 

(28) ^'(0) = 0, p'{a) = aUeG' if oc 9^ 0 . 
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The conditions (i) and (ii) for a valuation are clearly satisfied. 
Also (iii) is clear if either a = 0 or d = 0- If a ^ 0, 4 
either a/ 3 ~* e o or / 3 a~^ e o and we may as well assume the former . 
Then we have a = 0y where 7 c o and (p'(a) = (p’{iS)<p'(y) < ^ (d) 
since <p'{y) = yU < \ = U. Also a(S ’ + 1 c 0 , so e’ (^d ^ + 
1 ) < 1 and <p'{a + 3 ) = + Wil^) < ^'(0) == max 

<p'{0)). Hence (iii) holds. It is clear from (28) and the defini- 
tion of G' and H' that <p'{a) < 1 is equivalent to a c o. Hence 0 
is the valuation ring of the valuation >f'. \\ e shall call the valua- 

tion (p' the canonical valuation of the valuation ring 0 . 

Now consider again an arbitrary v'aluation of 4* into V = 
(G, 0) where G is a commutative group ordered by H. Let 0 be 
the valuation ring of and \p' the canonical valuation of 4> into 
V = (G',0) where G' = 4>*/t/ is ordered by H‘ = IdG'ld c P*!- 
The definition (28) gives ^'(0) = 0, *p'{<x) — aU if a 0. We 

have the homomorphism a —* v?(ct:) of the multiplicative group 4>* 

into G whose kernel is the subgroup V. Hence we have the in- 
duced isomorphism r^'.ip'{a) = otU ^piot) of G = 4>*, U into G. 
This is an order isomorphism since, if 0V e H , then 0 c p*, so 
¥>(3) < 1. We now see that the given valuation can be factored 
as ^ s= tp'ij where is an order isomorphism of G' into G (more pre- 
cisely., P" into V). 

These considerations make it natural to lump together the 
valuations of which have the same valuation ring 0 , Accord- 
ingly, we shall say that such valuations are equivalent. 

There is a third concept, that of a place which is also equivalent 
to the concepts of valuation and valuation ring. We define this as 

follows: 

Definition 9, IJ ^ is a field, a place is a homomorphism of a 
subring 0 0 / into a field A such that, if a ^ 0 then a * c 0 and 
^(a-*) = 0. {IVe recall that 1 e 0 and = 1 by our conven- 

tions on subrings and homomorphisms.) 

It is clear from the definition that, if ^ is a place, then the sub- 
ring 0 given by ^ is a valuation ring. On the other hand, suppose 
0 is any valuation ring and let p be the set of non-units of 0 . Then 
it is clear that, if 3 c P ^.nd a c 0 , ad e p. In particular, —3 = 
( — l)3ep. If 3 , and 32 e P> may assume that 3i32“^eo. 
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Then + 1 e o, so + /32 = (0i02~^ + e P- Hence p 

is an ideal in o. Since p is the set of non-units of o, it is clear that p 
is maximal and A' = o/p is a field. Let be the canonical homo- 
morphism of 0 onto A' = o/p. Then it is clear that and o 
satisfy the defining conditions for a place. We shall call this place 
the canonical place of the valuation ring o. The image of o under 
is A' = o/p where p is the ideal of non-units of o. As in the 
special case of real non-archimedean valuation, we shall call A' 
the residue field of the valuation ring o. 

Now consider again an arbitrary place ^ of 4> into the field A 
and let o be the valuation ring on which ^ is defined. Let p be the 
ideal of non-units of o. If a e p and a 5 ^ 0, then ^ 0 , so the 
hypothesis on ^ gives ^(a) = 0. This holds also if a = 0. 
Hence we see that p is contained in the kernel of ^ Since p is a 
maximal ideal, this shows that p is the kernel of The homo- 
morphism a — > ^(a), O' e 0 , therefore gives an isomorphism 
= or + p ^(a), and so the place ^ is the resultant of the 
canonical place and an isomorphism of A' into A. As for 
valuations, it is natural to consider as equivalent places that have 
the same valuation ring. 

We have now established the procedures for passing from one of 
the concepts; valuation, valuation ring, place, to any other. 
Clearly, a result on one of these can be translated to the other two. 
In the sequel we shall apply this idea to obtain extensions of 
valuations via extensions of places. The latter amounts to ex- 
tensions of homomorphisms, for which we have available the basic 
extension theorems of the Introduction. 

% 

EXERCISES 

1. Let ^ be a place on with values in A. Adjoin a new element «© to A and 
define ’»-f-5s=oo = 5-(-oo, 5eA, 0000 = 00 , oo5 = » =» if 5 ^ 0 in A. 
Extend ^ to the whole of 4> by defining i^(a) =* « if o: ^ 0 . Verify that 

whenever the right-hand sides are dehned. Conversely, assume that ^ is a 
function defined on <!» with values in (A, w), A a field where A fl { « } ~ 0 and « 
obeys the rules indicated. -Assume (29) hold whenever the right-hand sides are 
defined. Let 0 be the inverse image (A). Show that the restriction of ^ to 
0 is a place. This gives an alternative definition of a place. 
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2. Let 0^ be a place with valuation ring 0. Assume ^ is an isomorphism. 
Show that 0 » and that the canonical valuation of o is trivial in the sense that 
^^(0) = 0, ^^(a) = 1 if a 7^ 0. 

10. Characterizatioii of real non-archimedean valuations. In 
order to apply the general theory of valuations to the case of non- 
archimedean real valuations it is necessarv to characterize these 
among all possible valuations of a field. In view of the foregoing 
discussion this is equivalent to the problem of characterizing the 
ordered groups which are order isomorphic to subgroups of the 
multiplicative group of positive reals or, equivalently, to the 
additive group of all the real numbers with the usual order in this 
group. Hence we seek a characterization of the ordered groups 
which are order isomorphic to subgroups of the additive group of 
real numbers. It will be convenient to use the additive notacion 
in all the groups which we shall consider in this section. 

Let G be an ordered group: If e G, we define \a\ = a if a > 0 
and \a\ = —a if a < 0 . We define an isolated subgroup AT of G as 
a subgroup such that, \f a t K and \b\ < \a\y then b z K. Let 
Ki and K2 be isolated subgroups. Then we assert that either 
£ K2 or K2 C K\. For, if neither of these inclusions holds, 
then there exists 2. b\ z K\y t /C2, and a ^2 e Ar2, i K\y and we may 
suppose that bi > 0 . If ^2 > then bx z K2 contrary to assump- 
tion. Hence ^2 ^ and similarly bx i ^2 which contradicts the 
fact that G is an ordered group. Thus we have either Kx 2 -^2 or 
K2 2 K.X so the set of isolated subgroups is linearly ordered by the 
inclusion relation. The order type of the set of isolated subgroups 
is called the rank of G.* The simplest situation is that of a group 
of rank one in which G 0 and G has no isolated subgroup 9^ 
0 , G. These groups can be characterized by the archimedean 
property which is f^amiliar for real numbers: 

Lemma, /^n ordered group G ( 5^ 0 ) is of rank one ij and only if 
given any a^ b zG with a > f) there exists a positive integer n such 
that na > b. 

Proof. Suppose first that G contains two elements a^ b such 
that a > f) and na < b for all positive integers n. Let A'^. denote 
the subset of G of elements u such that 0 < w < ma for some 
positive integer m. K+ is not vacuous since a < 2a and clearly 

• Cf., for example, F. HausdorfF, Mengenlehre, 3rd Ed., Chap. 3, de Gruyter & Co., 1937. 
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/C+ is closed under addition. Moreover, contains every v such 
that 0 < V < u (or some tt in K^. Hence if Ui and «2 e K+ and 

then 0 < U 2 — Ui < so — U\ z K+. It follows 
that the union of 0 , and — K^y the set of negatives of the ele- 
ments of A\, is a subgroup AT of G. Now A” is isolated, since, if 
N £ K and // > 0, then every v such that 0 < y < « is in A. Also 
K 9^ G since b t K. Hence G is not of rank one. Conversely, 
assume G not of rank one and let A be an isolated subgroup 5 *^ 0, 
G. Since K 9 ^ G there exists a positive element b such that b > a 
for every a e K. Choose <2 > 0 in A, then na < b for all « = 
1,2,3, • • *. Hence the archimedean property fails in G. 

It is clear from this criterion that if G is of rank one, then any 
non-zero subgroup of G is of rank one. In particular, any non-zero 
subgroup of the additive group of real numbers is of rank one. 
Moreover, these are essentially all the ordered groups of rank one, 
since we have the following 

Theorem 8. Any ordered group G of rank one is order isomorphic 
to a subgroup of the additive group of real numbers. 

Proof. We shall define an order isomorphism -q of G into the 
additive group R of real numbers. For this purpose we choose a 
w > 0 in G. If i; > 0, then there exist pairs (w, n') of positive 
integers w, n such that nv > mu. Thus we may take m = 1 and, 
by the archimedean property, determine n so that ?w > u = lu. 
If .7 r P, the collection of positive integers, then qnv > qmtt if and 
only if nv > mu. Hence if r — m/n = mfn\ /«, n, m\ n' z P, 
then wt/ > if and only if > m'u. The rational numbers r = 
m/n satisfying this condition form a set which we denote as Rv 
If r = m/n and s = m' /n' < r, m' , n' e P, then m'n < mn'. If 
r c P,., then nv > mu and nn'v > mn'u > m'nu. Hence n'v > 
m'u so that s c Rv. We note next that the set of positive rationals 
Rv is bounded above. Otherwise, the result just proved implies 
that Rv is the complete set of positive rationals. Hence every 
positive integer k is in Ry, which means that v > ku, k z P. This 
contradicts the archimedean property of G. We now define tP to 
be the positive real number sup R^,. Since Rv contains every s < r 
for every r z A,., it is clear that R^ and its complementary set Rv 
in the set of positive rationals defines a Dedekind cut. Hence 
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sup Rv = inf Rv'. Now let Vi, V2 be positive elements of G and let 
mi/nicRvti m2/n2^^vi where mi^nizR. Then n^Vi > rriiUy 
«2i’2 > and nxn2Vx > WiW2t'2 ^ nxm2U> Hence 

”i^2(t'i + ^^2) > (^1^2 4 “ ^2”i)« and so Wi/«i 4- m2^n2 z 

This implies that (t^i 4 - ^2)’’ > 4 - £'2’’* On the other 

hand, a repetition of the argument just given shows that, if 
nix/rix z Rv' (that is, n^Vi < rrtxu) and m2/«2 e then w, ^nx 4 - 
W2/«2 e /?e,+v/* Since £»’’ = inf /?v'> this implies that (^i 4 - £•’2)’’ < 
Oi” 4 - Hence 

( 30 ) (yi 4 - £'2)" = yi” 4 - £'2” 

holds for Vxy V2 positive in G. We extend the mapping rj to all of G 
by defining O’* = 0 and ( — y)" = — y’ if v is positive. It is imme- 
diate that ( 30 ) holds if either Vi > 0 , y2 > 0 , or Vx < 0 ^ V2 < 0 . 
Suppose yi > 0 and y2 < 0 . If yi 4 - y2 > 0 , we write Vx = (yi 4- 
y2) 4 - ( — y2) and obtain Vx” = (vi 4 - y2)’’ 4 - ( — y2)'’ = (yi 4 - y2)'' — 
y2’’- Then (yi 4 - y2)’’ = yi" 4 - y2''- If yi 4 - y2 < 0, then we write 
— y2 = — (y, 4- V2) 4 - yi and obtain ( — y2)’' = ( — (yi 4 - y2))’ 4 - 
yi’’. Thus — y2'' = — (yi 4 - y2)'' 4 - yi’ and again ( 30 ) holds. 
Similarly, ( 30 ) holds if yi < 0 and y2 > 0. Thus t? is a group 
homomorphism of G into R. If y > 0 , then y** > 0 ; hence no 
positive element is in the kernel ofij. It follows that the kernel is 0 
and 7 ) is an isomorphism. Since positive elements are mapped into 
positive elements by 77, rj is an order isomorphism of G into R. 

There are several observations which should be made on the 
foregoing proof. In the first place it is clear from the definition of 
the isomorphism 77 that We note next that 77 is deter- 

mined by this property, that is, if f is any order isomorphism of G 
into R such that = 1 , then i" = 77. Thus let ^ > 0 and let 
m/riy my n positive integers, satisfy mfn > \f'. Then m\ > nrp 
and mu^ > ^y’, (mw)’ > {nvY. Hence mu > nv and re-tracing the 
steps we obtain m/n > y^. Similarly, m/n > yf implies m/n > 
y’. Since this holds for arbitrary rationals it follows that y*^ = y^; 
hence If ^ is any positive real number, then the mapping 

^ is an order preserving automorphism of R mapping 

1 — » It follows from this that there exists an order isomor- 

phism of G mapping the given positive element u into any positive 
^ in R. Moreover, such an isomorphism is unique. 
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A group of rank one is called discrete if it is order isomorphic 
to the ordered group of integers (positivity as usual). We have 
noted before (§ 5) that a subgroup of the multiplicative group of 
positive reals is discrete if and only if it contains a largest element 
< 1. This and Theorem 8 imply that an ordered group of rank 
one is discrete if and only if it contains a least positive element. 

EXERCISES 

1. Let denote the additive group of w-tuples x = (fi, 

numbers Define the set of positive elements of by the condition that 
X > 0 if the first non-zero is > 0. Show that this gives an ordered group. 
Determine the isolated subgroups. 

2. Call an ordered group G of rank n, n a. positive integer, if n is the cardinal 
number of the set of non-zero isolated subgroups. Show that any ordered group 
of rank n is order isomorphic to a subgroup of the group of ex. 1. 

3. Call an ordered group G of rank n discrete if the factor groups of successive 
isolated subgroups are all infinite cyclic groups. Show that any such group is 
isomorphic to the subgroup of of n-tuples a — (ai, as, • • s^n) such that 
the a< are integers. 

11. Extension of homomorphisms and valuations. In this 
section we shall prove a fundamental theorem on extension of a 
homomorphism defined on a subring of a field. This result leads 
to a general theorem on extension of valuations from a subfield to a 
field. We prove first the following key lemma. 

Lemma 1. Let o be a subring of a field ‘i> and let m be a proper 
ideal in o. If <x is a non-zero element of 4> and o[a] is the subring of 
generated by o and a, then either mo[a], the ideal generated by m in 
o[aI, is proper in o[a] or mo[a“^) is proper in o[a”‘j. 

Proof. Suppose the contrary: mola] = o[a], mo[a“^] = *>[“ 
Then 1 c mo[a] and 1 c mo[a“^], so we have relations of the form: 

(31) 1 = Mo«”’ H- H b Mm, M< e m, 

(32) 1 = H \- Vny J'y e m. 

Since m o, we have m > 0 and > 0 and we may assume n 
are minimal for the relations (31) and (32). Also we may assume 
m > n. Then (32) implies that a"* = voo:"*”" + *'!«"* 4- • . • 

4- hence 

(33) «"*(! - vn) = + b 
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Multiplication of (31) by 1 — gives 

(34) \ = ;io(l — Vn)a”^ 4- /Xi(l — *'„)a"‘“^ 

+ • • • + Mm(l — *'n). 

Hence, by (33), 

\ — Vn = ;io(>'o«”’“" 4 h »'n-ia'"“^) 

4- Ml(l — Vn)oi”'~' 4- h /a,«(l — »'„), 

Since the ^i,-, e m, this gives another relation like (31) with m re- 
placed by — 1 contrary to the minimality of m. Hence the 
proof is complete. 

If ^ is a place which is a homomorphism of a subring o of the 
field 4> into the field A, then we shall say that ^ is ^-valued. Our 
main result is an extension theorem for homomorphisms to places, 
as follows. 

Theorem 9. Let Oo he a subring of a field and let he a homo- 
morphism of Ofs into an algebraically closed field Q. Then can be 
extended to an ^valued place 3^ on ‘I>. 

Proof. We consider the collection of extensions of the homo- 
morphism ^ where is a homomorphism into 0 of a subring o' 
of 4> containing oq. These can be partially ordered in the usual 
manner; if is an extension of . Then, as usual, we 

can apply Zorn's lemma to obtain a maximal extension ^ which is 
defined on a subring o of ‘i>. The proof will be completed by show- 
ing that 0 is a valuation ring. Then ^ will be an fJ-valued place 
for 4>. Let m be the kernel of ^ Since 1 — > 1, m 5 ^ o. Since Q 
has no zero-divisors 5 ^ 0 , m is a prime ideal on 0 . Consequently, 
the complementary set M of m in 0 is multiplicatively closed and 
0 ^ M, Let 0 ' be the subset of <l> of elements of the form a/3“^ 
where a, /3 e 0 and 0 e M. Then 0 ' is a subring of 4> containing 0 
and ^ can be extended to a homomorphism 3^' of 0 ' into U by de- 
fining ^'(a^-i) = i^(a:).^()3)~* (I of Introd.). Since ^ is maximal 
we have 0 ' = 0 . This implies that the image of 0 under ^ is a 
subfield E of 12; for, if 0 5 ^ 7 = -^(d), ^ e 0 , then 0 t M, so e 
0 ' = 0 and 7 ”‘ = 3^{0~^) is in the image of 0 . Now let a be any 
element 0 of 4>. We shall show that either a or e 0 , which 
IS what is needed to prove that 0 is a valuation ring and ^ is a place. 
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Now Lemma 1 shows that mo[a] cz oM or c o[a“^] and 

we may as well assume the former. Then we shall show that ^ can 
be extended to a homomorphism of o[a] into n. This and the 
maximality of ^ will imply that a e o. We consider the poly- 
nomial rings oM and EM, x an indeterminate, and we extend ^ to a 
homomorphism of oM onto EM sending at — > jc. Let 21 be the 
ideal of polynomials g(x) e oM such that^(a) = 0 and let 21' be its 
image in EM under the extension of^. Since the homomorphism 
of oM is surjective, 21' is an ideal in EM- Also 21' c: EM- Other- 

r 

wise, there exists a polynomial 2^ c oM such that = 0 

r ' 0 

and 23 = 1. Then = 1 and = 0 if /' > 0, so 

0 

1 — /3o e m and e m for i > 0. Then the relation = 0 

gives 1 = 1— 2/3, or* = (1 — ^o) + 23 (— /3t)a*. Since 1 — /3o, 

i>0 

/3, € m, this implies that 1 e mo[a] contrary to hypothesis. Hence 
we see that 21' is a proper ideal in EM and, since EM is a principal 
ideal domain, 21' = {/{x)) where f{x) is either 0 or a polynomial of 
positive degree. In the first case, we choose any element y in Q 
and in the second case we choose 7 e so that /{y) = 0. This 
can be done since is algebraically closed. Now our choice of 7 
amounts to this: If^(Ar) is any polynomial in oM such that^(a) = 
0, then (7) = 0 for the image M iu EM- Hence the exten- 
sion theorem IV' of the Introduction shows that ^ can be ex- 
tended to a homomorphism of o[a] into A sending a into 7. This 
completes the proof. 

Suppose now that <f>Q is a valuation of a subfield 4»o of the field 
Let Oo be the valuation ring of ^o> Po the ideal of non-units, Uq the 
multiplicative group of units of Oo. We have seen that tpo is 
equivalent to the canonical valuation tpo into the group 4>oV^o 
where the positive elements of this group are the cosets ^oUq, 
/3o 0 in Po* We also have the canonical place of 4>o deter- 
mined by Oq. This is the homomorphism d" Po of ®o 

into the residue field Oq/Po- We can imbed Oo/po in an algebrai- 
cally closed field fi. Then ^ 0 ' can be considered as an 0-valued 
place on 4>o. Since O is algebraically closed, the extension 
theorem states that ^0 can be extended to an O-valued place ^ on 
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Let 0 be the valuation ring in 4> on which ^ is defined and let p 
be the ideal of non-units of o. Since is an extension of ^o> o 3 Oo 
and since p and po are respectively the kernels of ^ and P ^ Po- 

Hence we have o 0 4>o ^ Oo and p H 4>o 3 Po- If d e o H 'i’o and 
d i Ooj then /3~^ e Po £ P> but this implies that d ^ o. Hence o fl 
^0 = Oo. Since p and po are the ideals of non-units of o and Oo 
respectively, the relation o D 4>o = Oo implies P H 4>o C pQ. 
Hence P 0 <l>o = Po and 0 where U is the set of units 

of 0 . These relations imply that doL^o doL’, do e is an 
order isomorphism of the ordered group <i>o* into U 
ordered by the set of elements 0Uy 0 v p. If we apply this iso- 
morphism to the canonical valuation v?o', we obtain an equivalent 
valuation of ‘I’y into the group U. We also have the 
canonical valuation of into 4>* O' and the definitions show 
that is an extension of the valuation •pt/'. In this sense we have 
obtained an “extension” of the given valuation of to a valua- 
tion on 

We shall be interested particularly in the case in which <t> is 
finite dimensional over 4>o and the given valuation *^0 is of rank 1. 
In the general case, if v? is a valuation of a field 4^ into = (G, 0), 
then the subgroup of G of values v^{a), a 0 in 4^, is called the 
va/ue group of ip. We shall need the following 

Lemma 2. Let tp be a valualiou of a field 4>, 4>(> a subfield of 
finite co-dimension in 4>. Then the value group of 4> is order iso- 
morphic to a subgroup of the value group of 4>o {relative to the re- 
striction of ip). 

Proof. Let ^ e 4> and let ai^"' 4- a 2 ^"* + ■ ■ -h atl"* = 0 where 
the a, 5^ 0 in 4>o and > Wj > • ■ • > n^.. As in the case of 
non-archimedean real valuations, if v^Cdi) > «^(d>), j ^ 1, then 
ip(20i) = v’(di). Hence our relation implies that there exist / < j 
such that Then ip{e'~''') = If 

[4»:4>o] = w, then we may assume that — n, < n\ hence 
IS in the value group of 4>„. This shows that for any a in the value 
group G of 4>, is in the value group Go of 4>o. On the other 
hand, we have seen that a a^' is an order preserving iso- 
morphism of G onto a subgroup. Hence G is order isomorphic to a 
subgroup of Go. 
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This result and Theorem 8 imply that the value group of ^ is of 
rank 1 (discrete of rank 1) if and only if the same is true for the 
value group of 'J>o. 

We shall now see how all of this applies to real valuations. Let 
(Pq be a non-trivial non-archimedean valuation of a field into the 
non-negative reals and let be a finite dimensional extension of 
^0* Then we know that where <pq is the canonical 

valuation of ‘J>o associated with the valuation ring oo of s«>o and is 
an order isomorphism of the value group Go' of tp^ into the posi- 
tive reals P. Also we have just seen that we have a valuation ring 
0 of and an order isomorphism f of Go' into the value group G' of 
the canonical valuation >p' determined by o such that ip'icto) = 
(v9'f)(an) for all ao r 4>o. Since Go' is of rank 1 the same is true of 
G' and consequently we have an order isomorphism X of G' into 
P. Thus we have the following diagram of mappings: 


<t>o Go' > P 



i 




V 

i 

r 

1 



' 4' 


^ ^ 

4> > G' > P 


if' X 

where i is the inclusion mapping and the first rectangle is commu- 
tative: /V' = v^o'r* Assume Go' 1 and let 5 be some element 9^ 
1 in Gn'. Then we can choose X so that 5^^ = 6” and then we shall 
have 7o'^^ = To'" for all 70' c Gq' (§ 10). This means that the 
second rectangle in our diagram is also commutative. Then 
ip = v^'X is a real non-archimedean valuation which extends the 
given valuation <po on Vo; for if ao c ^o> then ^0(0^0) = (^o'’7)(ao) 
= (v:>()'s'X)(ao) = (^'X)(ao) = <pM- If G,/ = 1, then Lemma 2 
shows that necessarily G' = 1. Then rj and X are unique and 
commutativity holds- This case is, of course, trivial at the out- 
set, since it is the one in which <po is a trivial valuation. We have 
therefore proved the following 

Theorem 10. Let <po ^ non-archimedean real valuation on a 
field 4>,) and let ^ he a finite dimensional extension field of Then 
there exists a real valuation on which is an extension of *p. 
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12. Application of the extension theorem : Hilbert NuUstel- 
lensatz. Before continuing our study of valuations we digress 
slightly to take up some important applications of the homomor- 
phism extension theorem (Th. 9). The first ot these, Hilbert s 
Nullstellensatz, plays an important role in algebraic geometry. 
We shall give it in its original ideal-theoretic form. 

We consider a polynomial algebra ■ *>^^1 in indeter- 

minates x. over a field Let n be the algebraic closure of ‘t>. If 
Axu t 4>[x,, ■ ■ ■ , X J and the are elements of £1 such that 

=0, then we shall call (^i, • ■ ?n) an {algebraic) zero 

of/(xi, ■ ■ -jXn). If 5 is a set of polynomials contained m ‘l>[x,, 

■ • •, x„], then we define a zero of S to be an H-tuple ($i, ■ ■ - 
^ e % which is a zero for every / c S. Our main result concerns 
the zeros of a proper prime ideal 'I} in <l*[xi, * ■ ■ , Xn]. 1 his is the 
following 

Theorem 11. Let 'll be a prime ideal iti 4>[x,, • ■ x„l, 4> a fields 
and suppose ^ (1) ( = 'I’lxi, ■ ■ ■ , Xn)). Let ^(xi, ■ ■ • , Xn) be a 

polynomial not contained in '^3. Then there exist 5, in the algebraic 
closure Q of ^ such that ($„ ■ • - , 10 is a zero for ^ and is not a zero 

fox g{Xu • • -yXf)' 

Proof. Since ^ (1), 4-[x„ ■ ■ -.xJ/'U is an algebra over 

which is 5 *^ 0 and this is generated over 4> by the cosets t. = 

+ 1, 2, • • •» w. Also <l>l 7 l, ■■*,70 = 4>[x,, ■ ■ - .Xn), '13 

is an integral domain so this can be imbedded in its field of trac- 
tions P = 4>(7„72> Suppose first that all the 7.- are 

algebraic. Then P is an algebraic extension of so we have an 
isomorphism of P/<1» into the algebraic closure £1/4*. Suppose 
7 i — » 5 ,- in this isomorphism. Then ify(xi, • • ■ , x„) c '13,/(7i> ' ■ ' > 

7 n) = 0 and so /Ui, ■ , ^0 = 0- Hence ({,, $ 2 , ■ * , U) is a 

zero of On the other hand, ^(xj, ■ ■ ■ , x„) ^ '13 so ^( 71 , ■ ■ ■ , 7n) 
5 >^ 0; hence ^n) ^ 0. This proves the theorem in this 

case. Next assume that not all the 7 . are algebraic. We may 

suppose that the 7 ’s are ordered so that [7i> 72> • • • > 7 r} (x > 1 ) is 
a transcendency basis for P/4*. Since ^(xi, ■ • ■ , x„) ^ '13, ^(7i» ■ ■ > 
7 n) 0 in P so ^( 71 , * • •, 7 n)“' exists in P. This element and the 

elements 7 ^+ 1 , •••, 7 n are algebraic over 4>(7i, •,7r) and so 
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they satisfy algebraic equations of the form 

(35) - 

H \- a„(yiy • • *,Tr) = 0 

where the ai are polynomials in the yjy J ~ 1, • • ‘jT, and ao(yi9 
•••,7r)5^0. For each Tr+D ' ' ' » 7n and i'Cri, - ■ • , Tn)”^ we 
choose such an equation and we let a(yiy • ♦ yr) be the product 
of the leading coefficients of these equations. Since a(xiy • • Jfr) 
7*^0, we may choose in the infinite field 12 so that 

^(^ij ' * ■> Ir) ^ 0 (Vol. I, p. 112). Since the yjy 1 < j < Vy are 
algebraically independent, we have an algebra homomorphism of 
•*'>Tr] into 12/4» such that yj — ► By the extension 
theorem (Theorem 9) this homomorphism can be extended to an 
12-valued place ^ on P. Since ^ is an extension of an algebra 
homomorphism, ^ is the identity on <i> and so ^ is an algebra 
homomorphism into 12/^. We note next that the y*, r + 1 < 
k < «, are in the valuation ring o of Otherwise, ^('y*'”') — 0* 
On the other hand, we have an equation of the form 

• • •> Tr) + <3l(7l, • • 'yr)7fc”' 

+ • • ■ + am('yi, • • •, yr)yk~^ = 0, 

and applying weobtain <«o(lij fr) = ^(^ 0 (^ 1 , * ■ Tr)) = 0* 

This contradicts the facts that <j(^i, • • •, €r) 0 and <*(ti> * • *» 

7 ^) has ao(yiy • • *, 7r) as a factor. A similar argument shows that 
' * *> 7n)) 0. Now let Ifc = ^(yk), r + 1 < k < n. 

Then we assert that ($i, ^ 2 , • • > kn) satisfies the conditions of the 
theorem. In the first place, if f{x\, • • •, Ar„) e then/( 7 i, • • *, 
7n) = 0 and applying ^ we have /(?i, • * - jln) =" 0. Next we see 
that^(€i, • •-,€„) = ^{g{yu • ■ ’yyS) ^ 0. 

The Hilbert Nullstellensatz is the extension of Theorem 11 from 
prime ideals to arbitrary ideals in To obtain this 

we need a characterization of the (nil)radical of an ideal of a 
commutative ring (Vol. I, p. 173). The result we require is that, 
if 31 is an ideal in a commutative ring 0 , then the radical ?K(H) is the 
intersection 0 ^13 of the prime ideals ^ containing 31. If a is 
Noetherian, this result is an easy consequence of the decomposi- 
tion theorem for ideals into primary ideals (Vol. I, p. 176, ex. 2, p. 
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181). Although this is all we need here it is of interest to estab- 
lish this result in the general case. We prove first the following 

Lemma 1. Let q be a commutative rifigy 31 an ideal in o and S a 
non-vacuous multiplicatively closed subset of o such that 31 Pi .S’ = 0. 
Then there exists a prime ideal '13 in o such that '13 3 31 and 13 0 6* 
= 0 . 

Proof. Let U be the collection of ideals 93 in o such that: 1. 

© 3 21, 2, S8 n .S’ = 0. Then U is non-vacuous since 21 e t/. We 

order the elements of U by inclusion. Let be a linearly ordered 

subset of U and let G = U S. Then G 0 .S’ = 0 and G 3 21. 

»«v 

Moreover, it is easy to check that G is an ideal. Hence G c f/ and 
G is an upper bound for the set . Thus 6 is an inductive set and 
so we can apply Zorn’s lemma to conclude that U contains a 
maximal element *13. Let < 2 ,, : = 1, 2, be elements of o not con- 
tained in 'ip. Then the ideal 21, generated by a, and '13 properly 
contains 13 and contains 21. Since '13 is maximal in t/, it follows 
that 21,- ^ U which means that 21^ H 5" 0. Let j, e 21,- D S. If 

we take into account the form of the elements of 31, we see that 
Si = XiUi + pi where x, e o and pi e '13. Then 

(36) s - S 1 S 2 = XiX 2 aia 2 + p 

where/) e 13. Since S is multiplicatively closed, s cS. If ^ 21^2 e 13, 
then (36) implies that sc^ contrary to '13 fl 5’ = 0. Hence we see 
that < 21^2 0 13 so we have shown that ai 0 '13, ^2 t '13 implies aia 2 1 13. 
Hence 13 is a prime ideal satisfying the required conditions. 

We can now prove 

Theorem 12. Let 21 be an ideal in the commutative ring 0 . Then 
the radical 3?(2I) = C\ ^ the intersection of the prime ideals 13 con- 
taining 21. 

Proof. Let a e 9?(21) and let 13 be a prime ideal containing 31. \ 
suitable power a" e 21 so < 2 ’’ e 13. Since 13 is prime, this implies 
that <2 e 13. Hence SH(3I) C 13 and iR(2l) C D '13 for the prime ideals 
13 containing 21. Next let a ^ 9i(2l) and let S = |a", « = 1,2, 

• • • J. Then 6* H 21 = 0 and S is multiplicatively closed. Hence 
the lemma implies that there exists a prime ideal '13 containing 21 
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such that a Hence a is not contained in the intersection of the 
prime ideals containing 21. Thus we have proved that 0 ^ C 
9?(2I) and so by the earlier inclusion, 9?(2l) = 0 

Theorems 11 and 12 imply the 

Hilbert Nullstellensatz. Let 21 be an ideal in the polynomial 
algebra 4>[xi, x„], 4> a fields x,- indeterminates, and let O be 

the algebraic closure of Then a polynomial g(xi, • • • , x„) c $R(2l) 

if and only i/gi^u ■, = ^/or every zero (^i, ■ - $„), e fi, of 

the ideal 21. 

Proof. Let V denote the set of zeros (£i, • • •, fn), e fl, of 21- 
Suppose g{xiy • *, x„) E 9?(2I). Then e 21 for some positive 
integer n. Hence ^n)" = 0 for every (|,) e ^ and 

• • -y^n) =0 for every (^,) e K Conversely, let^(xi, • - -, x„) 
be a polynomial such that ^($i, • • $«) = 0 for every (|,) e K. 

Let 13 be a prime ideal containing 21 and let be the set of zeros of 
13. Since ^ 3 21, Q ^ and consequently = 0 for 

every ($,) e IV. It follows from Theorem 11 that ^(xi, • • *, x„) e 
13. Thus g is contained in every prime ideal containing 21 and so, 
by Theorem 12, g e JR(2I). This completes the proof. 

We shall give next an application of the existence of an alge- 
braic zero of a prime ideal to a theorem on finite generation of a 
field. We recall that we saw long ago (Lemma 2, § 1.5) that, if 
7i> 72 } ■ ■ •} 7n are algebraic over <I>, then the field P — 4>(7i> 72> 

• •}7n) coincides with the algebra 4>['yi, 72 * •••>7n] generated 
by the y,-. We can now prove the following converse of this result. 

Theorem 13. If the algebra P = 4 >l 7 ,, > 2 } * ■ ■ » 7 n] 0 ^^ ^ gener- 
ated by the 7 , is a fields then the 7 , are algebraic over 

Proof. Let 4>[xi, X 2 , • • ■ , x„] be the polynomial algebra over ^ in 
indeterminates x, and consider the homomorphism of this algebra 
onto P/*!* mapping x* 7 ,, 1 < i < n. Let 13 be the kernel of 
the homomorphism. Since P is a field, 13 is a maximal ideal. If 0 
is the algebraic closure of <!», then we have seen that we can find 
- in n such that/(|„ =0 for every / e 13. 

By IV of the Introduction we have a homomorphism of P = 
^[ 7 i) 72 } • ■ 7 nl over 4* onto 4>(^i, ^ 2 , • ■ $nj such that 7 ,- —* 

1 < i < n. Since P is a field, this homomorphism is an isomor- 
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phism. Since is algebraic, it follows that Yi is algebraic, 1 < 
i < n. 

EXERCISE 

1. Let P = 4 '[yi,Y 2, be a finitely generated commutative algebra 

over ^ and let be the ideal of nilpotent elements. Show that 'R is the inter- 
section of the maxima! ideals of '13. 

13. Application of the extension theorem : integral closure. VVe 
shall apply the extension theorem next to obtain an important 
characterization of the integral closure of a subring of a field. Let 
be a subring of the field <f>. We recall that an element a c <I> is 
called integral over or g-integral if there exists a polynomial 
/(x) e ftlx’j with leading coefficient 1 such that /(a) = 0. The set 
of elements of which are ft-integral is called the inte^al 
closure of g in ‘t>. We shall characterize this set. In the proof we 
shall need the following 

Lemma 1. If o is a commutative riug {with an identity 1), any 
proper ideal SI q/ o can be imbedded in a maximal ideal. 

Proof. The proof is obtained as a special case of the argument 
in the proof of Lemma I of § 1 2. We let 5* = { 1 } , so <9 is multipli- 
catively closed and 5* 0 SI = 0. Let IJ be the set of ideals ^ such 
that ib Q SI and ^ is proper (so that '^0 5' = 0). Then U con- 
tains a maximal element ']3. It is immediate that is a maximal 
ideal containing SI. 

Theorem 14 (KruU). Let ^be a subring containing 1 in a field ‘I>. 
Then the integral closure 0) of in is 0 o, the intersection of all the 
valuation rings of which contain g. 

Proof. Let a t- O) so that we have a relation a’' 

+ • • • + Yn = 0, « > 1, Yi »' ft. Let ip be a valuation whose valua- 
tion ring 0 contains ft. If a o, then < L But 1 = 

— _ . . . _ and v’CYi) ^ 1 • Hence every v’(y.«'"') < 

1 and this is impossible since the relation gives 1 = <^(1) ^ 
max (v>(Yi<»~‘)) < L Hence or r o so we have proved that CS^ is con- 
tained in n 0 for the valuation rings containing ft. Next suppose 
a t W. Then a“‘ is not a unit in the ring fl(a“*l, since otherwise 
its inverse or = yqI + “H • * ■ + Yn Y» r ft, and hence 

or" = Yo«"~‘ + Yic*””^ + • • -h Yn-i SO a: c Since is not 
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a unit in the principal ideal Qr“^Q[Q'— is properly contained 

in g[a“^). By Lemma 1 there exists a maximal ideal m in 
containing a”^g[or""^J. Then is a field which can be im- 

bedded in an algebraically closed field Q, The canonical homo- 
morphism of 0[a“^] onto g[Qr~^]/m can be considered as a homo- 
morphism of g[a“'] into Q. The extension theorem gives an 12- 
valued place ^ whose valuation ring o contains g[a~^]. The 
ideal p of non-units of o contains m, hence, It follows that 

a ^ 0 . Thus a ^ & implies a ^ 0 o for the valuation rings o con- 
taining g. We therefore have © = 0 o and the proof is complete. 

The subring g is called integrally closed in if @ = g. Then 
we have the following 

Corollary. If % is a subrinx of <!>, then the set & of ^-integral ele- 
ments is a subring of 4) containing g and 05 is integrally closed in 4>. 

Proof. The first statement is clear since is an intersection of 
subrings of 4> and since certainly contains g. Also the set of @- 
integral elements is the intersection fl o for the valuation rings 
containing Oi and hence containing g. On the other hand, if o is a 
valuation ring containing g, then o 3 (SJ. Hence the intersection 
of the valuation rings containing O is the same as that of the 
valuation rings containing g, so this is O. Hence O is integrally 
closed. 


EXERCISES 

1 . (Artin). Let g be a subring of a field and let ai, • • • , ar be elements of <l>. 
Suppose that for each / there exists a positive integer iii such that oti"* = 

• • • , Or) where Pi is a polynomial of total degree < Show that every 
Of, is g-integral. 

2. (Artin). Let g be as in ex. 1 and let iVf be a subring of4> which is a finitely 
generated g-module. Show that every element of 50? is g-intcgral (cf. Vol. I, p. 
182 ). 

3. A commutative integral domain g is called integrally closed if it is integrally 
closed in its field ot fractions. Show that if g is Gaussian (that is, unique facto- 
rization holds), then g is integrally closed. 

4. (Cohn). Show that a subalgebra of 4> a field, x an indeterminate, 
has a single generator if and only if ■?! is integrally closed. (Hint: Use Luroth’s 
theorem and Th. 14.) 

14. Finite dimensional extensions of complete fields. In the 
remainder of this chapter we return to the consideration of real 
valuations (archimedean as well as non-archimedean). We shall 
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begin by considering problem of extending a valuation on a 
complete field to a finite dimensional extension field. Our first 
objective is to prove uniqueness of the extension. For this we re- 
quire 

Lemma 1. Let be complete with respect to a no't-trivial real 
valuation tp and let P be an extension field of * with a valuation tp 
which is an extension of that of Suppose «i, /< 2 > • • •, are ele- 
ments of P which are ^-independent. Then a sequence [ani, a^ = 

r 

2 aniUiy ani e is a Cauchy sequence in P if and only if the r 
1 — 1 

sequences i = 1,2, • • -jT, are Cauchy sequences in 

I^roof. It is immediate that, if the {««•} are Cauchy sequences, 
then so is Conversely, suppose {^Xn} is Cauchy. If r = 1, 

then it is clear that {anil is Cauchy. We shall now prove our 
assertion for arbitrary r by induction. If the sequence {anr} is a 
Cauchy sequence, then the sequence {^„},^n = a^ ^ anr«r is a 

r — 1 

Cauchy sequence. Since 2) an;«y the required result follows 

1 

by induction. The proof will now be completed by showing that 
the assumption that {««,} is not Cauchy leads to a contradiction. 
We make this assumption. Then there exists a real « > 0 such 
that for any positive N there exist py g > N such that v?(«pr — 
ttgr) > «• Hence there exist pairs of positive integers (pky gk)y Pi 
< p 2 < ■ ’ y <ti < ^2 < ' • • such that piap^r — a,*r) > e. Then 

{cxp^r — CKqtr)~^ cxists and we can form the sequence {^*1 where 

(37) bk = (^pfc 

We have <p(ap^r — a,^r)“^ < - and \ap^ — is a null sequence. 

^ r — 1 

Hence is a null sequence. On the other hand, bk — ^ ^kj^j 

-{- Ur and this implies that, if Ck = "Z^kiUiy then {cjtj is a Cauchy 
sequence. Then the r — 1 sequences 1/3*/}, ^ = 1,2, • • — 1, 

are Cauchy sequences. Since is complete, lim ^kj = /3/ exists. 

r— 1 r — 1 

Since lim hk = 0 we get from bk = ^ 0 

1 1 
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+ This contradicts the linear independence of the u*s and 
completes the proof. 

We note two important consequences of this lemma: (1) If {an\ 
is a null sequence, then all the sequences («„,-) are null sequences. 
(2) If [?:<!>] < M, then P is complete. The first of . these is clear 
since the {an*| are Cauchy sequences. Hence lim = a,- exists 
and 2a,//, = 0. Hence every a, = 0 by the linear indepen- 
dence of the Hi. To prove the second statement we suppose 
that (//i, « 2 > • ■jWr) is a basis. Then if {an} is Cauchy, every 
|a„,| is Cauchy and so lim a„,- = a, exists and lim an = 2a,«,. 

We can now prove 

Theorem IS. Lef V be a finite dimensional extension field of a 
field which is complete with respect to a non-trivial real valuation tp. 
Then if tp can be extended to a real valuation of P, this valuation is 
unique and is given by the formula 

(38) ip{p) = n = [P:<i>]. 

Proof. Assume the extension \p exists and suppose there exists a 
p r P such that (38) does not hold. Then (pCp") ^ <p(A^(p)), so 
p 0 and either v?(p'') < ^(iV(p)) or ss’Cp”) > ^(-^V(p))- By re- 
placing p by p“‘, if necessarv, we mav suppose so(p") < s^(A^(p)). 
Set = p\Y(p)-^ Then ^{a) < T and N{^) = A^(p")Mp) 

= 1. Since tpifi) < I, we have lim <r* = 0. If (//i, « 2 > * • *, «n) is a 

n 

basis and <r* = ^ then lim a* = 0 implies that lim a*, = 0 

t >ai 

for every Since the norm of an element t — Z-y.w., Ti e <l», is a 
homogeneous polynomial of the /;-th degree in the 7 ,- with fixed 
coefficients, it is clear that lim a*, — 0 for every i implies that 
lim .V((7-*) = 0. This contradicts /V(o'*) = N{a)^ = 1. 

We have seen before that anv non-archimedean real valuation 
on a subfield can be extended. Hence in the non-archimedean 
case the formula (38) provides a valuation for the finite dimen- 
sional extension P. It remains to consider the archimedean case. 
The extension theorem in this case will be obtained by a complete 
determination of the fields which are complete with respect to an 
archimedean real valuation. We shall show that the only such 
fields are the field of real numbers and the field of complex numbers. 
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Lemma 2« Let ^ be a quadratic extension of a field ^ which is 
complete with respect to a real archimedean valuation ip. Then p can 
be extended to a valuation of P. 

Proof. We recall that the existence of an archimedean valua- 
tion implies that the characteristic is 0. Hence P is Galois over 4>. 
Let a ^ d be the automorphism of P,'<i> which is not the identity. 
Then the trace and norm of a e P are T{ot) = a -h a, N{a.) = ad 
and we have — 7'(a)a + N{a) = 0 for any a c P. We shall 
show that p{oi) = p{N{a)y‘^ defines a valuation of P. If a c 4>, 
N{ot) = ot^. This implies that the mapping p defined on P is an 
extension of the p which is given on 4>. We evidently have ^(a) = 
0 only if a = 0 and the multiplicative property of the norm implies 
that p(a0) = p(a)p{0). Hence all one needs to show is: p{a + 0) 
< p{a) 4 - p{0). This will follow if we can show that p(a + 1) < 
via) 4 - 1; for, pia 0) < ^ia) 4- •p(0) is clear if d = 0, and if 
^3 7 *^ 0 , then 

p{a 0) = p{{a0~^ 4" 1)^) = via0~' 4- l)sc’(d)' 

Hence, if p(a0~' 4 - 1) < pia0~') 4* 1, then 

pia 0) < ipia0~^) 4- 1)^0) =" ivia)pi0)~^ 4- l)<p(0) 

= pia) 4- ^C^). 

Now p(a 4 - 1) < pia) 4 - 1 holds if a c <I> so we suppose that 
a ^ 4>. Then P = <I»(a) and x^ — ^(a)^ 4- Nia) is the min- 
imum polynomial of a and Nia + 1) = (« 4- 1)(« 4- 1) = o^o: 
4- a 4- d 4- 1 = A^(a)- 4* 7’(a) 4- I- Hence p{a 4- 1) < sp(a) 
4“ 1 is equivalent to pia 4- 1)^ < via)^ 4- 2pia) 4- 1 and to 

(39) ^(1 4 - r(a) 4- Nia)) < 1 4- 2piNia))^^ 4- <piNia)). 

If we use the addition property of ^ in 4> it is clear that (39) will 
hold if ^(^(a)) < 2piNia))'^. Hence we suppose that pi'fia)) 
> 2p{Nia))^\ or piTia))^ > 4piNia)). We write « = ^(a), 
l> ~ Nid)^ so we are assuming pia)"^ > ^pib). We shall show 
that this implies that a e which will contradict our assumption. 
Hence'the proof will be completed by proving 

Le mma 3 . ^ be a field which is complete relative to a real 

valuation p and let — ax b = 0 be an equation with coefficients 
b in 4> such that pia)^ > 4pib). Then the equation has roots in <I>. 
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Proof. A non-zero root a of this equation will be a root of 
fx a — bot~^. We shall obtain such a root as a limit of a 
sequence {«„} where an is defined recursively by a\ — \a^ = 

a — ban~^. We show first that no </„ = 0 so the definition works 
for all n. We have — \fp{a) > 0 and we may suppose that 

Then 

p(an+i) = <p{a — ban~') > ip(a) — <p(b)(p(an)~^ 

> — 2ip{b)(p{a)~' 

> <pia) — i(p(ay<p(a)~^ = iip(a). 

Hence ip(an) > \<p{a) > 0 holds for all « = 1, 2, 3, • • • and every 
an 9^ 0. Now we have tfn +2 — + l + I “ ^n); 

and ip{an+\)~^<p{an)~^ < hence 


(40) 


*p{^n+2 




4y(^) 

<p{aY 





If we set r = Atp{b) / tp{a)^ we have 0 < r < 1 and we may iterate 
(40) to obtain v ?(^„+2 ■“ <^n+i) < where r = ^(^2 ~ ^i)* This 
inequality implies easily that \an\ is a Cauchy sequence. Hence 
a = lim an exists and since *p{an) > Iv’C^) >0, a ^ 0. Hence 
the recursion formula an+i = a — ban~^ gives a = a -- ba^^ so 
— aa b = 0. 

We are now ready to prove 

Theorem 16 (Ostrowski). The only fields which are complete 
relative to a real archimedean valuation are the field of real numbers 
and the field of complex numbers. 

Proof. Let «J> be complete relative to the archimedean valua- 
tion ip. Then ^ is of characteristic 0 and so it contains the ra- 
tionals. Since any real archimedean valuation of the rationals is 
equivalent to the absolute value valuation and is complete, it is 
clear that 4> contains the field of real numbers. If contains an 
element i such that = — 1, then 4> contains the field C of com- 
plex numbers. Otherwise, we adjoin i to 4> and obtain <!»(/) which 
contains C. By Lemma 2, *p can be extended to a real valuation 
of 4»(/). Also we have seen that <!>(;) is complete. The theorem 
will therefore follow if we can show that, if ^ is complete with 
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respect to an archimedean valuation and 4> 3 C, then 4> = C. 
Since the restriction of (f> to the real subfield (the completion of 
the rationals) is equivalent to the absolute value valuation, 
Theorem 15 shows that is equivalent to the absolute value 
valuation on C. 

Now suppose 3 C and let a c f C. Let r — inf ^(a — c) 
for c c C. Then we claim that there exists a Co e C such that 
<p(oc — Co) = r. First, it is clear that r = inf v?(a — c) for all c 
such that ip{a — c) < r + 1 and, if c\ and are two complex 
numbers satisfying <p(a ^ Ci) < r 1, ^ C 2 ) < r 4- 1, then 

•pici — C 2 ) < 2r 4* 2. Hence the c satisfying <fi{a — c) < r + 1 
form a closed and bounded set in C. Since ip(a — r) is a con- 
tinuous function of c it is clear that there exists a Cq such that 
ipia — Co) = r. Since a ^ C we have r > 0. If we replace a by 
a — Co we may assume that Co = 0. Then we have <p{a) = r > 0 
and <p(a ~ c) > r for every c c C. We shall now show that we 
have <p{a — c) = r for every complex c with <p(c) < r. To see 
this we let n be any positive integer and we consider a" — c" = 
(a — c)(c»: — €c) • • • (a — where « is a primitive «-th root 

of 1 contained in C. Then 

ip{oc — c)ip{<x — tc) ■ ' ■ *fi{a — €’*“V) 

= - c") < v?(a)'’ + <p{c)^. 

Since ^(a — <*c) > r, we obtain 

Hence 

<f(<x -c) < r(l +(^) )> 


SO if *p{c) < r, then lim 



= 1 gives the asserted re- 


lation ■<p{oc — c) = r. We can now replace a by a — c for any c 
such that v?(c) < r and we obtain tfi{<x — 2c) = r. If we repeat 
this process we obtain ^(a — «c) = r for all w = 1 , 2, • • • and all c 
such that <fi{c) < r. This amounts to saying that ^(a — c) = r if 
(p(c) < nr and, since n is arbitrary, we have ~ c) = r for all 
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c e C. Then if r i, C 2 e C, (p(ci — C 2 ) < <p{oc — Ci) + tp(a — ^ 2 ) = 
2r which is absurd since <p is equivalent to the absolute value 
valuation on C. Thus we must have C = ^ and the theorem is 
proved. 

The extension theorem for valuations for complete helds relative 
to an archimedean valuation becomes trivial in view of Ostrowski’s 
theorem. If is complete relative to an archimedean valuation, 
then is either the reals or the complexes. In the first case, the 
only finite dimensional extensions are ^ and the field of complex 
numbers. In the second, the only possibility is In all cases the 
extension theorem is clear. If we combine this with the earlier 
results we obtain the following 

Theorem 17. IJ ^ is complete relative to a real valuation tp and P 
is a finite dimensional extension of then the valuation can be ex- 
tended in one and only one way to P. The extension is given by the 
formula (38). Moreover., P is complete relative to its valuation. 

15. Extension of real valuations to finite dimensional extension 
fields. We now take up the problem of determining all the ex- 
tensions of a real valuation defined in a field to a finite dimen- 
sional extension field P/4>. The case in which 4> is complete has 
been treated in the last section. We shall use the result obtained 
there to treat the general case. Let ^ be the completion of <!> rela- 
tive to <p and denote the valuation in $ which extends that in p 
by Now suppose (E, s, t) is a field composite of P/4> and 
E is a field over ‘J>, s and t are isomorphisms of P/<^ and 
respectively into E/4>, and E is generated by P* and Since 
[P:4>j = « < 00 we have [E:^*] < « < 00 . The valuation ^ in ^ 
can be transferred to by defining = ^(d)> a e Clearly 

ipt coincides with p on Since $ is complete relative to it is 
clear that^' is complete relative to Since E is a finite dimen- 
sional extension of$*, the real valuation ipt has a unique extension 
to a real valuation ^ on E. Let be the restriction of ^ to the 
subfield P* and transfer to P by ^(p) = \£'«(p*). Then it is clear 
that ^ is a real valuation on P which extends p. 

Thus we have a process for associating with every composite 
(E, s, t) of P and ^ a real valuation ^ on P which extends <p. We 
shall show that this correspondence between the composites and 
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the extensions of the valuations is 1 -1 and surjective, if we identify 
equivalent composites. First, suppose the two comp>osites 
(El, Sly /|) and (E2, J21 ^2) of P 4> and 4 > are equivalent. Then 
we have an isomorphism u of Ei/4> onto E2/‘f’ such that 3'*“ = 
5'% 5 e ^ and p*‘“ = p"*, p e P. P'or the valuations on and 
we have ‘p(i(a'*) = ^(5) = Hence = .-,,(5''). 

Let and ^2 he the valuations of Ei and E2 respectively, which 
extend and Now i?2'(7i“) = 7i ^ Ei, defines a real 

valuation on E2 such that for ^'*) we have = 

Thus 1^2' is an extension of the 
valuation on Since is complete, this extension is unique 
and so it coincides with ^^2- Hence we have i?j(7i) = ^2(71“) for 
every 7, e Ei. This implies that the restrictions i/',, and to 
P*> and satisfy »A.,(p*‘) = = '/'.dp'*). Hence the cor- 

responding valuations and ^2 on P satisfy iAi(p) = ^*,{p*‘) = 

^•,(p**) - ^2(p). Thus equivalent composites give the same val- 
uation. 

Conversely, assume ^i(p) = ^2(p) for the valuations ^1, ^2 of P 
determined by the composites (E,,ji,/i) and (E2, J2> ^s)- Then 
we have^„{p*‘) = ^„(p**), p eP. Next we observe that E„ ; = 1,2, 
is the closure of P'' in the topology defined by the valuation in E,. 
Clearly, this closure contains and P'S hence E,, since this field 
is generated by $'■ and P\ It is now clear that E. is a completion 
of P'* relative to the valuation in the sense of Definition 5. 
Consequently, by Theorem 6, the isomorphism p*' — > p*’ of P'‘ 
onto P*» has a unique extension to an isometric isomorphism u of 
El onto E2. We have ^1(71) = ^2(71“) for the valuations of E, 
and p*'“ = p'y Since is the closure of in E, and since u is the 
identity on 4>, it is clear that u maps onto Hence the re- 
striction of u to $*' is an isometric isomorphism which is the 
identity on 0. On the other hand, the mapping a'* — > a'* has 
these same properties since ^,,(5'*) = ^(5) = («'*)• Hence by 

Theorem 6, 3*' — > s'* coincides with the mapping u. Hence we 
have 3'*“ = s'* and so (Ei,Ji,/|) and (E2, /2) ^2) are equivalent. 

It remains to show that every valuation ^ on P which is an ex- 
tension of tp can be obtained from a composite in the manner 
indicated. To see this we let E be the completion of P relative to 
^ and let s denote the canonical imbedding (isomorphism) of P 
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into E. Now we have an isomorphism t of the completion $ into 
the closure of in E. The subfield of E generated by and P* 
is a finite dimensional extension of so it is complete relative to 
the valuation obtained from E. It follows that this coincides 
with E, Hence we have a composite (E, r, t) and one checks that 
the valuation of P obtained from this composite is the given 
valuation i/'. We can now state the following 

Theorem 18. Let Y be a finite dimensional extension field of a 
Held with a real valuation <snd let $ be the completion of <!>. Then 
the extensions of to valuations ^ in P are in 1-1 correspondence 
with the equivalence classes of composites (E, i, /) of and 

In § 1.16 we have established a 1-1 correspondence between the 
equivalence classes of composites (E, J, /) and the maximal ideals 
of the algebra ^ (S>^ P. We have seen that, if 3 is a maximal ideal 
in $ 0 P, then this determines a composite whose field is E = 
($ <S> P) ^3* Distinct 3 give inequivalent composites and every 
composite is equivalent to one obtained from a maximal ideal 3* 
We have seen also that the number of maximal ideals is finite and, 
if 3i) 32> • • •> 3^ are the distinct maximal ideals in $ ® P and 
JK = n 3;, then ($ ® P)/3i - Ei 0 E 2 ©- --eEA where Ey ^ 
($ ® P)/3>* The field Ey is the completion of P relative to a . 
valuation i/'y. We shall call [Ey:^] = «y the local dimensionality of 
P determined by ^y. Then we have 

2«y = [(^ ® P):$] - [9e:$] 

(41) = [P:<E»] - [M:$] 

= M — [9?:$] < w. 

Moreover, Z?/y = « if and only if SR = 0. Since ^ ® P can be 
considered a finite dimensional algebra over VII of the Intro- 
duction implies that ($ ® P)/3 is a field if and only if it is an 
integral domain. Hence 3 is maximal in ® P) if and only if 3 
is prime. Hence, by Theorem 12, D 3y ^ i® radical of the 
algebra 'J ® P, that is, 3f is the set of nilpotent elements of $ ® P 
and = 0 if and only if $ ® P has no non-zero nilpotent ele- 
ments. If P is separable over ^ we have ^ P = Ei 0 E 2 
©• • -0 Ea where the Ey/^ are fields which can be determined ex- 
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plicitly from the minimum polynomial f{x) of a primitive element 
0 of P over 4> (§ 1.16). Since a direct sum of fields contains no 
non-zero nilpotents, it is clear that $ ( 8 > P has zero radical if P is 
separable over 4>. Consequently, the formula C41) becomes 

(42) n = "Lfij 

in this case. 

EXERCISE 

1. Determine the number of extensions of the p-adic valuation of the rationals 
to the cyclotomic field of S-th roots of 1 for p «=» 3, 5, 1 1. 

16. Ramification index and residue degree. Let be a field 
with a non-trivial non-archimedean real valuation and let 7 
be the value group, o/p the residue field of 4> relative to (§ 5 ). 
Suppose P is a finite dimensional extension field, yp an extension of 
the valuation ^ to P, P the corresponding value group, C the 
residue field of P. Since O and V' are the sets of elements p satis- 
fying ypip) < 1, Pip) < 1 respectively it is clear that 0 C r and 
p = 0 n 'll. Hence we can identify the residue field 0 p with the 
subfield (0 + 1J)/U of the residue field C/'U. In this wav we can 
consider the dimensionality [O/llio/p] = /which we shall call the 
residue degree of the valuation p of the extension P <t>. It is clear 
also that the value group 7 is a subgroup of P and we shall call the 
index ^ of 7 in P the ramification index of If p r P then we can 
multiply p by a suitable non-zero element of p to obtain an 
element of 11 . Hence we can choose elements of 'll as representa- 
tives of the cosets of 7 in P. Both the residue degree and the 
ramification index*are infinite and, in fact, we have 

Lemma 1. ej < n - (P:4>1. 

Proof. Let pi, P 2 , • • •, p/, be elements of O which are linearly 
independent over (0 + 11 )/ 11 . Thus if a,- are elements of 0 and 
2a.p, z then every a* e p. Let ri, tt*, ■ • ■ , n,, be elements of H 
such that the cosets ^(iri) 7 , • ■ ^(tc ,)7 are distinct in P ' 7 . We 

assert that the Ci/i elements piWj are 4>-independent. Phus sup- 
pose XotijPiTTj = 0 where the a,, z 4>. We shall show first that, if 
the a. e ^ and Da^p. ^ 0, then ^(Sa^p.) cy. If 2a.p. ^ (), then 
some a, 9 ^ 0 and we may assume that 0 9 ^ p{cti) > ^(a,). Phen 
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if — aiOCi~^, ^(/3») < Ij SO is in the valuation ring o of <p. We 
have 2a, p,- = ai(2/3,p,). Also ^(2^,p,) < 1 and since /3i = 1 and 
the 0i e Oy it is clear that ^(2j9,p,) < 1 would contradict the 
linear independence of the p,- over (o + Hence we see that 

l^(2/3,p,) = 1 and so iA(2a,p,) = ^(ai)(^(2^,Pi)) = ^(aj e -y. We 
now return to our relation 2a,yp,^y = 0, a,y e <i>. Assume there 
exists a j so that ^(2a,yp,) 0. Then we have distinct j, say 

j = 1, 2, so that ^(2a,tp,^i) = ^(2a,2p,7r2) 0 (ex. 2, § 1). Then 

^(2a,ip,)^(7ri) = ^(2a,-2p,)^(T2) 5^ 0 and the cosets = 

y^(^ 2 ) hy the result we have proved. This contradicts the choice 
of the tt's. Hence we see that we must have ^(2a,yp,) = 0 or 
2a, yp, = 0 for every j. The argument used before based on the 
linear independence over (0 -f of the p,- now implies that 

every a,y = 0. This proves our assertion that the eifi elements 
p.TTy are <I>-independent. Hence <’1/1 < n. Evidently the defini- 
tions of €1 and /i now imply that ef < n. 

Lemma 2, ej — n iJ *p is discrete and 4> is complete relative to <p. 

Proof. Since if is discrete the valuation ^ in P is discrete. 
Moreover, P is complete. The groups 7 and P are cyclic and P/y 
is cyclic ol order Let tt and /3 be elements of ^ and p respec- 
tively such that v^(7r) and are maximal. Any non- 

zero element of P has the form €7r^‘ where \p{e) = 1 and k ~ 0, 
zfcl, ±2, • • •. Hence ^(tt) is a generator of P. If 0 = tjtt*' where 

«/'(»/) = 1 and e' > 0 since id c p C then c 7 so is divis- 
ible by the order e of the coset yl/{ir)y. On the other hand, = 

i^(7r') = for some /3' e p and 0' — fd* where rp{^) = 1. 

Hence Hence e = e'k. It 

follows that k — 1, e' = <f, and so we have the relation 0 = pw®, 
rpirf) — 1 , r the order of P 7. Let pi, po, • • • , p/ be elements of O 
such that the cosets p,- + '1? form a basis for the field O/'i? over the 
subfield (0 4- iV)/';]? ^o/p. We shall show that the elements 
PiTr\ 1 < ; </, 0 < J < e — 1 form a basis for P over 4>. Since 

4'My is of order <?, ^(1), • • •, are in distinct cosets 

relative to 7; hence the proof of Lemma 1 shows that the elements 
piTT-* are 'I’-independent. It remains to show that every element of 
P is a ^-linear combination of these elements and we shall show 
first that every element of O is a linear combination with co- 
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efficients in o of the elements p.tt^ Let vvC. Then — 

for some > 0. We can write k = m^e + y, where > 

0, 0 <>1 < f - 1. Then so p = 

satisfies p{tx) = 1. The definition of the p, shows that there exist 

/ 

elements ai,- e o such that p — Then p^Zaup,) 

\ 

= P{p) = 1 and, if vi = /3"’‘t^'(p — Sai.Pi), then p(vi) < p(v). 
We have 

(43) v = 0”“7r>*p = /3'"'7r^‘(2a,.p.) T v,. 

We may repeat this argument with t'j and obtain a sequence 
V 2 i ‘ ' such that 

(44) v*_, = /3"“7r^‘(2a*.p,) + t'l- 

where the a*,- e o, ot* >0, 0 <jk < e — I, (/'(2ai,,p,) = 1 and 
P{vk) < p{vk-i). Then (44) implies that ^(i't_i) = ^(0'"*n-'*). It 
follows that Pk 0, /3”*‘ — » 0, and (2«j ,p,)d"** — » 0. I he last 
implies that every infinite series whose terms term a subse- 
quence of the sequence (2afc,p,)|3"'*, /: = 1, 2, • • converges. 

By (43) and (44) we have 

(45) = /3'”'7r>'(2a,,P.) + /3'"‘7r^K2:rt2.P.) H 

H- ^'"*7i^‘(2«*.Pd + 

Since — » 0 and the coefficients of the various powers ir’, 0 < 
j < e ~ 1 , in (45) converge, we obtain from (45) that p = 2/5,;p,-7r^, 
0 <y < ^ — 1, where 0,; e o. Now let p be any element of P. 
Then we can find a power of 0 so that p0~‘‘ e O. Then we obtain 
p — ^*(2/9, /p,V) where /3„ e o so every element of P is a 4>-linear 
combination of the p,V. 

We can now prove 

Theorem 19. Lf/ ^ be a field with a non-archimedean real valua- 
tion. Let V be a finite dimensional extension field oj 4>, i/'i, p 2 y • • • , 
ph the different valuations of P which extend *p and let fi be the 
ramification index and residue degree of P/4> relative to pi. Then 

lleifi < « = [P:4*I 


(46) 



(47) E lifi = « 

1 


holds if P is separable over ^ and tp is discrete. 

4 

Proof. Let E* be the completion of P relative to Then for $ 
the completion of ^ and — [E, :^] we have < n and = 
n for P separable over Also we have seen in § 5 that E»- and P 
have the same value group relative to and ^ and ^ have the 
same value group relative to <p. Hence the ramification index ei of 
P over <!» relative to is the same as that of E, over Similarly, 
§ 5 and the definitions show that the residue degree /»■ of P/^ 
relative to \f/i is the same as that of E/^. By Lemmas 1 and 2 we 
have ei/i < nt and ^»/, = w,- if the valuation is discrete. Hence 
2^,/, < Swi < « in every case and = Sw* = « if P/$ is 

separable and <p is discrete. 

EXERCISE 

1 . Detenninc the residue d^rees and ramification indices in the cases given in 
ex. 1 of § 15. 
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In this chapter we shall consider the theory of formally real 
Belds which is due to Artin and Schreier. A basic algebraic 
property of the field of real numbers is that the only relations of 
the form = 0 which can hold in this field are the trivial ones: 
0^ + 0^ -h • ■ ■ + 0^ = 0. This observation led Artin and Schreier 
to call any field having this property formally real. Any such 
field can be ordered and, on the other hand, any ordered field is 
formally real. Of central interest in the theory are the real closed 
fields, which are the formally real fields maximal under algebraic 
extension. A real closed field has a unique ordering which can 
be specified by the requirement that a > 0 in such a field if and 
only if a = ^ 0. Also, if P is real closed, then P{\/ — 1) is 

algebraically closed. Any formally real field can be imbedded in 
a real closed field which is algebraic over the given field. More- 
over, if the original field is ordered, then the imbedding can be 
made so that the (unique) ordering in the real closed algebraic 
extension is an extension of that of the given field. Such a real 
closed extension of an ordered field is essentially unique and is 
called the real closure of the ordered field. 

The classical application of the Artin-Schreier theory is to the 
problem of determining which elements of a field are representable 
as sums of squares of elements of the field. For finite algebraic 
extensions of the rationals this has a simple answer which is due 
to Hilbert and to Landau (Th. 11). The theory of formally real 
fields led Artin to the solution of Hilbert’s problem on the resolu- 
tion of positive definite rational functions as sums of squares. 
We shall give a proof of Artin’s theorem (Th. 12). 
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The most important development of the theory of formally real 
fields subsequent to the original work of Artin and Schreier is the 
metamathematical principle due to Tarski which asserts that any 
elementary statement of algebra which is valid for one real closed 
field is valid for every real closed field. This is based on an algo- 
rithm for deciding the solvability in a real closed field of a finite 
system of polynomial equations and inequalities with rational 
coefficients. Such a decision method was given originally by 
Tarski. We shall give an alternative one due to Seidenberg. 

In the last section we shall establish the Artin-Schreier charac- 
terization of real closed fields as the fields which are not alge- 
braically closed but are of finite co-dimension in algebraically 
closed fields. 

1. Ordered fields and formally real fields. We have defined 
ordered groups in the last chapter (§ 5.7). In a similar manner 
one has the following 

Definition 1. ordered field 4> is a field ^ together with a subset 
P {the set of positive elements) of^ such that: (1 ) 0 t? Z’, (2) If a 
then either a c /*, a = 0, or —atPy (3) P is closed under addition 
and ?nultiplication. 

Since any field contains more than one element, it is clear that 
the subset P is not vacuous. If N denotes the set | —a\a e p\, 
then f2) stares that <1> = P U jO} U iX. Moreover, it is clear 
from (1) tliat P r\ \0\ = 0 and N (1 {01 = 0. Also P V\ N = 
0 since, M a c P 0 /V, then —a t P r\ N and so 0 = a + ( — a) e 
P contrary to (1). Hence the decomposition <t> = /* U {0} U N 
is one into non-overlapping sets. It is clear that N is closed 
under addition since ( — a) + { — &) = — (a + /3) c if or, e 
On the other hand, ( — «)( — d) = ad r P if —a, — d e M 

We can introduce a partial ordering in the ordered field ^ (or 
more precisely 4>, P) by defining a>d if a — deP. 7’hen if 
a, d are any two elements of 4>, we have the trichotomy: one and 
only one ot the relations a>d>« = d, d>« holds. Thus is 
linearly ordered by the relation a > d* If a > d, then a + 7 > 
d + 7 and a5 > d5 if 6 > 0. Conversely, we can define an ordered 
field bv means of a linear ordering > such that a > d implies 
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a H- 7 > /3 + 7 and a6 > /35 if 6 > 0, Let P denote the set of 
elements a > 0. Then it is immediate that <t», P is an ordered 
field in the original sense and that the relation > defined by <1>, P 
is the given ordering relation. 

As usual, it is convenient to write ct < ^ for > a. The 
elementary properties of the ordering in the field of real numbers 
are readily established. We list some of these: a > 0 implies 
> 0 and a > /3 > 0 implies >0. If a > then 

— a < and, if a > ^ and 7 > 5, then a + 7 > -f- 5. .As 

usual, one defines |a| = a if a > 0 and |a| = —a if a < 0, and 
one proves that \a + 0\ <|atI-l-|/3[ and [ 1 = \a I l/i|- 

If is a subfield of an ordered field <t>, Py then 'i*' is ordered 
relative to /*' = ‘t' D P. We shall call this the induced ordering 
in <f>'. Evidently a! > /3' in 4>', P‘ if and only if <x > fi' in 4>, P. 
If P and P' are any two ordered fields, then an isomorphism 
j of ^ into is called an order isomorphism (or an isomorphism 
of the ordered fields) if P* c P\ This implies that .V* Q .V', the 
set of negatives of the elements of P' and, if s is surjective, then 
P- = P' and vV- = N'. 

In any ordered field 4>, a 7^ 0 implies od > 0. Hence if ai, a2, 
•••,ar are ^0, then > 0. This shows that any ordered 

field is formally real in the sense of the following 

Definition 2. A field 4* is called formally real if the only relations 

r 

of the form ^ ad ~ 0 in ^ are those for which every a, = 0. 

1 

It is immediate that 4> is formally real if and only if —1 is nor 
a sum of squares of elements of 4>. If the characteristic of 4> is 
p ^ Oy then 0 = l^ + l'4*--l-l^(/> terms); hence it is clear 
that formally real fields are necessarily of characteristic 0. 

In any field 4> let denote the subset of elements which are 

sums of squares. Evidently 2^(<l>) contains 0 and is closed under 
addition and multiplication. Moreover, we have seen that 4> is 
formally real if and only if — I y 2J(<J»). If d 9^ 0 is in then 

/3~* c2(^); for, we have fi — Il^id and so = 

We note also that, it 4» is not formally real and not of 
characteristic two, then 2(4>} = 4>; for, — 1 r 2(4>) and, if a is any 
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element of then 

e 2(<i>) since 2(‘i>) is closed under addition and multiplication. It 
will be useful to state these results on 2(‘l>) in the following 

Lemma. Let ^ be a field and let 2(^>) be the subset of ^ of elements 
which are sums of squares. Then 2(4>) is closed under addition and 
multiplication and contains for every 0^0 in 2(<I>). If^ is not 
formally real and not of characteristic two^ then 2(4») = «i>. 


EXERCISES 

1. Show that the field of rational numbers can be ordered in one and only one 
way. 

2. Show that the field Rd.y/'l) where /?o is the field of rational numbers has 
exactly two distinct orderings. 

3. Let ^ be an ordered field, fix) = x" + oix""* a polynomial 

with coefficients in Let A/ = max (I, [ail + [aej + • • • + |anf). Show that 
every root of/(x) in 4> is contained in the interval — M < x < M. 

4. Show that any purely transcendental extension of a formally real field is 
formally real. 

5. Let Ro be the rationals and let 4> = /?o($) where ^ is transcendental. Show 
that has a non-countable number of distinct orderings. 

6. Let be a formally real field and let denote the set of w X « sym- 

metric matrices with entries in Show that ©(<!>«) is formally real in the sense 
that = 0, € ^(^n) implies that every di = 0. 

7. Let (x,^) be a symmetric bilinear form on an n dimensional vector space 9?? 

over 4» where <i> is an ordered field. Let |/3i,/S2, be a diagonal matrix for 

(x,jv). Prove the following extension of Sylvester’s theorem (Vol. II, p. 156): 
The number of positive /3i is an invariant of (x,_y). 

8. .An ordered field is called archimedean if, given any a > 0, > 0, there 

exists an integer n such that net > 3 (equivalently, given a > 0, there exists an 
integer n such that ;; > a). Let P be an ordered field, a subfield with the in- 
duced ordering. Show that P is archimedean if: 1) is archimedean and 2) 
(P:4>) < w. (Hint: L^se ex. 3.) 

9. Prove ’that any archimedean ordered field is order isomorphic to a sub- 
field of the field R of real numbers (cf. Th. 5.8). 

10. (Cohn). Let ^ be ordered with P as the set of positive elements. Show 

that I transcendental over <I> can be ordered by choosing as set of posi- 
tive elements those elements which have the form where ^ e P and/ and ^ 

are polynomials in $ with constant term 1. Show that 4>(^) is not archimedean 
ordered. 

1 1 . (Cohn). Let ‘I* he ordered and let $, r) be algebraically independent over 
in 4>(f, Tj). Order as in ex. 10 and then repeat the process for 4‘(f, tj) con- 
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sidering this as the purely transcendental extension 4>(^)(»j) of Show that 

every element of is majorized by an element of 4 >(tj) but that there exists 

no element of ^(rt) between $ and 

12. Let P be an ordered field, 4> a subfield. Let p be the set of elements 0 of,P 
such that 10 < ja) for every a 5 ^ 0 in and let 0 — {7 e P|7P C p}. Show 
that 0 is a va uation ring in P containing and that p is the idea! of non-units of 
0 . Show that the residue field 0 , p can be ordered by defining 7 + p > 0 if 
7 p and 7 > 0 in P. Show that o 'p is an extension of (identified with 
(4> + p)/p) which is an archimedean extension of in the sense that every interval 
(a, A)y a, t o/p, contains an element of 4>. 

2. Real closed fields. The deeper properties of formally real 
fields concern real closed fields which are defined as follows. 

Definition 3. field is called real closed ij is formally real 
and no proper algebraic extension of <l> is formally real. 

We shall show first that any real closed field can be ordered in 
one and only one way. This is an easy consequence of the following 

Theorem 1. If ^ is real closed y then any element of 4> is either a 
square or the negative of a square. 

Proof. Let <x be an element of <t> which is not a square. Then 
we can construct the proper algebraic extension Q = 4>(\/a). 
This field is not formally real, so there exist 0,, 7, not all 0 in 4> 
such that 2(0,- + 7.A/a)^_= 0. This gives 2(0,^ + 7.^«) + 
2(20,-7,)\/a = 0, Since \/a ^ we have 220,^, = 0 and 20,^ + 
cc 27,^ = 0. Since 4* is formally real, 27,^ 0. Then — a = 

(20,^)(27 ,*) Using the properties of the set 2(4») of sums of 
squares stated in the lemma of § I, it follows that — a r 2(<>). 
Since —1 ^2(4») by the formal reality of 4> this implies that 
Qf^2(4>). Thus we have shown that, if an element of 'i> is not a 
square, then it is not a sum of squares. In other words, ifa c 2(4>), 
then a is a square. Moreover, we have seen that, if a is not a 
square, then —a e 2(<1>) and this now implies that —a is a square. 
This is what we wished to show. 

We can now prove 

Theorem 2. Any real closed field can be ordered in one and only 
one way. Any automorphism of such a field is an order isomorphism. 

Proof. Let P be the subset of non-zero squares in the real 
closed field Then ^ i P and, if a 0 and oi t Py then —a e P 
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by Theorem 1. If a = 0“ and y = 5^ c P, then a y e P. Other- 
wise, a + 7 = — where e e <l>. This gives /3“ + 5^ + = 0 
contrary to the formal reality of <I>. Hence we see that the sub- 
set P satisfies the conditions 1, 2, 3 for an ordered field and <!>, P 
is such a field. Let P' be any subset of 4> which gives an ordering. 
If a e P, a = 7^ 0. Then a > 0 in the ordering given by P'. 

Hence P' 3 P. This implies that P' = P so the ordering in 4» 
is uniquely determined. If s is an automorphism of <I>, then it is 
clear that s maps the set P of non-zero squares into itself. Hence 
s is an order isomorphism of 4>. 

The question of the existence of real closed fields is easily 
settled. In fact, we have the following 

Theorem 3. Le/ ^ he a formally real field and let be an algebraic 
closure of Then contains a real closed field A containing^. 

Proof. We consider the collection of formally real subfields of 
n containing 4>, This collection is not vacuous since it contains 4>. 
Moreover, it is clear that the collection is inductive, so, by Zorn’s 
lemma, it contains a maximal element A. If A is not real closed, 
then it has a proper algebraic extension A' which is formally real. 
Since 12 is algebraically closed, we may suppose that A' C 12 
(ex. 1, p. 147). This contradicts the maximality of A in 12. Hence 
A is real closed. 

Evidently Theorems 2 and 3 and the existence of an algebraic 
closure for any field imply the following corollaries. 

Corollary 1. Any formally real field can be imbedded in a real 
closed field which is algebraic over the given field. 

Corollary 2. Any formally real field can be ordered. 

If is real closed, then — 1 is not a square in •f* so — I) 

3 4*. We shall show that4>(\/— 1) is algebraically closed and we 
shall see that this property is characteristic of real closed fields. 
For this purpose we prove first the following result. 

Theorem 4. If 4> is real closed^ then every polynomial of odd 
degree with coefficients in 4> has a root belonging to 4*. 

Proof. The result is clear for polynomials of degree 1 and we 
use induction on the degree n of /(.v). If f{x) is reducible, one of 
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its factors is of odd degree so it has a root in Hence we may 
assume /{x) is irreducible. Let A = 4>(0) where /{&) = 0. Then 
A ZJ <l>. so A is not formally real. Hence we have a relation 

y • 

= — 1 where >s a polynomial in x of degree <n — 1. 
The relation indicated implies that = — 1 + /{x)g{x). 

The leading coefficient of 2^,(Ar)^ is positive in the ordering in 4> 
and the degree of this polynomial is even and <2{n — 1). It 
follows that deg^(x-) is odd and <2(w — 1) — w = ;/ — 2. 
Hence there exists a /3 r<J> such that = 0. Substituting this 
0 in the relation = — 1 + /{x)g{x) gives 2^, (#3)^ = — 1 

contrary to the formal reality of 4>. 

We shall prove next the following generalization to real closed 
fields of the so-called fundamental theorem of algebra. The proof 
is patterned rather closely after one of Gauss’ proofs of the classical 
result. 

Theorem 5. Let <i> be an ordered field such that: (1) positive ele- 
ments in ^ have square roots in <f>, (2) any polynomial of odd degree 
with coefficients in has a root in <I>. Then 1 ^ 4> and 1) 
is algebraically closed. 

Proof. Since <I> is real, it is clear that "s/ — 1 Consider 

4>(\/— 1) 3 Let p ^ p be the automorphism of <t(V^— 1) 
over ^ such that i = —i for / = \/— 1. If /{x) e 4>(v^ — l)[x^J, 
then /{x)/(x) e4>(x), and if this has a root in ^{\/ —1), then /(x) 
has a root in 4>(V^ — 1). Hence the algebraic closure of 1) 

will follow if we can show that every non-constant polynomial with 
coefficients in 4> has a root in —1). This holds by (2) if the 
degree of the polynomial is odd. We show next that every ele- 
ment of^(\/^i) has a square root in this field. First, if ae‘f> 
and a > 0, then, by (1), a = Next if a e 4> and a < 0, 

the^^ —a — and a = {y/ —1)^0^. Now let p = a + /3/, i = 
y/—l, a, ^ in 4>, /3 5^ 0. Consider the element ^ + tj/, ij in 4>. 
We have (« + mV = 2^i so U + rji^ = a 0i is 

equivalent to 

(1) = a, 2 ^ 1 } = 0 . 

Since 0 ^ 0 we may (by multiplying by a suitable element of <I>) 
assume that /3 = 2, so the second equation becomes {t; = 1. This 
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holds if rj = Then the first equation becomes = a 

or X — — a for X = Then w e have X^ — aX — 1 = 0 

which has t he solut ion (a + d- 4)/2 in since + 4 > 0. 
Also a + H- 4 > 0 since a + oc^ 4 <0 leads t o 4 < 0 . 
Hence there exists a f 0 in <I> such that = ^(a + + 4). 

Then = 1 and = a. Hence | and 

satisfy (1)| with 0 = 2. We have therefore proved that every 
element of 4>('\/ — 1) has a square root in this field. Consequently 
there exists no extension field A of ^(\/ — 1) such that 

fA:4>(A/^l)] = 2. 

We proceed to use this fact to prove that every polynomial of 
positive degree with coefficients in has a root in ^{y/ — 1), Let 
/{x) be such a polynomial and let E be a splitting^field over of 
{x^ 4- l)/(Ar). We may assume that E I). Since the 

the characteristic is 0, E is Galois over<t>. Let G be its Galois group 
and let (G:l) = 2®w where m is odd. By Sylow’s theorem G has 
a subgroup H of order 2*. Let A be the subfield over <i> of //- 
invariants. Then (E:A] = 2* and [A:*^] = m. Since <!> has no 
proper odd dimensional extension field we must have A = 4> and 
m = \. Hence G = // has order 2*. Such a group is solvable. If 
e > 1, it follows e asily from Galois theory that E contains a sub- 
field r ov'er 1; such that {T 1 )] = 2. This con- 

tradicts what we proved before. Hence <? = I, so [E:<i>] = 2 and 
E = <!>(%/ —1). This shows that 4>{\/ —1) is a splitting field of 
(a'“ + 1)/C^) and that /(a-) has a root of<^(\/— 1). Hence 1) 
is algebraically closed. 

If4> is a real closed field, then we have seen that<i> can be ordered 
in exactly one way. The proof of Theorem 2 shows that this 
ordering is obtained by specifying that a > 0 if a = 0\ 0 0. 

Hence we see that every real closed field is ordered and satisfies 
condition (1) of Theorem 5. Theorem 4 shows that every real 
closed field satisfies condition (2) of Theorem 5. Hence we have 
the following 

Corollary. is a real closed fieldy then y/~l and 4>(\/ -^) 

is algebraically closed. 

We shall prove next the converse of this, namely, 
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Theorem 6. If ^ is a field such that \/— 1 e and 4>( \/ — 1 ) is 
algebraically closed.^ then 4> is real closed. 

Proof, Suppose ^ satisfies the conditions. We note first that 
the irreducible polynomials of positive degrees in 4>fA'J have degree 
1 or 2. Let /(a‘) be such a polynomial and let 0 be a root of /{x) 
contained in Q = ^{y/ —1). Then [4>(0):<I>) = deg /{x) and 
< [S2:'J>) = 2. Hence deg /(>r) = 1 or 2 as asserted. Now 
let a, /3 5*^ 0 e 4> and consider the polynomial 

( 2 ) g{x) = — a )2 + /32 = (jf2 _ ^ _ Q, ^ ^/) 

= (x — (a + ^iY'^){x + (a “h 0i)^) • 

{x - {cc- + (a - 

where i = \/— 1. This polynomial belongs to and has no 
linear factors in <J>[Ar] since ia dr 0i ^<l>. Hence ^(x) is a product 
of two irreducible quadratic polynomials. The one divisible by 
a: — (a + pi)^^ cannot be 

(a; — (a + /30^)(-v + (a + — (a + 0i); 

for, this would imply that a + 0i e4>. Hence the polynomial in 
question is either 

(x - (a 0i)^nx - (a - 0iy^) 

or 

(x ~ (a 0iy^)(x + (a - 0i)^). 

Either possibility implies that (a^ -1- 0^) e 4>. Since a and 0 were 
arbitrary non-zero elements of 4>, we have proved that the sum 
of two squares of elements in 4> is a square. Induction shows 
that every sum of squares is a square in 4>. Since — 1 is not a 
square, this implies that — 1 is not a sum of squares in <f> and so ^ 
is formally real. If P is a p rop er algebraic extension of <I>, then 
P is isomorphic to fl = 4>(\/ — 1). Then P is not formally real 
and so 4> is real closed. This completes the proof of Theorem 6. 

The corollary to Theorem 5 and Theorem 6 give the charac- 
terizatio n of real closed fields by the properties that V" — I ^ 4> 
and 4>(\/ — 1) is algebraically closed. We remark also that there 
18 another characterization involved in our discussion, namely, 
an ordered field is real closed if and only if it satisfies conditions 
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(1) and (2) of Theorem 5, that is, positive elements of 4> have 
square roots in and polynomials of odd degree with coefficients in 
^ have roots in «i>. This is easily deduced from our results. We 
derive next the following useful consequence of one of our charac- 
terizations of real closed fields. 

Corollary, If V is a real closed extension field of a field then 
the subfield A of elements of P which are algebraic over ^ is real 
closed. 

Proof. Let O = P(\/ — 1). Then S2 is algebraically closed. 
Hence the subfield P of elements of which are algebraic over 
is algebraically closed. If a + —1, a, e P, is in P, ^en so is 

a — —1. Hence a = ■i-(a + — 1 -f- a — /Sa/ —1) e P. 

Then c P. Since a, e P we see that a, /3 p A. It follows that 
P = A(\/ — 1). Since — 1 g* A, we see that A fulfills the condi- 
tions of Theorem 6. Hence A is a real closed field. 

EXERCISE 

1. Let 12 be .'ilpcbraically closed, form.'illy real. Show that 12 4* contains a 
real closed subfield P 4> such that Q = P( V — 1 )• In particular, show that 
every algebraically c!os^ field of characteristic 0 contains a real closed subficld 
P such that 12 — Pf — I ). 

3. Sturm’s theorem. In this section we shall derive a classical 
result, Sturm’s theorem, which permits us to determine the exact 
number of roots in a real closed field of a polynomial equation 
/(at) = 0. This result is fundamental in the sequel. In deriving 
it 'we shalLfollow rather closely Weber’s exposition in Lehrbuch der 
Algebra (1898), Vol. I, pp. 301 -313. We shall need first the follow- 
ing basic result. 

Lemma. Let ^ be a real closed field and f{x) a polynomial with 
coefficients in Suppose a a7id 0 are elements of 4> such that f{a) 
< 0 while f{^) > 0. Then there exists a y between oc and ^ such 
that /(t) = 0, 

Proof. We recall that the only irreducible polynomials in 4>[x] 
are the linear ones and the quadratic ones. Let ^(a;) = at® -f 
fxx V e 4>(Af] be irreducible. We assert that necessarily — 4>' < 
0. This is clear from the formulas for the roots of a quadratic 
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equation. We can now set 4^ — — 46^ where 6 is a non-zero 

element of 4> and we have 

(3) + /ijf + I' = -h 0 4- 5^. 


Evidently this formula shows that g{ri) > 0 for every rj in 
Now let /( a ;), a, /3 be as in the statement of the theorem. In 
‘I*[Ar] we have the factorization 


( 4 ) fix) = p(x — pi)ix — P 2 ) • ■ • (x — Pk)gi{x) ■ ■ ■ gi(x) 

where is an irreducible quadratic with leading coefficient 1. 
Suppose none of the p. is between a and 0. Then for each i. 
ce — Pi and 0 — Pi have the same sign (both positive or both 
negative). Since > 0 and > 0, 1 < j < /, this implies 
that /(a) and /{0) have the same sign, contrary to hypothesis. 
Hence there is a p, between a and 0. This completes the proof. 

Let4> be a real closed field and let /(x) be a polynomial of posi- 
tive degree with coefficients in 4>. Following Weber, we shall sav 
that a sequence of polynomials 


(5) /o(x) = /{x), /,(.v), • yMx) 


is a Sturm sequence of polynomials for J{x) for the interval 
(that iSy a < X < 0) if the /.( at ) and satisfy the following 

conditions: 


(1) /nix) has no roots in (a, ^1. [ 

('>) /o(a) 0, /o{0) 0. t j 

(iii) If 7 E (a, /3j is a root of /,(x-), 0 < J < j, then 



/j-i(y)/, + i(y) < 0 

(iv) If /(y) = 0, -y c [a, d|, then there exist intervals yi < x < 
y and 7 < a" < 72 such that /o(a‘)/i(a-) < 0 for a: in the 
first of these and /o(A:)/,(jr) >0 for a- in the second. 
(This amounts to saying that /n{x)/,(x) is an increasing 
function of x at x = 7.) 

We shall establish the existence of such sequences for any 
polynomial with distinct roots, but first we shall see how such a 
sequence can be used to determine the number of roots of /{x) in 
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the open interval (a, 0) (that is, a < at < 0). We consider the 
number of variations in sign of the sequence 

/o(«), /i(«), • • •,/»(«) 

of elements of «!>. If 7 = {yi, 72 , • • 7 m| is a finite sequence of 

non-zero elements of 4>, then we define the number of variations in 
sign of 7 to be the number of 1 < i < m — such that 7t'7t+i 
< 0, If 7 = l 7 i, 72 , • • ‘iTml is an arbitrary sequence of ele- 
ments of then we define the number of variations in sign of 7 
to be the number of variations in sign of the abbreviated sequence 
7 ' obtained by dropping the 0*s in 7 . For example, 

[1,0, 0,2, -1,0, 3, 4, -2} 

has three variations in sign. 

We can now state 

Theorem 7. Let J{x) be a polynomial of positive degree with co- 
efficients in a real closed field and let ftfx) = /(x), 

/,(.v) be a Sturm sequence for /(x) for the interval [a, 0]. Then the 
number of distinct roots of /(x) in (a, 0) is where^ in 

general denotes the number of variations in sigJi of the sequence 
{/o(7), /i(7), • ■ •, /.(y)}- 

Proof. The interval [a, 0] is decomposed into subintervals by 
the roots of the polynomials />(x) of the given Sturm sequence. 
Thus we have a sequence a = ao < <xi < • • • < am = 0 such 
that none of the /y(x) has a root in (a,-, Choose a/ e 

(a,_i, a,), 1 < i < m (e.g., or,' = -f a,)) and let be 

the number of variations in sign of the sequence {/,(«/)> J ~ 
0, 1, Evidently, 

^a- + "Z 

1 

so we shall try to compute 

We have /o(a) 0, /o()3) 0, /.(or,) 0, /.(a/) ^ 0. Suppose 

first that no /y(or) = 0, 0 < ^ < j. Then /jfc(«)/fc(aiO > ^ for 
= 0 , • • •, J, since, otherwise, by the lemma, one of the /*(x) has 
a root in (a, or/) contrary to the property of the intervals (or,-, 
Hence we have f^a = f^a,' in the case under consideration. 
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Next let /;•(«) = 0 for some 0 < j < s. Then 
< 0, by (iii). Since and /,(x) have no roots in (a, a,), 

we have />-i(a)/j_,(ai') > 0 and /> + i(a)/y + i(ai') > 0. Hence 
/;_i(ai')/> + i(a/) < 0. It follows that />_|(a), 0, and 

/j-i(ai'), /, + ,(«/) contribute the same number of varia- 

tions of sign to and respectively. Taking into account all 
the^ we see that — ^a.' = 0. similar argument shows that 
^o„' — = 0. Also the same argument shows that, i f 1 < 

* < — 1, is not a root of /{x) = /o(x) then again 

= 0. It remains to consider what happens if /(a,) = 0 for 1 < 
i < m ^ Then, by (iv) and the choice of the a/, we have 
/o(a/)/i(o!i") < 0 and /o(ai + i')/i(a. + /) > 0. Then the se- 
quence /o(«/)) /lie*/) has one variation in sign while the sequence 
/o(«i + i')> /i(a,+i') has none. The argument used before shows 
that — ), /jioc, ), + ) and ), /j(oct , 

have the same number of variations of sign ify > 1. 
Hence we see that = 1 if /(a,) = 0. We have 

therefore shown that - /''a,*,- = 0 or 1 according as /(a,) 
5*^ 0 or /(«,) = 0. Hence 


- ^8 = y. - y.,. + 


m — l 

z 

1 


+ 1\.. - r 




is the number of a, such that /(a,) = 0. 

Now let /{x) be an arbitrary polynomial. We define the 
standard sequence for /(x) by 

/o(-^) = /(^)> I\{x) — J\x) (formal derivative of /(x)), 

/o(-v) = q\{x)Jx{x) — /2(x), deg J2 < deg /, 


(7) /,_i(x) = 7 ,(x)/.(x) - /, + ,(x), deg /. + , < deg /. 


/,_i(x) = q,{x')f,{x). 

Thus the /,(x) are obtained by modifying the Kuclid algt>rithni 
for finding the highest common factor of /(x) and /'(x) in such a 
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way that the last polynomial obtained at each stage is the nega- 
tive of the remainder in the division process. Clearly, /a(x) is 
the highest common factor of /(x) and /'{x) and this is a divisor 
of all the /i{x). Now set gAx) = /t(jf)/»(.v) and consider the 
sequence 

(8) ^o(^), gl{x), ■ -yg,(x). 

We proceed to show that this is a Sturm sequence for for 

any interval [a, / 3 ] such that i'o(a) 0 , gn( 0 ) ^ 0 . Clearly (ii) 
in the definition of Sturm sequences is satisfied. .Also (i) holds 
since = 1 . Dividing the polynomials in ( 7 ) by /six) gives 
the relation 0 < J < s. Suppose 

gjiy) — 0 . Then gj-iiy) ^ 0 and ^>+1^7) 0 , since otherwise 

the relations indicated would imply that all the ^*(7) = 0 from 
a certain point on contrary to ^,(.v) = 1. Thus ^y_i(7)^j + i(7) 

0 and, since ^j_i(7) = gi(y)i/j(y) — gj + iiy) = —gj+i{y)y we have 

^j_i( 7 )^j + i( 7 ) < 0 and (iii) holds. Now suppose that ^0(7) =0for 

7 in for, / 3 ]. Then we have /{x) = (x — 7)'’^(.v), e > 0 , /i{y) ^ 0 
and /'(x) = (x - y)^/i'(x) + e(x - y)^~'/iix). Also /s{x) = (x - 
y)^~'k(x) where X:(7) 0. Hence /i(x) = k(x)/(x) where /{y) ^ 

0 and /i'{x) — ;t(.v)OT(,v). These relations give 

^n(A-) = (^ - y)/{x)y /(y) ^ 0 

.CiGv) = (.V — y)?n{x) + e/(x) 

§0^1(7) = e/(y) 9^ 0 . Now choose an interval [71, 72J containing 
7 in its interior such that /(a-) Oand^i(^) 5^ 0 in (7,, 72]. Then 
the lemma implies that ^i(a-) and l{x) are either both positive or 
both negative in [71, 70] so ^,f.v)/(.v) > 0 in [7,, 72]. Hence 

= (.V — 7 ) 5 'i(-’^)Aa') has the same sign as .v — 7 in [71, 72J 
so < 0 in 7i < A- < 7 and^o('V)^i(A') > 0 in 7 < a' < 72- 

7 his shows that (iv) holds and so (8) is a Sturm sequence for^oW- 
If fix) has no multiple roots, then f{x) and /'{x) have 1 as 
highest common factor. Then the sequence l/o(.v), /i(a-), • • 
/a(.v){ differs from h?oU')) ^ibv), by a non-zero multi- 

plier in 4 ’. Hence the sequence of /.(.v) is a Sturm sequence for 
fix) — fys^x). If fix') has multiple roots, then the standard se- 
quence ( 7 ) will not be a Sturm sequence for an interval contain- 
ing a multiple root. Nevertheless, we can still use the standard 
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sequence to determine the number of distinct roots of fix) in 
(a, 0). This is the content of 

Sturm’s theorem. Let /{x) be any polynomial of positive degree 
with coefficients in a real closed field 4> and let { fydxi = f^x)^ f\ix) = 
f'{>^)y * *'>/•(■*■)! be the standard sequence (7) for f^x), .-issione 
[a, 0] is an interval such that /(a) ^ 0, f{&) 9^ 0. Then the number 
of distinct roots of f{x) in (a, /3) is ^here l\ denotes 

the number of variations in sign of } /o(7)> /i(7)> • • • > /i(t) I • 

Proof. Let ^,(x) = /,(^)/s{^)“* as above. Then apart from 
multiplicities, the polynomials /(>:) and^o('^) have the same roots in 
in (a, /3) (ex. 7, p. 40). Since the sequence { is a Sturm se- 

quence for^o(^), the number of these roots is T»{g) — I'a^g) where 
is the number of variations in sign in 1 ^,( 7 ) j. Since 

fiiy) = gMffy) and /,(a) 0, f,{0) 9^ 0 

it is clear that yfx) ~ l'"a and = Ta- Hence — I'a 

gives the number of distinct roots of f(x) in (q, 0). 

We have seen that the roots of f{x) = x" + + • • • + 

in <i» are in the interval ( — A/, A/] where A/ = max (1, |^i|4- 
\a2\-\- ■ * • 4- I ) (ex. 3, § 1). If we set M = 1 + I ! + ■ ■ • + I , 
then the roots of /(x) in are in ( — m, m)- If/o(-’f) = /(-v), /i(Arj, 

* * •> f»i>t) is the standard sequence (7) for /(.v), then the number 
of roots of f{x) in is L' —u ~ w here l-\ is the number of varia- 
tions in sign in {/o(7), • • •» /s(7)l- This gives a construc- 

tive way of determining the number of roots of f{x) in 4>. Some- 
times it is preferable to use instead of a bound rj which is a 
polynomial in the For this purpose we note that 1 4- af > 
\ai\j so we can take »? = 1 4- 2(1 4- af) = (?/ 4- 1) 4- 2^,". 
Then the roots in 4> lie in ( — »?, »?). 

EXERCISES 

In all of these exercises <t> is a real closed held. 

1. Prove Rollc’s theorem: If /(x) e 'I>(x) has roots a,^ in 4>, a < 0, then there 
exists a 7 in 4 >, o <7 < 0 such that /'( 7 ) = 0 . 

2. Prove the mean value theorem for polynomials: Ifa < 0, then there exists a 
7 , a < 7 < 0 such that/ 0 ) —/(a) = (0 — a)/'( 7 )- 

3. Prove that /(x) has a maximum on any closed finite interval, [a,/3]. 

4. (Budan’s theorem). Let /(x) have degree n and assume a < d in <l> are not 
roots of/(x). Let ff'y denote the number of variations in sign in the sequences: 
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Ay)yJ\y)% Prove that fVa — ff's exceeds the number of roots of 

J{x) in <J> in (q!,/3) counting the multiplicities of these roots by a non-n^ative 
even integer. 

5. Deduce from ex. 4 Descartes' rule: Let fix) = H — • + 

oro 0, ofi 7^ 0, oci £ ^». Let P denote the number of variations in sign in 
the sequence (oro, ori, • • «»)• Show that P exceeds the number of positive roots 

of/(x), counting multiplicities, by a non-n^ative even integer. 

4. Real closure of an ordered field. We have seen that every 
formally real field can be imbedded in a real closed field. In 
particular, this applies to ordered fields. We shall now show that, 
if 4> is an ordered field, then there exists a real closed algebraic 
extension field A of whose (unique) ordering is an extension 
of that of Moreover, we shall see that A is essentially unique. 
To prove the existence of A we need the following 

Lemma. Let be an ordered field y Q an algebraic closure oj^ and 
let E be the subfield of /4> obtained by adjoining to the square 
roots of the positive elements of <I>. Then E is formally real. 

Proof. Suppose we have a relation = 0 in E, Then the 

are contained in a finite dimensional extension field of the form 
^(V^/9,, \//32> • y/ &r) where the are positive elements of 
Hence it suffices to show that everv subfield '>/02y " 

V~0~r)y > 0, of E is formally real. We prove this by induction 

on the dimensionality of the subfield and for this it is convenient 
to prove the apparently stronger statement that, if = 0 

for 7. > 0 in ^ and in 'y/ 02 y • * *, ^0r)y then every 

= 0. This is clear for <I> since this is an ordered field. 
Suppose it holds for subfields of the indicated form of lower 
dimensionality than that of P = 4>(\//^, • • •, V^^). We may 
assume that P O H = <*>(^^1, • • •, VjSr-i), so the result holds 
for H. Now assume = 0, e P, 7, > 0 in 4». Write = 

Vi + i'i'N//3r, Vh hi e H. Then 27,17,^ H- 2/3r7.?.‘ + 2(^yiVi^i)y/0r 
= 0. Since V0r t H, 27,17,^ = 0, so 27.^." + 2^r7.ir = 0. 
Since 7,, )3r7i 7i > 0, 0ryi > 0, and 17,, e H, every i;, and 

== 0. Then every = 0 and the result is valid for P. 

Definition 4. Let ^ be an ordered field. Then an extension field 
\ of ^ is called a real closure of ^ if (1) A is real closed y (2) A is 
algebraic over (3) the ordering of A is an extension of that of 4». 

We can now prove the following basic result. 
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Theorem 8. Every ordered field has a real closure. 1/ 4>i and 
4>2 are ordered fields with the real closures and A 2 , respectively ^ 
then any order isomorphism oj 4>i oyito has a unique extension to 
an isomorphism of Ai onto ^ 2 - The extension is an order isomor- 
phism. 

Proof. Let 4> be an ordered field, Q an algebraic closure of 4>. 
Let E be the subfield of U obtained by adjoining to the square 
roots of all the positive elements of Then is formally real 
and 12 is an algebraic closure of E. We have seen that there exists 
a real closed subfield A of 12 E (Th. 3). Suppose d r 4^ and d > 0. 
Then d = p^, p c A. Hence d > 0 in A so the ordering in A is an 
extension of that of ‘i>. Hence A is a real closure of 4^. 

Next let 4»,, i = 1, 2, be ordered fields, A, a real closure of 4>, 
and let O' 5 be an order isomorphism of4>i onto 4>.>. We wish 
to extend the given isomorphism to an isomorphism of Aj onto 
A 2 . We note first that, if /{x) r4>,(.v), then /{x) and its image 
J{x) under a — ♦ 3 have the same number of roots in A, and A^ 
respectively. We have seen that there exists a ^ in 4>i such 
that every root of /{x) in A] is contained in ( — p, p). Moreover, 
by Sturm’s Theorem, the number of roots of fix) in Aj in the in- 
terval (“p, p), hence the total number of roots of /{x) in Ai, is 
given by y — y^, where y^ is the number ol variations in sign of 
the standard sequence (7) for / at y. Since the standard sequence 
of / is contained in 4>il.v), all of this carries over to J{x) and A 2 . 
Hence the number of roots of J{x) in A 2 is the same as the number 
of roots of /(x) in A,. We note next that, il = |pi, p-j, • • • , p„ I 
is a finite subset of Aj, then there exists a subfield Pj of Aj 4> con- 
taining F and an isomorphism r of P, into A 2 which extends o — » 
5 and is such that, if pi < p 2 < < Pny then pi' < P 2 ' < • • < 

Pn • For this purpose let /{x) be a polynomial in 4>i[x-l which has 
the elements p„ 1 < / < //, — V^p> + i - P„ 1 1, 

among its roots. We note that the < 7 / c A, since A, Is real closed 
and p,+i — pj > 0 (proof of Th. 2). Let Pj be the finite dimen- 
sional extension of 4>, generated by the roots of /{x) in Aj, Then 
r 1 = 4>i(di) and, if gix) is the minimum polynomial of 0 i over 4>i, 
g{x) has a root 62 in A 2 . We have an isomorphism t of P, onto 
*** 2 (^ 2 ) such that a' = 5 , a e 4>i, and = $ 2 . Then p> + i' — p/ — 
(py+i “ PjY = > 0. Hence pi*" < P 2 ' < - • • < pY in A 2 as 
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required. We shall now define a mapping 77 of Ai into A2 in the 
following way: Let p be an element of Ai and let A(x) be its mini- 
mum polynomial over ^1. Let the roots of /j(x) in Ai be pi < 
P2 <■■•< Pm and suppose pt = p. Then ^(x) has exactly m 
roots pt' < P2 < ’ ■ < Pm' in A2 and we now set p’’ = p*'. Evi- 
dently a’’ = a, a e 4 >i, and it is easy to see that is 1-1 and surjec- 
tive. We assert that, if p, o- c Aj, then (p + tr)’’ = p** -f" 
{pay = pV’’ so that tj is an isomorphism of Ai into A2 extending 
a ^ 5. Let be a finite subset of A| which includes the roots 
in Ai of the minimum polynomials over of p, <r, p -j- <r and p<r. 
Then we have seen that there exist a subfield Fi of Ai over ‘i»i 
containing F and an isomorphism r of Fi in A2 extending a ^ a 
such that r preserves the order of the elements of F. As before, 
let h{x) be the minimum polynomial of p over #1 and let pi < 
P2 < • • • < Pm be the roots of /i(x) contained in Ai. Then pi e F 
and pi'^ < p2^ < • • ' < pm^' We have Ji{pi) = 0 and it follows 
from the definition of 77 that p" = p’’. Similarly, we see that c’' = 
(p H- ay = (p + <r)% (p<r)’' = (pff)^. Since r is an isomorphism, 
this implies that (p -f ay = p’' + o"’’, (pff)*' = pV’’. Hence 77 is an 
isomorphism of Ai onto A2 extending the given isomorphism of^*i 
onto ^2* Now let 77' be any isomorphism of Ai onto A2. Since 77 
maps squares into squares it is clear that 77' is an order isomor- 
phism. Suppose also that 77' extends the mapping a — > a. Let 
p r Aj and let pi < P 2 < • • • < Pm be the roots in Ai of the mini- 
mum polynomial h{x) of p over^i. Then py' < p^^' < • • • < pm!' 
are the roots in A2 of It follows that p’'' = p". Hence the 

extension rj is unique. This completes the proof of the theorem. 

If Ai and A2 are two real closures of a given ordered field 
then the identity mapping on can be extended to an order iso- 
morphism of Ai onto A2. In this sense real closures are equivalent 
and we may therefore speak of the real closure of^I’. 


EXERCISES 

1. Let be an ordered field, A an extension field such that the only relations 
of the form — 7 , ft" = 0 with 7 ,- positive in and in A are those in which every 

= 0. Show that A can be ordered in such a way that its ordering is an ex- 
tension of that ot <I». 

2. Let be an ordered field, A a real closed extension field whose order is an ex- 
tension of that of *!>. Show that A contains a real closure of 
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5. Real algebraic numbers. We have seen that the field Rq of 
rational numbers has a unique ordering (ex. 1 , § 1 ). This ordered 
field has a real closure Aq which is determined up to isomorphism. 
We shall call any real closure of Ro the field oj real algebraic 
numbers. Clearly Uo = ^o(V^ —1) is an algebraic closure of Rt„ 
and we shall call this field the field of algebraic numbers. 

Now let r = be a finite dimensional extension field of the 

rationals. Then if w = (r:/?o)) we have n distinct isomorphisms 
of r/i?o into Uo/Rq. These are determined by mapping 6 —* 0,, 
1 < I < w, where I the set of roots of the mini- 
mum polynomial g(x) of 6 in 12o. Tet ydr be those 

which belong to A,,. We shall call these the real conjugates of B. 
We agree to set r = 0 \f 6 has no real conjugates. Let r,, 1 < / < 
r, be the isomorphism of r into Ao /(^o such that = 6,. Then 
the ordering of Ro{B,) C Ao imposed by the unique ordering in 
Ao provides an ordering of T; We define p > 0 for p v V if and 
only if p'* > 0. We shall refer to this ordering of T as the order- 
ing determined by r,-. Now suppose we have any ordering of F 
and let A be a real closure of F relative to this ordering. Since F 
is algebraic over R^y it is clear that A Is a real closure of R,^. Con- 
sequently, we have an order isomorphism t of A onto Ao /?o. 
The restriction of r to F coincides with one of the r, and it is clear 
that the given ordering of F is the same as the ordering determined 
by r.. Finally, suppose t, and Tj provide the same ordering of F. 
Then we have an order preserving isomorphism of Ri,{B,) onto 
Ro{9j) such that 0, — > Bj. Since Ao is a real closure of Ri^iB,) and 
of R{t{Bf)y by Theorem 8, we have an automorphism of Ao (over 
Rfi) sending into Bj. On the other hand, since A„ is a real closure 
of R^^ Theorem 8 shows also that the identity is the only avito- 
morphism of A,, over Hence we must have Bj = By. These 

results establish the following 

Theorem 9. I.et F be a finite dimensional extension 0 / the field 
0 / rational numbers. I'hen the number of distinct orderings of F is 
the same as the number of isomorphisms of F into the field Ay Rq 
of real algebraic numbers. 

In particular, this number cannot exceed (FiZ^ol -^nd there are 
no orderings of F = Rq{B) if and only if the minimum polynomial 
of B over Rq has no real roots, that is, no roots in Ay. 
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We shall now apply this result to obtain a theorem of Hilbert 
and Landau which gives a necessary and sufficient condition that 
an element of F = RoiB), 6 algebraic, is a sum of squares in this 
field. First, let <?> be any field of characteristic ^2 and, as in 
§ 1, let 2(<t») be the subset of 4> of elements of the form 
a, e4>. Next, we introduce the following definition. 

Definition 5. element p of a field is called totally positive if 
p > 0 in every ordering of the field. 

In particular, it will be understood that in a field which has no 
ordering, then every element is totally positive. Thus every 
element of a field which is not formally real is totally positive. 
We have the following general criterion 

Theorem 10. Let ^ be a field of characteristic ^2. Then an 
element p 0 in <1> is totally positive in ‘i> if and only if p is a sum of 
squares of elements of ‘i>. 

Proof. IfO p = 2a,-, then clearly p > 0 in every ordering of 
<t>. Conversely, assume p 0 is not a sum of squares in Let 

be an algebraic closure of 4> and consider the collection of sub- 
fields E of n <I> in which p is not a sum of squares. This collection 
contains and is inductive; hence it contains a maximal element 
P. Now P is formally real; otherwise, the lemma of § 1 shows 
that every element of P is a sum of squares, but we know that p 
is not a sum of squares in P. Then P can be ordered. We note 
next that — p is a square in P. Otherwise, we have the field 
P(\/ — p) in and this proper ly co ntains P. Hence in this field 
we must have p = 2(^, + in P. This gives p = 

— P^qf + — p). It follows that = 0 so 

p(l -f- 2 i 7,“) = 2$,^. Then I + 2^,^ 0 by the formal reality 

of P; hence p = (2^,^)(l + 27/,^)“* is a sum of squares in P by 
the lemma of § I. This contradicts the choice of P. Hence we 
see that — p = ^ c P. This implies that — p > 0 and p < 0 in 

every ordering of P. Since P can be ordered, the induced order- 
ing in gives an ordering of 4> in which p < 0. Thus p is not 
totally positive. 

This criterion and the result we obtained before on the form of 
the orderings of a finite dimensional extension of the rationals 
evidently imply the following 
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Theorem 11 (Hilbert-Landau). Let Y be a finite dimensional 
extension field of rationals and let ri, r 2 , • • - , r, (r > 0) be the dif- 
ferent isomorphisms of Y /Rq into the field of real algebraic numbers. 
Then an element p ^ 0 of Y is a sum of squares in Y if and only if 
> 0 for i = 1,2, ■ • ■ , r. 


EXERCISES 

1. Let be an ordered field and A a formally real field over <i>. Let p be an 
element of A which cannot be written in the form 

(10) /3, > 0 in «!>. 

in the larger field. Show that there exists an algebraic extension P of A such 
that p is not of the form (10) in P {{, in P) but p has this form in every proper 
algebraic extension P' of P. Show that every positive element of <1> is a square in 
P and hence that p is a sum of squares in any P' ZD P, P' algebraic over I’. 
Prove that P is real closed and that the ordering in P is an extension of that of <i>. 
Prove that p < 0 in the ordering of P. Hence prove the following theorem ; A 
necessary and sufficient condition that an element p of A have the form (10) in 
is thatp > 0 in every ordering of A which extends the ordering of 

2. Let be an ordered field, A the real closure of 4' and P a finite dimensional 
extension of 4>. Prove the following generalization of Theorem d; If r is the 
number of isomorphisms of P.*!* into A «l», then r is the number of ways of ex- 
tending the ordering of 4> to an ordering of P. 

6. Positive definite rational fimctions. One of the problems 
proposed by Hilbert in his address to the 1900 Paris Congress of 
Mathematicians was the following: Let ^ be a rational function 
of n variables with rational coefficients such that Qi^iy • • •, L.) ^ 
0 for all real •••,$«) for which Q is defined. Then is Q neces- 
sarily a sum of squares of rational functions with rational coef- 
ficients? * By a rational function with rational coefficients we 
mean a mapping , ^n) -> Qihiy ■ - , where Q{xy, ■, 

xf) is a rational expression in indeterminates Xi with rational coef- 
ficients. The domain of definition of Q is the set of real ^-tuples 
■••»€»») for which the denominator of Q{xiy • • • , x„) is not 0. 
In 1927 Artin gave an affirmative answer to Hilbert’s question 
and proved the following stronger result. 

Theorem 12 (Artin). Let ^ be a field of real numbers {that isy a 
subfield of the field R of ordinary real numbers^ which has a unique 

•This is known as Hilbert's 17th problem. Sec D. Hilbert, Mathcmatiiche Prohltmey 
Gottingcr Nachrichtcn, 1900, p. 284 or Gosammelte Ahhandlunien^ Vol. 3, p. 317, 
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ordering and let Q be a rational Junction with coefficients in ^ which 
is rationally dejinite in the sense that Qi^iy • • - j $n) >0 for all 
rational (^,) Jor which Q is dejined. Then Q is a sum oj squares of 
rational Junctions with coefficients in 4>. 

Instances of fields which satisfy the condition are: the rational 
field, any real closed subfield of real numbers, the field of all real 
numbers. If we take to be the first of these, then Artin’s 
theorem gives a stronger result than that suggested by Hilbert. 
Let $ be as in the theorem and consider the field = #(Ari, X 2 , 

• .v„) in indeterminates Xi with coefficients in <J>. This field is 

formally real (ex. 4, § 1). .According to Theorem 10, 

9 ^ 0 in is a sum of squares in this field if and only if Q > 0 

in every ordering of 4>(.v,). Hence Theorem 12 will follow if we 
can show that, Q 9 ^ 0 is rationally definite, then ^ > 0 in every 
ordering of fi>(.v,). I'his will follow from the following 

Theorem 13. I.et<t> be a field of real numbers^ ^(a:,) = • • •, 

.v„) the field of rational expressions in n indeterminates Xi with 
coefficients in <t> and suppose an ordering has been given to 4*(.v,) 
which extends the ordering of ^ as a subfield of the field of real num 

bers. Suppose /i(.Vi, • • • • ‘yfk{x\y ■ • ',x„) is a tinite set of 

elements of Then there exists a rational n-tuple (aiy • • •, an) 

such that for every jy \ <j < ky /,(.v,, • • •, x,.) is d -fined at (<?,) 

and fj and ffaiy have the same sign in the sense that 

fj{a^^ ■ • -yUn) ^ 0 according as fj ^ 0 in the given ordering of ^{xi). 

Suppose that this result holds and let <l> be as in Theorem 12. 
Let (? 5 ^ 0 be an element of 4>(x’,) which is not a sum of squares in 
Then we know that there exists an ordering of 4»(x‘,) for 
which (? < 0. Since has only one ordering, the ordering of 
<Jj(.v,) is an extension of that of 4>. Hence Theorem 13 gives a set 
(rt,), a, rational, such that Qiai) < 0. Then Q is not rationally 
definite. Hence we see that, if Q is rationally definite, then it is a 
sum of squares of elements of <I>(Ar,) and this is .Artin’s theorem. 

We shall prov'e Theorem 13 — after some necessary preliminaries 
— by induction on the number w of x-,. The result is clear if = 0 
since in this case 4>(Ar,) = 4>, so the functions are just constant 
functions. It remains to prove the inductive step, so we assume 
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the result for • • • , x„) and we shall prove it for • • • , 

where ^ is an extra indeterminate. We shall see also that 
it is, in essence, sufficient to consider polynomials in^ with coef- 
ficients in Let Fi(Xiyy)y • • - , Fjt(x,,_y) r Then we 

shall call a property P of this set of polynomials in v rationally 
specializabU if there exists a set of elements in 

^(x,) such that, if (^i, • • *, a^) is any rational ?/-tuple for which 
' ' i4'h is defined and 1 < / < A, has the same sign as 

rpi (in a given ordering of 4>(>r,)), then the coefficients of all the 
are defined at (aiy • • •, a„) and the polynomials Fi{a„y)^ 

• • •, Fki^ity) have the property P. We shall require two results 
on specializable properties which we state as lemmas. 

Lemma 1. '/'be property that F{.x,^y) = v"* H- < v, i v'" “ ' -h 

• • • + has precisely r roots in the real closure of i is 

rationally specializable. 

Proof. We are assuming that T a suhfield of the field of real 
numbers and 4^ is ordered bv the ortlering of the held of real num- 
bers. The subfield ot the latter of elements which are alyebraic 
over 4* is a real closure A of (Cor. to Th. (> and ex. 2, § 4). Vhe 
assertion of the lemma is that there exist • • • , in 4>(x’,) 

such that if (<7,, • • •,«„) is any rational w-tuple such that every 
is defined at (<?i, • • • , a„) and • • • , n„) has the same sign 

as ypiy then Fia^yy) is defined and the number of its real roots (or 
roots in A) is r. Let Fo = F(xiyy)y Fu ■ F, be the standard 
sequence for Fix^y y) (as in (7)). If («,. • ■ a„) is a rational n- 

tuple for which the non-zero coefficients of the Fj and of the quo- 
tients Qj as in (7) are defined and have non-zero values in 4>, 
then F(i(aiyy)y • • •, F,ia,yy) is the standard sequence for F(aiyy) 

rn 

= F(,(a,yy). Let tj(x,) ifijix,)^ 4- (w -j- 1). Then we have 

J ^ 1 

seen (p. 283) that the r roots of F(x,yy) in the real closure of 
4»(x,) lie in the interval (— »?, »?). By Sturm’s theorem the differ- 
ence in the variations in sign between the two sequences 
^o(xiy ~ri)y p\{x,y —7])^ ^ p,{x,y —T}) and Foix,yr})y Fi(Xiyri)y 

• ■ y F,(xiyji) is r. Now let ■ • ■ , | be the set of 

elements of 4>(jf,) consisting of the coefficients of the standard 
sequence for F and of the quotients Qj in this sequence, and the 
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elements Fj{Xi, — ^ 0 ), Fj(xiy r}(xi, • * - , ^n))j 0 <j < s. 
Then it is clear from Sturm’s theorem that, if (ai, • • *,^0 is a 
rational »-tuple such that the ^’s are defined at (ai, • • an) and 
every ^t(aiy •• •,</„) has the same sign as then F(ai,y) is 
defined and has exactly r roots in A in (— 77 (^ 1 , • - - , a„), * * *> 

an))- If we refer to the result on bounds for the roots again we see 
that there are no real roots of F(a£,y) outside of the indicated 
interval. Hence r is the number of real roots of F{aiyy)- 

Lemma 2. Let ■ - -yFiixi^y)] be a sequence of poly- 

nomials {not necessarily distinct) belonging to ^(^t)Ly]. Assume 
the leading coefficients are 1. The property that Fj{xiyy) has a 
root pj in the real closure P of and p\ <92 <' ■ • < Pt 

rationally specializable. 

Proof. The elements pk and (py+i — Pj)^, 1 ^ — I> ^**6 

contained in P and these generate a finite dimensional extension 
field A of <?>(;<■,) which has a primitive element 9. Let g{Xiyy) be 
the minimum polynomial of 9 over We have pk — <pk{xiy 9)y 

(pi+i — p/)*'^ = <Tj{xiy 9) where ^it(x„y), <Sj{xiyy) e -)[>]. Since 
Fk{xiyPk) = 0, has 9 as root and since g{Xiyy) 

is the minimum polynomial of (9, we have 

(11) Fk{Xiy<Pk{Xi’,y)) = Ok{xiyy)g{xiyy)y 1 <k <t. 

Similarly the relation pj+i — pj ~ (r;{xiy9)^ or fpj+iixiyO) — 
<pj{xiy 9) — tTjixiy 9)^ gives a relation 

( 12 ) <pj+i{x£yy) - (Pjixiyy) - <rj{xiyy)^ 

= bij{xiyy)g{xiyy)y 1 <J <t - ly 

in 4>(;r,)[_yl. Since a-fxyj 0) 5 *^ 0 it has an inverse Tj{xiy 9) in A and 
so we have relations of the form 

(13) <rj{xiyy)Tj{xiyy) - 1 = kj{Xiyy)g{xiyy) 

in ^(jr,)[y]. Let \ibt{xiy •• •,x„)l be a finite set of elements of 
4 »(x,) which includes the coefficients of the -Ffc(^.-,y), all the coef- 
ficients of the polynomials in y appearing in (11), (12), and (13) 
and a set of elements given in Lemma 1 to insure that g{ai,y) 
has a real root y. Moreover, if the tf, are chosen so that every 
}J/i{ai) is defined, then substitution of y for y in every polynomial 
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which occurs in (11), (12), and (13) is permissible. Substituting 
>» = 7 in (11) we see that /'a-(^,, jy) has the root d* = vi>*(^i>7)- 
Substituting^ = 7 in (12) we see that dj + i — dy = v?>4-i(<?.> 7) — 
^>(^.-,7) = 7)- > 0. By (13), we have <Tj{a,,y)Tj{a.,y) = 

1. Hence a-j(<2,, 7) 0 and dy + j > Thus we see that Z'/ 

has the real root dy and di < d2 < • • • < as required. 

We can now give the 

Proof of Theorem 13. As we have seen before, it suffices to 
prove that, if the theorem holds for • • •, a*„), then it holds 

for 4*(x-i, - an extra indeterminate. Let P' be a real 

closure of the ordered field ‘l>(jf,, ^), P the real closure of 4>(x',) con- 
tained in P'. We are given a finite set of elements Fix^^y) of 
and we have to show that rational rt, and b can be chosen 
so that F{aiy b) is defined and has the same sign as Fix^^y) in the 
ordering in P' and this holds for every F in the given set. We can 
write F = v’(-Vi, ■ ■ ■, -Vn)Pi(.v,,_y)*'' ■ ■ ■ /^a(^,, . v)*"* where y>(.Vi, ■ • 
AT,,) r<I>(Af,), fj is an integer, Pjixi^y) is irreducible in <I>(Af,)(v] and 
has leading coefficient 1, and the Pj^Xi^y) are distinct. If aiyb 
have the property that v?(^/j, •••,//„), PsU^xyb) are defined and 
have the same sign as tfi and Py, 1 < J < //, then /'(^i, • • •, any b) 
is defined and has the same sign as P'. This remark shows that 
we may as well suppose that the given set consists of elements 
ip r 4>(Af,) and /*’ c ^(ac,)( y] such that every F is irreducible in <^(.v,)Ly] 
and has leading coefficient 1. I.et pj < P2 < ■ • < p/ be the roots 
in P of the given set {/'’} of polynomials in v. We can form a 
sequence • ••,/•’, whose terms are in {/■'{ so that p, is a 

root of Fj. Since the F are irreducible and the field is of charac- 
teristic 0, the roots of F are distinct. Also distinct F"s are relatively 
prime. Hence if G(xtyy) is the product of the distinct /-’’s, then 
C has distinct roots. By I^emma 1 , we can find elements ^1, • • • yXph 
in 4 >(a',) such that, if ^i, •••, a„ are rational and every \bi is 
defined at (<*,, •••, an) and 'pii^xy ■ ^^».) has the same sign 

as ij/iy 1 < i < hy then G'(/z,, jy) is defined and has / real roots. 
By Lemma 2, we have elements ^a + i, • • • , t/'* so that, if the a's 
are rational and <*«) is defined and has the same sign 

as \bn,y b ~\- \ < m < ky then /'y(«,, v) is defined and has a real 
root so that < 02 < * • • < d(- We now add to the ^’s al- 
ready given all the elements ip of the set given initially and the 
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discriminant 8 of G(xiyy), which is different from 0, since G 
has distinct roots. By the induction hypothesis, we can choose 
rational ai so that all the conditions given by the ^'s, the ^’s, and 
5 are satisfied. Now in P[y] we have the factorization 

(14) Fjixi,y) = {y — Pn){y — Ph) • • • (y — pj,)Qi(y) • • • Q,i{y) 

where the Q*s are irreducible quadratics with leading coefficients 
1 and j^i, ^ 2 > • ' Jti\ distinct and are a subset of { 1 , 2, • • •, 
/}. Our choice of the ^^’s insures that in the field of real numbers 
we have 

(15) Fj(aiyy) = (y — I3j,){y — /3>,) • • ■ (y ~ 0j,f) Si(y) • • ■ •S',^(y) 

where the 5”s are irreducible quadratics with leading coefficients 
1. Since y is transcendental over 4 >(a:,) and the pj are algebraic 
over this field, it is clear thaty is contained in one of the follow- 
ing open intervals in P': ( — », Pi), (pi, p 2 )» • * (p«-i> P<)> (Po *)• 

Also we have seen that an irreducible quadratic with coefficients 
in a real closed field and leading coefficient 1 has the form (y — * y)^ 
-|- 52 g ^ Q ( 3 )) This implies that every Q(y) > 0 in P', 
and for any real number S{lf) > 0 for the S's in (15). It now 
follows from (14) and (15) that, if y is in the ^-th interval of the 
sequence ( — =c,Pi), (pi,p 2 )> ' ' ‘ y (pty and ^ is any real num- 
ber contained in the k-th interval ( — », /3i), (/3i, ^ 2 )) • ' *> 
then Fjiaij If) and Fj{xiyy) have the same sign and this will hold 
for everyy. Now it follows from the archimedean property of the 
real field that every open real interval contains a rational num- 
ber. Hence we can choose a rational if so that Fj(aiy if) has the 
same sign as Fjixi^y) for all the J. This completes the proof. 

Remark. It is natural to ask if a result like Artin’s holds for 
polynomials with coefficients in a field <!> such as in Artin’s theorem. 
In view of this theorem one can formulate the question in the 
following way: Let P{xxy ■•■yX„) such that P = 

ZRiixiy • • - , .v,,)^ where the /?. are rational expressions in the x’s 
with coefficients in 4>. Does this imply that P — ZPjixij • • • , Xn)^y 
Pj e4>[A‘i, • Xn]- Artin has shown that this is correct if « = 1 
and *i> is anv field of real numbers. On the other hand, some ex- 
amples due to Hilbert show that the result is false for n > 2 even 
for 4* the field of real numbers. 
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EXERCISE 

1. Let be an ordered field and • • •, A'n) the field of rational expressions 

in indeterminates xi, ■ • ,Xn over Suppose Q e satisfies Qi^u • ■ 

> 0 for all in a real closure A of <t> for which Q(^\, • • • , is defined. Prove 
that Q = • • • , .v^)* where the are non-negative elements of and the 

Fft^ixi). (Hint: See ex. I of § 5 and prove a suitable analogue of Th. 13.) 

7. Formalization of Sturm’s theorem. Resultants. In the 
next few sections we shall develop an algorithm, due to Tarski 
and to Seidenberg, for testing the solvability in a real closed 
field of a finite system of polynomial equations and inequalities (in 
several variables). The ultimate test (Th. 16) will consist in the 
verification of a finite system of polynomial equations and in- 
equalities in the coefficients of the given system. In this section 
we shall consider first a reformulation of Sturm’s theorem in this 
manner. We shall develop also an elimination method based on 
resultants which will be essential in the sequel. 

To obtain the formalized version of Sturm’s theorem it is con- 
venient to begin with the ring where • -v 

and the /, are indeterminates and Rq is the field of rational num- 
bers. Let FUiy • • e 9([xl, so /'(/.-.v) = a^x'' H- a„-ix''~'- 

+ * ' ■ + where the e $1 and 5 *^ 0. If the /, are specialized 
to /,• = T,- E 4>, then we obtain the polynomial /(x) = F{Ti; x) v 
where deg /{x) < n. We shall now obtain a number of se- 
quences E\ /^i(/,;-v), ■ ■ -v) I such that for any 

1 ^ i < r, in 4> there exists one of these sequences E such that 
the specialized sequence {Fo{r,;.v), x), x) } is 

essentially the standard Sturm sequence (7) for /(jf). 

Our choice for ^) is any one of the polynomials a^nx"* -f 

am—ix”*~^ + • • -f- any a„^ 9 ^ Oy m < n obtained by dropping lead- 
ing terms anx"" a„+ix”''^^ of F(/i;x). Next we take 

^i(^i;x) = Fo'(/i;x) the formal derivative of Fa considered as a 
polynomial in x. Suppose we have already defined Fq, , • • •, 
Fk. If Fk = 0, we break off the sequence with Fa, Fi, • • , F, = 
f'k—i. Otherwise, let Fk—\ = ^px‘‘ + • ■ • + ^o> + ■ ■ ■ + 

Co where bp 9 ^ Oy Cq 9 ^ 0, and p > q. The usual division process 
shows that we can find polynomials (2(.v), R(x) in ^l{x-] such that 

_ R where deg, x) < deg* /•'*(/,; x). 
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For our purposes it is preferable to replace p — q \ by the 
smallest even integer e 1* Thus, changing notation, 

we write = QF^ — R and we call Q and R the quotient 

and remainder on dividing i hy F)(. It is clear that these are 
unique. We now take to be R or one of the polynomials ob- 

tained from R by dropping leading terms in the manner that 
Fr\{U\ ■^) obtained from F{ti\ a:). The sequences {/^o> ‘ 

obtained in this way will be called generic standard sequences 
for F{ti\ .v). Clearly the number of these is finite. 

Let be one of the generic standard se- 

quences for F. Then we associate with E two finite subsets 5(£) 
and \{E) of 31 = The set 5(£) is the set of coefficients of 

the terms dropped in forming the sequence. Thus, 5(£) consists 
of the coefficients (of the powers of x) in F{ti\ x) — Fo{ti; x) and 
those of R — Fk+i, > 1, as above. We let \(E) be the set con- 
sisting of the leading coefficients of the Ft in the sequence. 

Now let T, c4>, 1 < i < r, and consider the polynomial /(x) = 
F{t,; X-). We assume /(x) ^ 0. Suppose deg /(.v) = m < n. 
Then we shall take Fait;; Jf) = u^x”^ + ■ ■ ■ + ^lod we have 
Fo{t,; x) = /(x), a„Ari) 0. The condition Fain; x) = /{x) 
gives a.,(Ti) = • ■ ■ = rtm+i(r,) = 0. One sees easily by an induc- 
tive argument that there exists a generic standard sequence 
!^o, Fi, • ■ F,\ for /^such that, if 4 is the leading coefficient of 

Fk^ then 

A(r,) 0, 0 < ^ < .f 

( 16 ) ■ F,dr.\x) = /{x) 

.v) = Fk{T,\ x)Qk{Ti\ x) - Fk + xirr.x), 

where (^ < k < s, F^^x = 0 and e* is an even integer, and Qk 
is the quotient on dividing Fk — x hy Fk- Since /^nCr,;^) = /{^)y 
.v) = f'{x)y lk(Tiy^ > 0 and the degrees of the Fkira a‘) are 
decreasing, it is clear that the terms of |Fo(r,;A*), F,(t,; a:), • • •, 
/■'dr,;.v)| difier from those of the standard sequence (7) for /{x) 
bv positive multipliers in 4>. Hence the sequence lf'o(r,; x), • • • f 
can be substituted for the standard sequence in applying Sturm’s 
theorem. 

We shall now formalize the conditions given in this theorem by 
considering the finite collection of systems of equations and in- 
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equalities made up of relations of the following types: 


(17) 


FkUi;y)Fi(ii\y) < 0 , 

v) = • • • = v) = 0, k < I 

Fp{i,\ =) > 0 , 

F p 4 -i(^i» 2) = • • • = P " ^ — I (^1 > 2) = 0 , p </, 


where y and 2 are indeterminates and we require that the pairs 
(^>^)> • used in the two sets o^ relations are such 

that, if 6* = 0, 1, — 1 , »7,, = 0, 1, —1 satisfy the same conditions, 
namely, e**/ < 0, + x — • • ■ = e,_, = 0, • • •, > 0, = 

• • ' = Vq — i =0, • • then the number of variations of sign of 
jeo, €|, • •,€,} exceeds that of U„, r?,, • • \ow let (d, 7) 

be an interval in 4>, < 7, such that ./(/3) ^ 0, /(y) 0. Then 

it is clear from Sturm’s theorem that /ix) has a root in (d, 7) if 
and only if /, = r„ ^ = /i, 2 = 7 satisfies one of tlie systems of 

relations (17). 

If we take into account all the generic sequences E and observe 
that (16) is equivalent to the conditions /(r.) 5*^ 0, ^(r.) = 0 for 
all / e\{E) and c 8(E) y we see that (16) and (17) give a finite 
collection of conditions {f»i, • • •, G^j, where each Gj is a finite 

set of polynomial equations and inequalities with rational coef- 
ficients, such that /(x) has a root in (d, 7) if and only if /, = r,, 
y = z — y satisfies all the conditions of one of the systems G^. 

Now let /(x) = a„x'’' + + ■ ■ T On where ^ 0. 

Then we know that all the roots in <l» of /(x) are contained in the 

m I 

interval (—77,77) where 77 = m + 1 + T' We have 

<1 

FoUii x) = a^x”‘ -}- + • • • 4- rto where a,^ = • • •, 

m— 1 

tr) ^ 0. If we substitute^ = — (w + 1) — 51 in Fk(t,; 

tn~l ° 

y) and 2 = w 4- 1 + in FiX/;: 2) and clear of fractions 

0 

by multiplying by a suitable even power of we obtain poly- 
nomial relations like those in (17), for the /, alone. In this way 
one obtains a finite collection {Gj, G2, • • •, G^j where each G> is a 
finite system of polynomial equations and inequalities with 


298 


ARTIN-SCHREIER THEORY 


rational coefficients in the /»• alone such that the statement that 
J{x) has a root in «i> is equivalent to the validity of one of the 
systems Gj for = t,. 

We shall consider next a classical determinant criterion for the 
existence of a common factor of positive degree for two poly- 
nomials. We consider the polynomials f{x) = 

H 1- ao, g{x) = H h /3o in ^[x] where 

^ is an arbitrary field. We assume m > 0, n > 0, but we shall 
allow <Xn = 0 or 0m = 0. The result we require is the following 

Theorem 14. Let /{x) = -f- • — h ao* S'W — 

0mX^ + 0m-\x”^~^ + * • • + |9o where m^n >0 and put 


(18) 


Rif. g) = 


Ctn 


• • • 

ao 



% ♦ 

an 

• • • 

% • 

» • # 

do 

• 




an 

an_l 

• * • ao 

0m 

0 m — 1 


^0 



m A 

0,n 

— ^ — 

0m — 1 

^ A A 

^0 

AAA 

A 4 

9 % 

9 ^ * 


♦ • ♦ 

0m 

▼ • ^ 

0m — 1 

• * * 00 


m rows 


n rows 


Then Rifyg) = 0 // and only if either ^ ~ 0m fix) and 

have a common factor of positive degree in x. 

Proof. If Qin = 0 = 0my then the first column of the determi- 
nant is 0. Hence R{fyg) = 0. Next assume f{x) and ^(a:) have 
a common factor h{x) of positive degree and that either an 0 
or 0m ^ 0. Then f{x) = /i(x)A(x), g{x) = gi{x)h(x) and either 
/i(^) 0 or gi{x) 9^ 0, according as a^ 9^ 0 or 0m ^ 0. By sym- 

metry, we may assume ^ 0, f\{x) ^ 0. We have f{x)g\{x) — 
g{x)fx{x)^ f{x) = f\{x)h{x) 9^ 0. If deg h{x) = r, then deg /i = 
n — r. If g{x) = 0, we have = 0; otherwise the relation 

/(^)^i(-v) = g{x)fi{x) gives deg£-i(.v) < m — r. Hence we may 

write fi{x) = —y„-ix^~^ — Yr.- 2 -v"”^ To, = 

-1- bm- 2 x”'~^ + • — h 6o, so that we have 

(19) (an;^'- + ■ ■ • + > -f ■ • - q- 5o) 

+ {0mX^ 0o){yn-lX^-'^ + ■ • • + To) = 0. 
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If we equate toO the coefficients of x”'**'* , 1 in (19), 

we obtain the following equations: 

— I ^mYn— 1 “ ^ 

Cln^m — 2 “h — l^m — I ~\r ^mYn — 2 “i“ 0m — lYn— I 0 

( 20 ) 


ao^o + /?oYo = 0. 

We consider this as a system of homogeneous equations in the 
y"s and 5’s taken in the order 6,n_i> 5m-2> ' • » ^o, Yn-i, ■ • ■, Yo* 
Since not all the y‘s are 0, the determinant of the coefficients of 
the Y*s and 6’s is 0. If we take the transpose of this determinant 
obtained by ordering the y’s and 6’s as indicated, we obtain (18). 
Hence R(/tg) — 0. Conversely, assume /?(/, ^) = 0. Then we 
can re-trace the steps through (20) and (19) and conclude that 
there exist /i(x’), ^i(x) such that /{x)gi(x) = gix)/i(x) where 
tleg /i < ;7 — 1, deg gi < — 1, and either /i 5*^ 0 or 0. 

Assume /i 0. If = 0, then ^ = 0, /3„ = 0, and either /(x) 
is a non-zero common factor of / and ^ or a„ = 0. If 5^ 0 and 
^ “ 0 the foregoing argument applies. Now suppose gi 0 and 
g 9^ 0. Then the relations /{x)gi{x) = g{x)/i{x), J\ 9^ Oj gi 9^ 0, 
g 9^ 0 imply J 9^ 0. Either a„ = 0 = or we may assume «« 9^ 
0 which implies that deg /(x) = ;/. Since deg/i(x) < « — 1, 
the relation /{x)gx{x) = ^(a:)/i(x) and the factorization of the 
non-zero polynomials /i/\igyg\ into irreducible factors implies 
that /(x) and g{x) have a common factor of positive degree. 

We shall call R{/y g) the resultant of / and g (relative to x). 
If either highest.coefficient of /or of^ is not 0, then the vanishing 
of R{.fi^ is a polynomial relation on the a,, 0i with integer coef- 
ficients which is equivalent to the statement that / and g have a 
common factor of positive degree. 

EXERCISE 

1. Prove that, if /(x) = x" + On-ix"-* H h oo, then RiJ^ /O the dis- 

criminant of/(x) (cf. § 3.1). 
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8. Decision method for an algebraic curve. In this section we 

shall give Seidenberg’s method for deciding the solvability of an 
equation f{x,y) = 0 in a real closed field. This will be based on 
the result which we shall now establish, that if f{xyy) = 0 has a 


df 

solution in then the equations /(x-,^) = 0, 

— 7) — = 0 , have a common solution in <t» for any 7, 5 in ‘i>. The 

dy 

geometric idea underlying this result will be clear from the two 
lemmas which are used to prove it. 


Lemma 1 . Let /{x^y) e4>[.v,7l, x^y indeterminateSy 4 > a real 
closed field. Then if f{Xyy) = 0 has a solution in <i>, it has a solu- 
tion {<Xy d) nearest the origin. 


Proof. We consider the intersection in the space of pairs 
{s» v)y s, T? t' of curve C: /(.v,y) = 0 with the circle x' + y^ 
— 7”, 7^0. Our hypothesis implies that there exist 7 for which 
this intersection is not vacuous, and we have to show that the 
set 6" of 7 > 0 such that C meets .v- +7" — 7" in has a 
minimum. We now consider the polynomials /(a*, v) and x^ + 
V' — c" as polynomials in v with coefficients in 4 >(r, .v), where c 
and .V are regarded as indeterminates, and we form the resultant 
^(c, .v) of these two polynomials. The formula ( 18 ) shows that 
g{Cy A") is a polynomial in c and .v with coefficients in 4 >. If (a, 0 ) 
is a point of intersection of the circle .v" + y'^ = 7^ Jind the curve 
Cj then /{a,_v) and v“ + a~ — 7" have a common factor 
V — (S. Hence ,i?-(7, a) = 0 and ^(7, .v) has the root a More- 
over, — 7 < a < 7. Conversely, assume that for 7 ^ ^(t> a) 

has a root a in 4 », —7 < a < 7. Since the leading coefficient of 
y in -h a" — 7" is 1 , it follows from Theorem 14 thaty^ — 

7^ and /(ocyy) have a common factor in ^fyl. Since the 
factors of _y“ + — y~ are y dz 0 where 0 — (7“ ~ 

follows that (rt, 0 ) or (a, — 0 ) is a point of intersection of the two 
curves. Hence we see that the set 6* of 7 > 0 such that C meets 
4- V" = 7‘ in is the same as the set of 7 > 0 such that 
i'(T> x) = 0 has a root .v = a e — y < or < 7. Let S' be the 
subset of S of the 7 such that ^(7, ±7) ^ 0 . For these the condi- 
tion is that ^(7, x) has a root in ( — 7, 7 )* It is clear that we can 
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obtain ^(7, x) by a suitable specialization of a polynomial with 
rational coefficients such that one ol the parameters is specialized 
to 7. Hence we can apply the result obtained in the last section 
to conclude that S' is the union ol a finite number of sets defined 
by polynomial equations and inequalities of the form p{c) = 0 , 

q{c) = 0 , r{c) ^ 0 where p,q-,r are polynomials with coefficients 

in «!>. One sees easily that such a set is a union of a finite number 
of intervals which may be open, closed, half open, single points or 
extend to infinity. Since the set of 7 such that ^( 7 , ± 7 ) = 0 is 
either finite or all 7 > 0, it is clear that S has the same structure 
as S' , The result will now follow by showing that the complement 
of S in the set of non-negative elements is the union of open inter- 
vals; for, this implies that <9 is the union of a finite number of 
closed intervals and hence has a minimal element. Thus, let 
^ ^ 0, 6 (( 6’. Then ^(5, x')=0, — 6 <a'<5 has no solution x in 

Write g{c,x) = go{x) gi(x)ic - 6) g,n(x)(c - 5)"* 

where the are polynomials in x. Then 0 in —6 < 

X < 6. It follows that there exists a 5' > 6 such that ^o(^) ^ ^ 
in — 6 ' < < 5". Then there exist ^ > 0, B > 0 such that 

|^,(x)| < B for all x in ( — 6 ', 5'J (ex, 3, §3). I'hen, 
if |c — 5[ < ^ and |c — 5| < b/-^B and -v e [ — 5', 6 ], 

>|^-„(x)|-|^,(x)(<r - i) + - - - s)’"! 

b b 

>b- 2B\c - 5 > ^ 

— II 


This implies that every 5" satisfying 6" < 5', 5'^ < 5 4- 2 , 

5 + b/AB is contained in the complement of S. Hence this com- 
plement contains an open interval containing 6 and the proof is 
complete. 

As in the classical case of the field of real numbers, a point 
on /(jf, y) = 0 is called a simple point if 

Then the normal vector at («, &) is ^ 
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tangent line to the curve at (a, &) is defined by the equation 



(x - a) + 




i¥) 


Now let (a, /3) be a point on C: /(xyy) = 0 in nearest the 
origin. We wish to show that 0 



-a(^ =0. 

(a.&) \dy'(a.0) 


This is clear if (a, 0) - (0, 0) or (a, 0) is not a simple point. 
Otherwise, the equation states that the vector joining (0, 0) to 
(or, 0) and the normal vector are linearly dependent. Hence C 
and the circle with center at the origin and radius (a^ + 0^)^ 
have the same tangent at (a, 0). If this is not the case, then the 
tangent to C at (a, 0) contains interior points of the circle whereas 
C itself does not. The result will therefore follow from 

Lemma 2. Let p be a point of intersection {coordinates in of a 
circle and a curve C\ /{x^y') = 0, /(x, _y) f Assume p is a 

simple point and the tangent at p to C has points interior to the 
circle. Then C itself has points interior to the circle. 

Proof. We take p = (0, 0) and the tangent to C at /) to be the 
jT-axis. Then /(O, 0) = 0 and = 0, and we may suppose 

t 0) = I. The center of the circle is not on the .v- 

axis, so we mav denote it as {a^ b) with a 0. We have fix^y) = 

dx/Q Vdy/o 2 ! L\d;c^/o Kdxdy/o 

— r ) y“ +• • •, so taking into account the conditions on / we 

dy^/o J 

see that we can write fix^y) = y(l + + ^(-v) where 

A(0, 0) = 0 and ^(x) is a polynomial in x divisible by x^. Since 
^(0,0) = 0 we may choose a 5 > 0 such that |^(x,y)| < 7 if 
|x| < 5 and \y\ < S. Then ^ < 1 + h{xyy) < f and 5(1 -f 
h{x, 5)) is between ^5 and §5 while —5(1 -f A(x, —5)) is between 
— ^6 and — #5 for all x satisfying |x| < 5. Since ^(0) = 0 there 
exists a 5", 0 < 5' < 5 such that /(x, 5) = 5(1 + h{x, 5)) + 
^(x) > 0 and /(x, -5) < 0 if |xl < 5'. Then for every xo, 


th 


a 


/(O, 0) + 


ARTIN-SCHREIER THEORY 


303 


i^ol < S' there exists a_yo e ( — 6, 6J such that /(xq.^’o) = 0. Then 
>'0 = —^(x-oXl + A(xo,^o))~‘ and 

(a — 


= {a — xoV + + 




1 + ^(x-o,jyn) 


) 


= a 


+ — 2axo + xo^ + 


2^^(xo) 


+ 




2 


1 d- ACx'cj’o) (1 + ^{xoyyo))' 

Since g{xo) is divisible by xo^y it is clear that, if we take a*o suf- 
ficiently small so that /ix,t > 0 , then {a — Xo)^ -{- (^ — jVu)^ < 
+ b"^. Hence (^oj^n) is a point on C interior to the given circle. 
Our results now show that, if C: /{x^y) = 0 has a solution in 

4», then there exists a solution in 4> which is also in y — x ~ = 0 . 

dx dy 

If we replace the origin by ( 7 , 6 ) where 7 , 8 r ‘t>, then we see in 
the same way that the intersection of C and the curve D: 


d f 

(jy — ^) T ' — 
dx 


7 ) — = 0 contains a point in 
dy 


We shall now apply this to obtain Seidenberg’s procedure for 
deciding the solvability in <l> of /{x^y) = 0 . First, we can obtain 
the highest common factor of the coefficients of the powers 
of ^ \r\/{x,y) and put /( at, = ^{x)f^x,y) where fiix^y) is 

not divisible by a polynomial of positive degree in x alone. 
Evidently /{x^y) — 0 has a solution in if and only if either {i{x) 
= 0 or /\{Xyy) = 0 has such a solution. This reduces the discus- 
sion to polynomials which are not divisible by polynomials of 
positive degree in a: alone. Next we can compute a highest 

common factor in <l>(.v)ljyl of /{x^y) and — /(a-, 7 ) by using the 

^y 

Euclidean algorithm. We may assume this belongs to 4 >(A‘, 7 J and 
is not divisible by polynomials of positive degree in a- alone. Then 
we can divide out by this highest common factor and obtain a 
polynomial ^(^, 7 ) which is a factor of /(a-, 7 ), has the same 
irreducible factors as/(x, 7 ) and has no multiple factors in4>(x, 7 ]. 
Clearly, /{x^y) = 0 is solvable in if and only if ^(a', 7 ) = 0 is 
solvable in 4>. 
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If we replace J by g and change the notation back f we may 
suppose that /(^,^) has no multiple factors of positive degree 
and no factors of positive degree in x alone. The first of these 

a 

conditions implies that /(Ar,v) and — fix^y) have no common 

factor contained in of positive degree in 

We now consider the polynomial Wx, v) — y — — (x — 7) t” 

dx ay 

where y is any element of We know that, if the curve C: /(at, 
_y) = 0 contains a point in then the intersection of C and 

D'.giXyV) = 0 contains such a point. Before we can make use 
of this it is necessary to arrange matters, by choosing a suitable 
7 so that the intersection of C and D is a finite set. To do this we 
introduce another indeterminate c and we consider the poly- 


nomial !■(<*; .v,^) = v {x ~ c) — . 

' dx d V 


Let R{c; x) be the result- 


ant relative to y (that is, considering the polynomials as poly- 
nomials in _y) of /{Xty) iind g{c; x^y). We claim that /?(r; x) 7^ 0 . 
Otherwise, Riy; x) — 0 for all 7. Now, Theorem 14 shows that 
if 7 has this property, then ^(7; x^y) and /(at, 7) have a common 
factor in 4 >(a:)[ 7] and, consequently, in of positive degree in^ 

(see Vol. I, p. 125 ). Hence if R{y; at) = 0 for all 7, then there exist 
distinct 7, say, 7 i and 72 such that /( Xyy ), g{yi; at, 7) and ^(72; 
Xy _y) all have a common factor of positive degree in^. This follows 
from the fact that to within associates /(at, 7) has only a finite 
number of different factors in ^[Ar,^]. We can then conclude 


that /(Xyy) and (71 — 72) — Av, v) = 1^(71; Ar,^) — ^(72; -^,7) 

^y 

have a common factor of positive degree in 7 and this 

contradicts the fact that /(a;, 7) and — /{Xyy) have no such 

dy 

common factor. This proves that R{c; x) 0 . 

We can now choose a 7 e such that Rix) ^ /?(7; -v) 5*^ 0 . Set 
xfx',7) = ^{7; AT, 7). Then /(at, 7) and ^(Ar,7) have no common 
factor of positive degree in 7 and no common factor of positive 
degree in at alone; hence they have no common factors except units 
in 4 >(.v, v]. It follows that the resultant Q{y) of /(a;, 7) and^(Ar,7) 
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relative to x is not 0. Let ^ be the intersection in where 

Q = jg the algebraic closure of of C: /{Xyy) = 0 and 

= 0. If (p, a) e Fy f{py cr) = 0 = ^(p, a) imply that Rip) 
= 0 and Q{<t) = 0. Since R{x) 0, Qiy) ^ 0, this gives only a 
finite number of possibilities. Hence F is a finite set. We know 
that, if C contains a point in then F has such a point and, 

consequently, R{x) has a root in 4>. Conversely, suppose R{x) 
has a root or in If o is not a root of the polynomial in x which 
is the coefficient of the highest power ofy in /(^,^), then R{a) = 
0 implies the existence of a <r e such that (o, <r) c F. If <t = 
/3 e4>, then we have the desired result that Fy and hence C, has a 
point in Otherwise, (o, c) c F where ^ <r is the conjugate 

of <r under the automorphism 1 of Q Then we have two 
points in F : (a, o-) and (o, a) with the same abscissa. 

We can easily overcome — by a suitable choice of axes — the two 
difficulties which we have noted which may prevent concluding 
that Fy and hence C, has a point in from the fact that R{x) 
has a root in 4>. We shall change to an x', ^'-system where x- = 
y')^ y = y' and p p^ 0 will be chosen suitably in The 

equation of C in the x', _y'-system is y(p(x' y')yy’) = 0* 
/nixyy) be the homogeneous part of highest degree « (>0) 
in X andy in the polynomial /(x^y). Then the coefficient of (y')” 
/(m(V + y^),y') is/„(M, Ij. Since/„(x, 1) 5 *^ 0, we can choose 
M e so that /„(p, 1) 0. Since the total degree of /(x, y) is 

it will follow that the constant/„(p, 1) 5 *^ 0 is the polynomial 
in x' which is the coefficient of the highest power of y' in 
/(p{x" -|-yO»yO- This will take care of one of the difficulties. 
To take care of the other we compute, by using the tuclidean 
algorithm, applied to R(x) and R'{x)y a polynomial r(x) which 
has simple roots that are the same as those of R(x). Similarly, we 
compute a polynomial ^(y) having simple roots the same as those 
Q(y)' We note next that we can compute a polynomial j(a') 
whose roots are (p, — pi')(<Tj — where pi, ■ ■ ypa are the 

roots of r(x) and ai, ■ ■ - yfft are those of ^(y), / ^ ^ j* • l^or 

this we introduce indeterminates 1 < / < -f, Viy 1 ^ J ^ 
we consider the polynomial 

n I(’7y — 'ny)x — ($, — 
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This is invariant under all permutations of the ^*s and jj’s so the 
coefficients of the powers of x are polynomials with integer coef- 
ficients in the elementary symmetric polynomials of the |’s and 
the 77 ’s (Vol. I, p. 109). If we replace these elementary symmetric 
polynomials by the corresponding coefficients of r(x) and q{y) 
normalized to have leading coefficients 1 , we obtain a polynomial 
whose roots are (p, — 9 ^ i'yj 9 ^ j'. Assume 

now that p is not a root of (as well as not a root of 1 )) 
and consider the set of points (p,-, cr,). This contains ^ and no 
two distinct points in this set have the same abscissa in the x'yy'- 
system since (p, <r) is the point (m~V — tr, tr) in the ^'-system. 
Hence — <rj 9 ^ p~'pi' — try if (/, j) 9 ^ (/', /). 

We now choose p as indicated and we replace f{Xy y)y g{Xy y) by 
h{Xyy) = /{p{x and k{Xyy) = g{p{x Let J{x) 

be the resultant relative to _y of h{xyy) and k{Xyy), Then the 
argument shows that f{xyy) = 0 is solvable in if and only if 
/{x) has a root in <I>. The latter problem can be decided by Sturm’s 
theorem. 

In order to carry this over to more than two variables it is 
necessary to consider polynomials involving parameters and to 
apply an inductive procedure. This necessitates an extension of 
the decision method we have just given to take care of an equa- 
tion /(.V, y) = 0 restricted by an inequality 9 ^ 0. To handle 
this we first obtain a highest common factor (i{x) of and the 
coefficients of the powers of y in /{Xyy) by the Euclidean algo- 
rithm. Write /(.v,y) = ^(A-)/i(.v,y), g{x) = d{x)g^{x). Then 
the pair of conditions /{a, (i) — 0, ^(or) 7 *^ 0 is equivalent to the 
pair: /i(a, = 0, !;■(«) ^ 0. This remark permits us to reduce 

the consideration to the case in which .i^'(.v) and /{xyy) have no 
common factor of positive degree. To avoid considering trivial 
cases we assume also that deg^(Ar) > 0 and degx/(A*,y) > 0. 
Let T{y) be the resultant relative to a : of /{Xyv) and^(jf). Then 
T{y) 5 ^ 0 since, otherwise, /{Xyv) and ^(;c) have a common factor 
of positive degree in .v in yj contrary to our arrangement. 
We now choose t in 4> so that T{t) 0 and we replace /(x,y) by 
= /(^yy + ^)- Then the resultant relative to x of h{xyy) 
and is T(y + t) which is not 0 fory = 0. This implies that 
g(x) and /i{Xy0) are relatively prime. Clearly we can replace the 
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pair /(x,y)y g(x) by the pair ^(xyy)y g(x) for the problem of test- 
ing the existence of a solution in of f{x^ y) = 0, g{x) ^ 0. Now 
let k{Xyy) — g{x)y). Then if (or, satisfies /j(a^ (3) = 0, 

^(a) ^ 0, we have k(acyy) — 0 for y = 0g(a)~^. On the other 
hand, if ^(a, 7 ) = 0 , h{<Xy g{a)y) = 0 , so g(a) ^ 0 since A(>r, 0 ) 
and are relatively prime. Hence a and 0 = g(<x)y satisfy 

|3) = 0, ^(a) 5 *^ 0. This shows that /(^,_y) = 0, ^ 0 has 

a solution (or, 0) in if and only if k{Xyy) = 0 has a solution in 
and this is the situation we handled before. 

9. Equations with parameters. If one attempts to extend the 
method which we have given in the last section to more than two 
variables, one is led to treat all but two of the variables as parame- 
ters and to seek a reduction of the number of variables bv means 
of the method. This leads to the consideration of polynomials in- 
volving parameters. Since the parameters will be allowed to take 
on any values in the real closed field, there is no loss in generality 
in assuming that the coefficients of the polynomials are rational 
numbers. Moreover, the result one obtains in this way will be 
applicable impartially to all real closed fields, and this can be used 
to establish an important principle due to Tarski which states 
that any elementary statement of algebra (this has to be made 
precise) which is valid for one real closed field is valid for all real 
closed fields. The main result in Seidenberg’s method for treat- 
ing these questions is the following 

Theorem 15. Let e • • • , /r; ^, 7 ], G(/,; x) e 

• • • , G; Jfj, /,*, Xyy indeterminatesy the field of rational num- 

bers. Then one can determine in a finite number of steps a finite set 
of pairs of polyno nials (^’>(/,; x), Gj(/.)), Fj e ^o(/,; x]y Gj t 
j ^ 1 , 2 , ' • ■ , A, such thaty if 4> is any real closed fieldy then r, e <I>, 

I </ <?*, has the property that 

( 21 ) Pk-Ti-yXyy) = 0 , G{Ti-yx') ^ 0 

is solvable for Xyy €4> if and only if one of the conditions: 

( 22 ) Gy(T,) ^ 0 and x) = 0 

is solvable for x in 4>, is satisfied. 
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The proof of this theorem is essentially a formalization of the 
decision method of the last section. We consider first some neces- 
sarv preliminary notions. 

We shall call the set of r-tuples (ti, to, - • r^), t.- the 

parameter space. A finite set of pairs of finite subsets (5j, X,-) of 
g( = j — 1 > 2, • • • , A, will be called a rational cover if for any 

<t> of characteristic 0, is the union of the sets Sj where Sj is 
defined by (5j, X>) in the sense that it is the set of (t.) satis- 
fying d{r^ = 0, c 5j, /(Ti) 0, / c X>. If (5/> X/), j = 1 , • • ■ , A, 

Xfc'"), A = 1, • ■ rational covers, then so is (5/ U 5*'', 

\/ U \k")y > = 1, • • - , A, A = 1, ■ • The corresponding sets 
are the intersections of those of the two given rational covers. 
We shall call this a refinement of the two rational covers. 

We have noted that, if F = -fi ■ ■ • + ^o> ^ • 

+ Ao, bj r 7^ 0, A,„ 5^ 0, >7 > then we have a 

uniquely determined division algorithm which yields an even 
integer ^ > 7/ — w + 1 and a quotient Q and remainder R in 
= 51[.v], SI = such that = QG — R where 

degx R < degi G. This can be extended to the case w < w or F = 0 
by taking f = 0, ^ = 0, F = —F. We now associate with the 
pair (A', G) a number of generic Euclidean sequences Fo, Fi, • • • , F, 
determined by the following rules Fn and Ft are F and G or are 
obtained from these respectively by dropping leading terms. 
Thus, A’o = + ■ ■ ■ + rtn where 0 < p < ?/, Fi = b^x'^ -f- . . . 

+ An, 0 < ^ < ;«. If Fj = 0 we take .f = 0 and let the sequence 
consist of A'n alone. Otherwise, w'e divide A'n by F\ and we let Fa 
be the remainder or a polynomial obtained from the remainder 
by dropping leading terms. If Fa = 0, we stop with Fo, Fi; 
otherwise, we repeat the process. Clearly, this process breaks oflF 
in a rinite number of steps and, since we have only a finite number 
of choices for every AV, we obtain a finite number of generic 
Kviclidean sequences F for (F, G). Set D(/,;x) = F,(/,;a?) the 
last term in the sequence E. Then D 0 unless Fo = Fi = 0 
and, except in this case, we can divide F and G by D obtaining 
m(/,TF - F^^'^D - rn(/,)/G = G'”D - where ?»(/.) is 

the leading coefficient of D, e and / are the even integers, and 
F^“, G^‘‘ the quotients, the remainders obtained in the 

division. With each E we associate also the pair of subsets (5(F), 
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X(£)) of where &{E) is the set of coefficients of the dropped 

terms in the process of forming E (e.g., the coefficients of F ~ Fo 
and G — Go) and \{E) is the set of leading coefficients of the F*. 

Now let be any field of characteristic 0, let (r.) r and set 
/(x) = F(t,; = G(Ti; x). It is easily seen that there exists 

a generic Euclidean sequence E for (F^G) such that ^(t,) = 0 
for all d e 6(£), /(t.) 0 for all / c X(E). Hence the set of pairs 

(6(£), X(£)) for all generic £ is a rational cover. If £ is chosen 
as indicated for (t,), then d{x) = D(t,;x) is a highest common 
factor in of /(jc) and and, if D(/,; x) ^ 0, we have the 

polynomials x), G‘*’(^i; •’f) such that w(r,)y(A-) = rt'(x)/i(x), 

w(T,y^(x) = i/(x)£-i(x) where /i(x) = = G**’(’'*;-v) 

and m{ti) is the leading coefficient of D(/,; x). We have ^ 0 

since m(/,) e X(£). 

The procedure we have just indicated can be extended in an 
obvious way to any finite set of polynomials. We shall need the 
process also for polynomials in two indeterminates x,y (besides 

the/,). Here we begin with £(/,; x,y) and G(/,; x,^) ifi — 

and we treat x like one of the The division algo- 
rithm with respect toy gives /(/,; x)'£ = QG — R where degv R < 
degy G, If we observe that a relation ri'(r,;x) = 0 for d{/,;x) c 
^o(A; ■’tj is equivalent to /ifc(r,) = 0 for all the coefficients dkifi) 
of dUa x) and /(r,; x) 5 *^ 0, /(/,, x) e RoUi; x], holds if and only if 


^k{Ti) 5^ 0 for one of the coefficients /*, we see that we can de- 
termine a rational cover (5j, Xy), j = 1,2, ■■*,//, and polynomials 
A(^;*',y) and x,y)y Gj^*(/.;x,y) if Dj ^ 0, such that if 

(t,) is in the subset Sj defined by (5>, X>), then rt'(x,y) = 

*>y) is a highest common factor in ^(x)Ly) of /(x,y) = F{t,; 
^>y) and gix^y) = G(r,;x,_y). Moreover, if Z){/,;x,y) ^ 0 and 
^) is its leading coefficient regarding D as a polynomial in y, 
then m{x) = m(/,; x) 9^0 and m(xy/{x^y) = f^(x,_)')/i(x,y), 
MxVgix.y) = d(x, y)giixy y) where /,(x,y) = F/^Hri;x,y), 
Si(>^>y) = x,y). 

There is one more device we shall need which will take the place 
of the step in the decision method of choosing an element y in 
^ such that for a given polynomial /(x) 9 ^ 0 one has /{y) 5 *^ 0. 
Let £(/,-; x) = Fg(/t)x^ q- . . . -p Fo(/.) where £,(/,) 0. Assume 

first that (n) in satisfies Egin) 9 ^ 0. If we recall the bound 
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for the roots in <1* of a polynomial given in f 3 we see that v = 
(?+!) + "S is not a root of Fin^x). Hence 

if we set QUi) = (? “h l)^g(^t)^ + X) Fk{^i)y F{ii) — Fq{£i) , 

0 

then P{Ti) 9 ^ 0, Q{Ti) 9^ 0 for all (r.) satisfying 5*^ 0 and 

^ = Q(Ti)PiTd~^ is not a root of F(t.; x). Next psume Fqiri) = 
0 and Fp{ri) 9 ^ 0 for the first non-zero coefficient after 

Fq{t^, Then we can repeat the argument with p replacing q. 
Continuing in this way we obtain a rational cover (5j, Xy), j 
1,2, ■ • • , A, such that F(t,; ic) = 0 for (tj) e Sh and for _/ < A we 
have Pj{ti)i such that Py(T,) 9^ 0, i2y(n) 7^ 0 and FCr.-; 

QiirdPiird-^) 5*^ 0 for (r.-) e 5y. 

We are now ready to give the 

Proof of Theorem 15. We note first that it is sufficient to give a 
rational cover (5*, X*:), ^ = 1, • • w, such that for each k one 
defines a finite set of pairs of polynomials Gity(A) E Fkjiti'y -v) 

E ^o[A; v] having the property that, if (t,) e Sk, the subset of 4*^^^ 
defined by (6it, Xt), then F{ri\Xyy) = 0, Gfr,; a:) 0 is solvable 

in ^ if and only if one of the conditions: Gfcy(T,) 9^ 0 and F„(r.-; x) 
= 0 is solvable in <t>, is satisfied. If we have this situation, we 

put Fkj*{fi;x) = Fkjitiix)- 4- Gkj*{fi) = G*y(/i) II 

Then the finite set of pairs (Fjty*C/,; x), G*y*(/t)) satisfies the con- 
dition for the set of pairs (Fy(/t; x), Gy(/,)) in the statement of the 
theorem. 

We consider next the reduction of the theorem from the pair 
of conditions /'(/,; X'jy) = 0, G(/,;x') 0 to a single condition 

; v) = 0. (This corresponds to the second half of the argu- 
ment given in the last section.) We shall use an induction on 
degx F and we note that the result is trivial if F does not involve 
x. Then we can take F(/,; at) to be the polynomial obtained by re- 
placing y by the missing a: and take G(/,) to be the sum of the 
squares of the coefficients of G(/,;Af). We now assume degs 
FUtyX^y) > 0 and we apply the considerations on highest com- 
mon factors to G(/,;.v) and the coefficients of the powers ofy in 
F{ti;Xyy). Accordingly, we obtain a rational cover such that 
for each member (5, X) of the cover we can determine polynomials 
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Z)(/.;x), with rational coefficients 

such that Z)(t,; x) is a highest common factor of G(t.; a:) and the 
coefficients of the y terms in F(r,; and min) ^ 0, 

minYFirryX^y) = D(t,; x)F^^^(Ti; x,y)^ 
wCr.yGCr,; at) = D{r,; a-)G*‘*(7-,; a;) 

for all (r.) in the set S defined by (5, X). We can replace the pair 
^Ui;Xyy)y G(/.; x) by the pair x,jy), G<i»(/,;Ar) in the set so 
if deg, < deg, F the induction can be used. Hence we mav 
assume equality of the degrees indicated, which means that we 
have deg, D = 0. Then D{t,; x) = »;(/.), and G(r,;A:) and the 
coefficients of /^(r,;.v,_y) are relatively prime. Now let T(/,;y) 
be the resultant relative to ;c of F(/i;Xyy) and Oa: + G(/,; .v). 
Then T(t,;^) 0 for all (r.) cS and by passing to a refinement of 

the rational cover we may assume also that we can find P(^), 
!2(/.) e /?«[/,] such that P(T,)^0y and TCr,; 1 ?( 7 -,)/>(t.) -^) 

0 for (t.) in S. We replace /'(/,; Xyy) by //(/.; a:,^) = 

Xyy H- QUi)PUi)~^) where / = deg^ F(/.-; x^y). The resultant of 
^Ui'yXyy) and G(/,;a:) relative to a* has the form jy -f- 

Qi/i)PUi)~^) and this is not 0 for (t,) c 6’, _y = 0. It follows that 
Xyy) = 0, G(t,; a:) 0 is solvable in <I> if and only if Ar(r,; 

Xyy) = 0 is solvable in <I> for A'(/,; Xyy) = //(/,; a:, G(/,;_>')_y). 

We now consider a single equation = 0. By con- 

sidering the highest common factor of the coefficients of the powers 
of y of F we reduce the consideration to subsets S defined by a 
rational cover and polynomials A(/‘,;Ar,_y) such that A'Cr,; a-,^) is 
not divisible by a polynomial of positive degree in a* for (r,) e S. 

dj^ 

Next we consider the highest common factor of F and — and 

dy 

after a refinement we may assume that we have determined poly- 
nomials m(/i;x)y D{/i; Xy y)y /^i(/,;a‘,^) with rational coefficients 
such that D{Ti; Xyy) is a highest common factor in ^(a-)Q>'J of 

^(t.; Xyy) and — Fin; at,^), ^(t,; at) f^ 0 and m(T,; a-)*A'(t,; Xyy) 

= D(ri; Xyy)Fi(Ti; x,y). Then Fiira Xyy) has no multiple fac- 
tors of positive degree in^- and F and Fi have the same irreducible 
factors of positive degree in y in Again we can determine 
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L{ti-,x), F2{ii;x,y) such that kinYFiiu; x,y) = LWn 
x)F2{Ti; x,y) where FoCt,; x,y) is not divisible by a polynomial of 
positive degree in ;c. Then it is clear that we may replace F by Fa 
and so we may assume that for (t,) FiniXyy) has no mul- 
tiple factors of positive degree in y and no factor of positive 

degree in y alone. Then F(T,;je,y) and — F{Ti‘y Xyy) have no 

^ ^ dF 

common factors of positive degree. Set c; ;f,y) “ ^ “ 


— where c is another indeterminate and let F(/„c;Ar) 

dy 

be the resultant relative toy of c; y) and F(/,; x,y). Then 
one can argue as in the decision method itself that F(t,-, c; a?) 5^ 0. 
By going to a refinement of the rational cover we can obtain 
F(/.), (2(0 e Fo[/.I such that FCr.) 0, !2(t.) 0, RiriyQin) 

F(t,) :c) F^ 0. If we replace G(/,-, c; Ar,y) by G(/,;A:,y) = 

we see that the resultant RUi;x) of 
F{ti-yXyy) and G(r.;A:,y) relative to y satisfies F(t,; x) f^ 0, 
(t,) e 5’. As before, we can argue that also the resultant QUiiy) of 
F and G relative to satisfies (2(T.;y) f^ 0. The remainder of 
the proof can be made along the lines of the decision method itself. 
We leave it to the reader to carry this out. 

10. Generalized Sturm's theorem. Applications. We can now 
prove the following generalization of Sturm's theorem which is due 
to Tarski. 


Theorem 16. Let be a finite set of polynomial equations and 
inequalities of the form F(/i, ■ • ■, try aCi, ■ ■ *, ACn) = 0, G(/i, • • 
tr-y A-„ - • ;c„) F^ 0 or //(/„ • ■ •, tr-y x^ * * ' . >0 where Fy G, 

H e Fo[/i, • ytr-yXu Xnl Then one can determine in a finite 
number of steps a finite collection of finite sets of polynomial equa- 

tions and inequalities of the same type in the parameters alone 
such thaty if ^ is any real closed fieldy then the set tp has a solution for 
the xs in for /,■ = t,-, 1 < i < r, if and only if the Ti satisfy all the 
conditions of one of the sets 


Proof. We show first that we can reduce the system <p to a. 
single equation of the form F(/,; Xj) = 0 where the number of ^’s 
may have to be increased. First it is clear that an inequality 
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G 7 i£ 0 is equivalent to > 0. Next we can replace an inequality 
H > 0 hy the equivalent equation z^H —1=0 where z is an 
extra indeterminate. Finally, a number of equations Fi = 0 can 
be replaced by the single equation ~ 0. These observations 

prove the assertion, so we take v? to be a single equation F(/,; Xj) — 
0. We show first by induction on the number n of x's that we 
can determine a finite number of sets of equations of the form 
x) — 0, Gk(/,) 5 *^ 0 such that a set r,, • *, r,, r, in <I>, has 

the property that FCt,; x^) = 0 is solvable for x-’s in if and only 
if for some k one has Gjk(r,) 9 ^ 0 and x) = 0 is solvable in 

This is trivial for « = 1 and it is a consequence of Theorem 15 
if « = 2. Assume it holds for « — 1 >2. Then treating x^ as 
one of the parameters we conclude that we can determine a 
finite number of pairs of polynomials Ar„; x-), x^)) 

with rational coefficients such that, if the r, and r 4>, then 
^i> ' ■ i Xn-ii ^n) = 0 is solvable for Xi, • • • , x„_, in ‘ 1 > if and 
only if, for some ky Gfc(r„ 9 ^ 0 and F*(r,, = 0 is solvable 

in<i>. By Theorem 15, for each k one can find a finite set of pairs of 
polynomials (F*y(/,; x), GkjUi)) with rational coefficients such that 
Fk{Tiy x;y) = 0, G*(r,;x) ^ 0 is solvable in 4> if and only if for 
some J we have G^yCr,) 5 *^ 0 and Fky(r,; x) = 0 is solvable in <I>. It 
follows that the set of pairs (FkjUi;x)y Gfc,(/,)) satisfies the re- 
quired condition for F(/,; Xi, • • • , x„). We now denote these pairs 
as (Fj{/i'yX)y G/(/,)). For each x) the version of Sturm’s 

theorem we considered in § 7 shows that a finite set of polynomial 
equations and inequalities with rational coefficients in the /, can 
be found such that these are satisfied by /, = r, e<t> if and only 
if Fj(Ti; x) is solvable in <J>. If we add to each set the inequality 
Gy(r,) 9 ^ 0 we obtain the sets satisfying the requirement of the 
theorem. 

Suppose now that we have a system of equations and inequali- 
ties with rational coefficients which have a solution in one real 
closed field 4>i. It is clear that we can introduce parameters and 
change our assertion to one that a certain system with parameters 
and rational coefficients has a solution in ‘I>| for certain rational 
values of the parameters. Then Theorem 16 implies that these 
rational numbers satisfy one of a certain set of rational equations 
and inequalities. Then if 4* is any other real closed field we can 
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apply Theorem again in the reverse direction and conclude that 
the original system has a solution in 4>. 

Again, suppose we have a system of equations and inequalities 
with rational coefficients involving parameters and suppose that 
for one real closed field <f‘i it is true that the system has a solution 
in <t>i for all choices of the parameters in 4>i. Then one concludes 
from Theorem 16 that this is equivalent to the statement that 
everv set of values for the parameters in satisfies one of a cer- 
tain finite collection of finite sets of equations and inequalities. 
It is easy to see that this in turn is equivalent to the statement 
that there are no solutions in ‘t>i of any one of another finite col- 
lection of finite sets of rational equations and inequalities lor the 
parameters. The foregoing result shows that this carries over to 
everv real closed field Hence we see that the original system 
has a solution in 4> for all choices of the parameters in where 
is anv real closed field. 

4 

We shall now consider .an application of these results to an 
important theorem on division algebras. 

A long time ago, before real closed fields were invented, Fro- 
benius proved the following theorem: The only finite dimensional 
division algebras ov'er the field R of real numbers are: (1) R it- 
self, (2) R(\/—\)y (3) Hamilton’s quaternion algebra over R. 
I'he known proofs of this theorem are algebraic and give the same 
result for anv real closed field. The reader mav refer to Dickson’s 
Algebras and Their Arithmetics^ p. 62, for an elementary proof of 
this type. We now drop the assumption of associativity which we 
have made throughout this book and consider non-associative 
algebras. These are defined to be vector spaces over a base field 
4' in which a multiplication Ary is defined satisfying the distribu- 
tiv'e laws and the rule nr(Ary) = (ax)y = A:(ay), a e Such an 
algebra which is finite dimensional is called a division algebra if 
it has no zero divisors: Ary = 0 implies either Af = 0 or y = 0 in 
the algebra. Besides the examples noted above there is one other 
important example of a non-associative division algebra, namely, 
an algebra of eight dimensions of octonions which was discovered 
by Cayley and by Graves. The known examples of finite dimen- 
sional non-associative division algebras over the field of real 
numbers have dimensions 1, 2, 4, and 8. It was conjectured for 
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a long time that these are the only possible dimensions and this 
was finally established by deep topological considerations by Bott 
and Milnor. It would be a hardy task to attempt to carry over 
the proof to the case of real closed fields. Moreover, this is un- 
necessary since it is quite easy to conclude the result for arbitrary 
real closed fields from its validity for the field of real numbers. 
Assuming the Bott-Milnor result for the field of real numbers, 
we shall prove that, if « 1 , 2 , 4 , 8, » and 4 > is a real closed field, 

then there exists no n dimensional non-associative division algebra 
over 4 >. To prove this let 21 be a non-associative algebra 
with the basis («i, «2> • • j "«) over ‘1> and suppose 
where the e 4 >. If x = 2^, //,,$, c 4 >, then the mapping s — » xy 
in 21 is a linear one whose matrix relative to the basis (//i, • • • , u.,) 
is (pjk) where py* — ^.7 oa. The existence of a_v 9^ 0 such that 

t 

= 0 is equivalent to the statement that y — ► xy is a singular 
linear transformation and this is the case if and only if F{y,jk; ^r) 
= det (py*) = 0 . To show that 21 is not a division algebra we 
have to show that there exists an a- 5 ^^ 0 such that /'(yoa; ^,) = 0. 
We now see that our assertion is equivalent to the following: Let 


FUijk'yXi) = det which can be considered as a poly- 

nomial in indeterminates x, with rational coefficients. T hen 
for all choices /,y* = 7,7* c there exists a solution x, = in of 
the system F(7,>*;x,) = 0 , Xx,^ 9^ 0 . Now by the Bott-Milnor 
theorem this holds for*!* = R the field of real numbers. Hence our 
results show that it holds for every real closed field. 

Another example of the same type is a theorem of Hopf’s which 
states that the only possible finite dimensionalities for real non- 
associative commutative division algebras are u = 1 , 2 . Com- 
mutativity, of 21 is equivalent to the condition 7,^4 = for all 
/, j. Hence in the foregoing argument we consider indeterminates 


tiyic for i < j and define /ya = for j > Then det 




is a polynomial with rational coefficients in the indeterminates 
i < j. The rest of the argument carries over and show's that 
Hopf's theorem is valid for all real closed fields. 
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There is a general class of statements on real closed fields which 
can be treated in the foregoing manner. These are the so-called 
elementarv sentences of algebra. VVe shall not attempt to give 
the precise definition for these but refer the reader to the literature 
(see the bibliographic notes on this chapter). The results we have 
considered are special cases of the general principle of Tarski that 
any elementary sentence of algebra is either true for all real 
closed fields or is false for all real closed fields. 

EXERCISES 

1 . Assuming the result for the field of real numbers prove that, if is any real 

closed field and F,(xi, • • • , = 0, • • • , . ^n) = 0 where the Fs e 

• • • , X.,] has a solution .v. = E <i>, then it has a solution nearest the origin. 

2. Prove the analogue of Theorem 16 for algebraically closed fields 4* of charac- 

teristic 0 and finite sets of equations FUi, • • •, ^r',-xiy • ■ • , ■*■«) = 0 inequalities 
COu • • 0 where the F, G c (Hint; A simple proof of 

this can be based on the generic Euclidean sequences and the following simple 
observation due to I'arski; if /(-v), g(x) t* and deg/ > 0, deg ^ > 0, then/(x) 
= 0. .f(A-) 9 ^ f) h.as a solution in ‘E if and only if/(x) is not a divisor of 

3. FVove the result of ex. 2 also for of characteristic p 5>^ 0 by developing the 
corresponding results on generic Euclidean sequences of •^1> Ip “ l/(p)‘ 

11. Artin-Schreier characterization of real closed fields. We 
shall complete our discussion of real closed fields by proving a 
beautiful characterization of real closed fields which is due to 
Artin and Schreier. We recall that, if 4* is a field not containing 
V- \ and is algebraically closed, then 4> is real closed 

('I’h. 6). We shall now prove 

Theorem 17. Let 12 be an algebraically closed field and 4> a 
proper subfield which is of finite co-dimensioti in S2. Then 4> is real 
dosed and 9. = 1). 

Proof. I,et4>' = Q 9. The theorem will follow from 

the result quoted if we can show that = 12. Hence we suppose 
that 9. Z) 4*'. Let K be an algebraic extension of 4»'. Then E is 
isomorphic to a subfield of 9 over 4>' and so [E:*!*'] < [12:4>']. 
Hence the dimensionalities of algebraic extensions of ‘I>' are 
bounded. This implies that4>' is perfect. Otherwise, the charac- 
teristic is /) 0 and there exists a d c 4>' which is not a p-th power. 

Then for every e > 0, .v''' — d is irreducible in (ex. 1, § 1.6) 
and this provides an algebraic extension of p^ dimensions over4>'. 
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Since e is arbitrary, this contradicts what we proved. Thus <!»' 
is perfect and so Q is separable over Since 0 is algebraically 
closed it is Galois over <!>' and its Galois group G over is ^ \ be- 
cause 12 3 Hence G contains a cyclic subgroup of prime order 
q and consequently there exists a subfield E 3 4>' such that 12 is 
cyclic of q dimensions over E. Since 12 is an algebraic closure of E 
and (12: E] = it is clear that 12 and E are the only algebraic exten- 
sions of E. It now follows that the characteristic of 4> is not q. 
Otherwise, 12 is a cyclic ^-extension of E, and the existence of such 
an extension of E implies the existence of cyclic ^"’-extensions of 
E for every m (Th. 3.16). This has been ruled out and so the 
characteristic is not q. This implies that 12, which is algebraically 
closed, contains q distinct roots of 1. Since these are roots of 
(a: — H- -{-•••+ 1) and since the irreducible poly- 

nomials in EfxJ have degrees 1 or all the ^-th roots of 1 are con- 
tained in E. Since 12 is cyclic ^-dimensional over E, 12 = E(\/a) 
where a e E and is not a ^-th power in E (Th. 2.5). Consider the 

<7* 

polynomial g{x) = 11 ~ Vp) where f is a primitive ^^-root 

1 

of 1 and p is an element of 12 such that p"** = a.. Since the inclu- 
sion f’p c E implies that E contains an element (f'p)^ = 0 such 
that 0“^ = a, we see that no J'’p e E. Since g{x) = x'’* — a e E[x], 
it follows that all of its irreducible factors in EIatJ are of degree q. 
If 0 is the constant term of one of these, then 0 = p'^i^ where 7 / is a 

power of Since {p'^Y = ot and 12 = ¥.{^a)y p"* t ^ and 12 = 
E(p®) = E(0p~'^) = E(t?). Since E contains all the y-th roots of 
1, we see that 7 ? is a primitive ^^-root of 1. Let 4>o be the prime 
field of 12 and now consider the subfield 4 >o(» 7) of 12. If <l>o is the 
field Rq of rational numbers we know that the dimensionality of 
the field of /-th roots of 1 is v?(/) (Th. 3.2) and this goes to in- 
finity with r. If 4>o has characteristic p 7 ^ q-, then the field of the 
/-th roots of 1 over contains at least / elements, so again the 
dimensionality of this field over 4>o approaches infinity. In any 
case it now follows that there exists a positive integer r such that 
^oiv) contains a primitive /-th root of 1 but no primitive /'*^'-st 
root of 1. Since 7 ? is a primitive y^-root of 1, r > 2. The field 12 
contains a primitive /■*‘*-st root of 1, say Let h{x) be the 
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minimum polynomial of $ over E. Since 77 ^ E, | ^ E, so deg h{x) 

qr+l 

= q. Also h{x) is a factor of — 1 = II (^ — r)> so the 

1 

coefficients of h{x) are contained in hence they are con- 
tained in the field T — H E. It follows that [^o(^)*r] — q. 

Next we consider the subfield V' = 4>o(t), 7 = of^oiO- Evi- 
dently 7 is a primitive ^''’-th root of 1, so r' contains q distinct ^-th 
roots of 1. On the other hand, ^o(l) = where ^’ = 72 r', 

so either 4»o(^) = T' or 0o(O is cyclic of q dimensions over T'. If 
^o(0 = r' = 4>o(7)» we have 4>o(^) cr since ^0(^7) contains 

all the ^’’-th roots of 1. Then ^o(^) contains a primitive ^’’‘^^-st 
root of 1, contrary to hypothesis. Thus we have [<I>o(l)‘r^I = 
Now r' 7^ r. Otherwise, F contains a primitive ^''-th root of 1, 
so r and E contain 77 contrary to 12 — £(77) 3 E. We have there- 
fore proved that the field 4>o(|) of the ^'‘'^^-st roots of 1 over the 
prime field contains two distinct subfields F and F' over which it is 
^-dimensional. It follows that the Galois group of over 
is not cyclic. By Lemma 1 of § 1.13 and Theorem 3.5, this is the 
case only if the characteristic is 0 and q — 2. Then the element 
77 considered before is a primitive 4-th (q^ with q = 2 ) root of 1. 
On the other hand, E contains which contains V^-T and this is 
a primitive 4-th root of 1. Hence we have 12 = £(77) = E con- 
trary to 12 Z) E. This contradiction shows that — 1) = 

12 and is real closed. 
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Chapter I. The classical Galois correspondence between gro^s of 
automorphisms and subfields has been extended in a number of different 
directions. First, one has Krull’s Galois theory of infinite dimensional 
extensions which is considered in Chapter VI. Next one has the Galois 
theory of division rings which is due (independently) to H. Cartan and 
the present author. An account of this can be found in the author’s 
Structure of RingSy A.M.S. Colloquium Vol. 37 (1956), Chapter VII. 
(Our development of the Galois theory in Chapter I is based on the 
methods which were developed originally to handle the non-commutative 
theory.) A Galois theory of finite dimensional separable extensions 
based on the notion of a self-representation of a field is due to Kaloujnine. 
This is contained in a more general theory given by the present author 
in two papers in /fm. J. Math.y V^ol. 66 (1944), pp. 1-29 and pp. 636-644. 
See also two papers by Hochschild and by Dieudonne in the same 
journal, Vol. 71 (1949), pp. 443-460 and Vol. 73 (1951), pp. 14-24. 

Quite recently a Cjafois theory of automorphisms of commutative 
rin« has been developed jointly by S. U. Chase, D. K. Harrison, and 
A. Rosenberg. This paper will appear in Transactions 

A general cohomology theory of fields has been given by .Amitsur in 
Trans. AM.S.y Vol. 90 (1959), pp. 73-112. See also the paper by 
Rosenberg and Zelinsky on this subject in Trans. A.M.S.y Vol. 97 (I960), 
pp. 327-356, and Amitsur’s paper in 7. Math. Soc. Japan^ Vol. 14 (1962), 
pp 1-25. 

Chapter II. We have indicated in the text the unsolved problem of 
the existence for a given field 4> and a given finite group G of a Galois 
extension P/4» whose Galois group is isomorphic to G. .4 closely related 
Question is that of the existence of an equation with coefficients in 4> 
having a given subgroup of 5'„ as group. These problems have been 
studied extensively for <l> the field of rational numbers and more generally 
for algebraic number fields (finite dimensional extensions of^ the ra- 
tionals). Two methods have been developed for this problem: one based 
on arithmetic properties of number fields, and a second more elementary 
method based on an irreducibility criterion due to Hilbert. The deepest 

Ksults thus far obtained in the arithmetic theory are due to Safarevic. 
571^^'2^^^ results is given in Math. Reviews^ Vol. 16 (1955), pp- 

The Hilbert method (which was used by Hilbert to prove the existence 
rational equations with Sn as (3alois group) has two stages. Given 
a field <I» one requires first a purely transcendental extension field 
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‘ - ytr) and a Galois extension P of with Galois group iso- 
morphic to the given group G. This problem is still open except for 
special cases {Snj alternating group and some others). Next one needs 
to know that is a Hilbertian field in the sense that Hilbert's irreduci- 
bility theorem holds for 4». (For example, the rational field is Hil- 
bertian; the field of p-adic numbers and finite fields are not.) A discus- 
sion of this theorem and its relation to Galois theory is given in S. Lang's 
book Diophantine Geomelry^ New York, 1962, Chapter VIII. 

An interesting aspect of the classical Galois theory of equations is 
Klein’s theory of torm problems. A development of this from the point 
of view of algebras, particularly crossed products, is due to R. Brauer in 
Math, Annaleriy Vol. 110 (1934), pp. 437-500. Reference to the classical 
works on the subject is given in this paper. 

A general reference book for Galois theory of equations is Tschebota- 
row’s Gurndziige der Galois' schen Theority Groningen, 1950 (translated 
from Russian by Schwerdtfeger). 

Chapter III. D. K. Harrison has given a general theory of abelian 
extension fields in Trans. A.M.S.y Vol. 106 (1963), pp. 230—235. 

Chapter IV. Some of the deeper results of this chapter have been 
developed to meet the needs of algebraic geometry. The reader may con- 
sult S. Lang’s Introduction to Algebraic Geometry y 1958, or A. Weil’s 
Foundations of Algebraic Geometryy A.M.S. Colloquium Vo!. 29, Provi- 
dence, 1st. Ed., 1946, 2nd. Ed., 1962, for these connections. 

Chapter V. There are several directions that one may take in pursuing 
the subject matter of this chapter. First, one can study the generju 
theory of valuations as given in Zariski-Samuel’s Commutative Algebra 
Vol. II, D. Van Nostrand Co., Inc., Princeton, 19^, Chapter VI. 
Secondly, this chapter leads to tl.e arithmetic theory of number fields 
and fields of algebraic functions of one variable. For this the reader 
may consult Chevalley’s book Algebraic Functions of One Variablcy 
Princeton, 1951, Artin’s book Theory of Algebraic NumberSy Gottingen, 
1959, and E. Weiss’ book Algebraic Number Theory y New York, 1963. 
A third direction which one can take after studying Chapter V is local 
class field theory. For this the reader may consult Serre’s book Corps 
Locaux^ Paris, 1962. 

Chapter VI. The original .^rtin-Schreier theory is given in papers by 
.Artin and Schreier and by Artin in the Hamburg Abhandl.y Vol. 5 (1927). 
Our exposition follows these papers rather closely. Seidenberg’s work 
is in Annals of Math.y Vol. 60 (1954), pp. 365-374. This contains also a 
statement of Tarski’s principle and, of course, a reference to Tarski’s 
earlier paper. Much of the present chapter can be developed also as a 
part of mathematical logic, more exactly, as an aspect of the theory of 
models. The reader may consult .A. Robinson’s book, Model Theoryy 
Amsterdam, 1963, particularly Chapter VIII. Also references to the 
literature are given in this book. 
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